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PREFACE. 


The present work contains all the propositions which 
are usually included in treatises on Plane Trigonometry, 
together with about a thousand examples for exercise. 
The design has been to render the subject easily intel- 
ligible, and at the same time to afford the student the 
opportunity of obtaining all the information which he will 
require on this branch of Mathematics. The work is di- 
vided into a large number of chapters, each of which is in 
a gi'eat measure complete in itself. Thus it will be easy 
for teachers to select for pupils such portions as will be 
suitable for them in their first reading of the book. Each 
chapter is followed by a set of examples ; those which are 
entitled Miscellaneous Examples^ together with a few in 
some of the other sets, may be advantageously reserved by 
the student for exercise after he has made some progress 
in the subject. 

As the text and the examples of the work have been 
tested by considerable experience in teaching, the hope may 
be entertained that they will be suitable for imparting a 
W5tf!ffff*ffi3^mprehensive knowledge of Plane Trigonometry, 
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together with readiness in the application of this knowledge 
to the solution of problems. Any suggestions or correc- 
tions from students and teachers will be most thankfully 
received. 

The Miscellaneous Examples at the end are furranged in 
setSf each set containing ten examples : the first hundred 
relate to the first eight Chapters of the book ; the second 
hundred extend to the end of the sixteenth Chapter; and 
the last hundred relate to the whole book. 

1. TODHUNTER. 


Cambridob;, 

Angxist^ 1874 
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PLANE TRIGONOMETRY 


1. MEASUREMENT OF ANGLES BY DEGREES 
OR GRADES. 

1. The word Trigonometry is derived from two Greek words, 
one signifying a triangle and the other signifying I rmmure^ and 
originally denoted the science in which the i^elations subsisting 
between the sides and the angles of a triangle were investigated; the 
science was called plam trigonometry, or spherical trigonometiy, 
according as the triangle was formed on a pla/ne surface or on a 
spherical surface. Plane Trigonometry has now a wider meaning, 
and comprises all algebraical investigations with respect to plane 
angles, whether forming a triangle or not 

2. We have first to explain how angles are measured. Some 
angle is selected as the unit^ and the measure of any other angle 
is the number of units which it contains. Any angle might bo 
taken for the unU, as for example a right cmgle; but a smaller 
angle than a right angle is found more convenient. Accordingly 
a right angle is divided into 90 equal parts called degrees; and any 
angle may be estimated by ascertaining the number of degrees which 
it contains. If the angle does not contain an exact number of de- 
grees we can express it in degre4 and a fraction of a degree, A 
degree is divided into 60 equal parts called minutes, and a minute 
into 60 equal parts called seconds; and thus ^ fraction of a degree 
may if we pleaj^ be converted inlb minutes and seconds. 

3. Thus, for example, half a right angle contains 45 degrees ; 
a quarter of a right angle contains 22^ degrees, which we may ^mte 
in tlm decimal notation 22*5 degrees, or we may express it as 
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2S degrees, 30 minutes. Similarly, if a right angle be divided into 
16 equal parts, each part contains 5| degrees, that is, 5 degrees, 
37 minutes, 30 seconds. 

4. Symbols are used as abbreviations of the words degreea, 
mimUeSf seconds. Thus 5^ 37' 30" is used to denote^ 5 degrees, 
37 minutes, 30 seconds. 

5. The method of estimating angles by degrees, minutes, and 
seconds, is almost universally adopted in practical calculations. 
Another method was proposed in France in connexion with a 
uniform system of decimal tabl^ of weights and measures. In 
this method a right angle is divided into 100 equal parts called 
grades^ a grade is divided into 100 equal parts called rninuUSy and 
a minute is divided into 100 equal parts called seconds. On 
account of the occurrence of the number one hundred in forming 
the subdivisions of a right angle, this method of estimating angles 
is called the centesimod method ; and the common method is called 
the sexagesimal method on account of the occurrence of the num> 
ber sixty in forming the subdivisions of a degree. The centesimal 
method is also called the French method, and the common method 
is called the English method. 

6. Symbols are used as abbreviations of the words gradeSy 
minutes, and seconds, in the centesimal method. Thus 5” 37' 30" 
is used to denote 5 grades, 37 minutes, 30 seconds in the 
centesimal method. A centesimal minute and second are not the 
same as a sexagesimal minute and second, and the accents which 
are used to denote centesimal minutes and seconds differ fix)m 
those which are used to denote sexagesimal minutes and seconds. 

7. In the centesimal method any whole number of minutes 
mid seconds may be expressed immediately as a decimal fraction of 

a grada Thus 37 minutes is of a grade, that is *37 of a 

30 

grade; and 30 seconds is of a grade, that is *003 of a grade. 
Hence 5» 37' 30" may be written 6«*373 ; and since a grade is 
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one-liundredth of a right angle, 5**373 may be written as *05373 
of a right angle. Notwithstanding this great advantage of the 
oentedmal method, the sexagesimal method has been retained in 
practical oalculations, because the latter had become thoroughly 
established by long use in mathematical works, and especially in 
mathematital tables, before the former was proposed; and such 
works and tables would have been rendered almost useless by the 
change in the method of estimating angles. The centesimal method 
is not practically used even in Franca Nevertheless it is cus- 
tomary to retain in works on Trigonometry the matter which we 
shall give in the next two Articles. 


8. To compare the number of degrees in <my cmgle with the 
number of grades in the same angle. 


Let D be the number of degrees contained in any angle, G the 
number of grades contained in the same angla Then since there are 

90 degrees in a right angle, ^ expresses the ratio of the given angle 


to a right angle ; and since there are 100 grades in a right angle, 
also expresses the ratio of the given angle to a right angle. 


Hence 


R.- ^ 

90 “■ 100 ^ 




therefore 
and 

The formula D •mQ — ^G gJ^es the following rule : From ike 




number of grades comJtained in any angle subtract 07ie4enih qfihal 
number^ the remomder is the numb^ of degme^ contained in the angle. 

The formula = + ^2) gives the following rule; To ihe wumr 

her of degrees contained in any angle add onSrninJth of thab number^ 
tJie sum is the number of grades contained in ihe angle. 
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9. Again, let be the number of Engliah minutes contained 
in any angle, ft the number of IVench minutes contained in the 
same angle. Then sinoe there are 90 x 60 English minutes in a 

ffh 

right angle, expresses the ratio of the given angle to a ri^t 

angle ; and since there are 100 x 100 French minutes* in a right 
100 X 100 expresses the ratio of the given angle to a 
right angle. Hence 


90x 60 100x100' 


therefore 

and 


m - 


9x6 

10 X 
60 




27 

60 '*’ 


Similarly, if « be the number of English seconds contained in 
any angle, and <r the number of French seconds contained in the 
same angle. 


90x60 

therefore 

and 


60 ’ 100 x 100 X 100 ' 
81 

*“ 250 "^' 

250 

O- = -7rr-S. 


10. ^e angles considered in Geometry are in genercd less 
than two right angles. We say in general^ because angles greater 
than two right angles are not altogether excluded. For we may 
refer to the proposition that ih equal circles, angles, whether 
at the centres or at the ciroumferences, have the same ratio as 
the arcs on which they stand have to one another; here there 
is no limit to the ma^tude the arcs, and consequently no 
limit to the magnitude of the angles ; and in the course of the de> 
monstration given by Euclid, an angle occurs which may be 
ofiy fnuUiple whcUever of a given cmgle, and so may be as great 
a$ we fjleaee. 
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11. It is however usual in works on Trigonometry expressly 
to state that there is to be no restriction with respect to the mag- 
nitude of the angles considered. • Let BAD be any straight line, 



CAE a straight line at right angles to the former. Suppose a 
struight line AP to revolve round one end A^ starting from the 
hxed position AB, When AP coincides with ACy the angle which 
has been described is a right angle ; when AP coincides with AD, 
the angle which has been described is two right angles ; when AP 
coincides with AEy the angle which has been described is three 
right angles ; when AP coincides with AB^ the angle which has 
been described is four right angles. Then as AP proceeds through 
a second revolution, the angle described will be greater than four 
right angles. Thus if AP be situated midway between AB and 
AC, the angle between AB and'^iiP will be half a right angle if 
AP be supposed in its Jvrat revolution; the angle will be four 
right angles and a half if AP be supposed in Jits aeccmd revolution ; 
the angle will be eight right an^es and a half if AP be supposed 
in its tMrd revolution ; and so on. 

12. The straight lines CAE and BAD form by their intersec- 
tion four right angles; these are called quad/ra/nU, BAC is called 
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the first quadra/nit^ GAD the second quad/rcmt^ DAE the third quad- 
ramt^ and EAB the fowrih quadrtmL Now suppose any aii^e 
formed by the fixed straight Ime AB and the moveable straight 
line AP ; if AP is situated in the first quadrant^ the angle BAP 
is said to be in the first quadrant; if AP is situated in the 
second quadrant, the angle is said to be in the seconc^ quadrant ; 
and so on. 


EXAMPLES. 

1. The difference of two angles is 10 grades and their sum is 
45 degrees ; find each angle. 

2. Divide two-thirds of a right angle into two parts, such that 
the number of degi*ees in one part may be to the number of grades 
in the other part as 3 is to 10. 

3. Divide half a right angle into two parts, such that the 
number of degrees in one part may be to the number of grades in 
the other part as 9 is to 5. 

4. Find the measure of T 5" in decimals of a degi’oe. 

6. Divide an angle of n degrees into two parts, one of which 
contains as many English minutes as the other does French. 

6. If one-third of a right angle be assumed as the unit of 
angular measure, what number will represent 75®? 

7. Determine the number of degrees in the unit of angular 
measure when an angle of 66| grades is represented by 20. 

8. The number of the sides of one equiangular polygon is 
two-thirds of the number of the sides of another ; and the number 
of grades in an angle of the first equals the number of degrees in 
an angle of the second : find the qp^gles. 

9. Shew that an angle expressed in centesimal seconds will 
be ta:ansformed to sexagesimal by multiplying by the factor *324. 

10. Compare the angles which contain the same number of 
English seconds as of French minutes. 

11. Express in the French method 35* 10' 3". 

12. Express in the English method 69* 22' 60". 
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13. We have explained two metliods of estimating angles, 
namely, that by means of degrees and subdivisions, and that by 
means of grandee and subdivisions, and we have stated that the for> 
mer method is that which is most commonly used in practical cal- 
culations. Thei*e is, however, another method of estimating angles 
which is of great importance in the theory of mathematics, which 
we shall now explain. The object of the pi'esent Chapter is to es- 
tablish and apply the following proposition : If with the point of 
mlersection of any two straight lines as centre a circle be described 
with any radius^ then the angle contained by the straight lines may 
be measy/red by the ratio of the length of the arc of the circle inters 
cepted between the straiglU lines to the length of the radius. We 
shall require some preliminary propositions; the proposition in 
Art. 14 is sometimes assumed, and the beginner may adopt this 
course and return to the point hereafter. 

14. The circumferences of circles vary as their radii. 

Let R denote the radius and C the circumference of one circle ; 
let r denote the radius and c the circumference of another circle. 
In each circle let an equilateral polygon of n sides be inscribed, 
and in each circle draw two straight lines from the centre to the 
extremities of one of the sides of the inscribed polygon; thus 
we obtain two similar triangles. Let F denote the perimeter of 
the polygon inscribed in the first circle, and p the perimeter of 
the polygon inscribed in the second circla By similar triangles 
a side of the first polygon is to a side of the second polygon as the 
radius of the first circle is to ^^e radius of the second circle ; 
therefore also 

P^R 

Now let P = (7 - X and p = c-x; thus 
r(a-X) = P(c-aj); 
therefore rC ^ Re =^rX - Rt. 
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Now we aflsume that by making n as large as we please, the 
perimeter of each polygon can be made to differ as liUle aa m 
pUasa from the circamferenoe of^e corresponding drole; thus X 
and X can each be made as small as we please, and therefore 
tX — Rx can be made as small as we please. Hence rC - Re must 
be zero; for if it had any value a then rX^ Rx could not be made 
less than a, which is inconsistent with the fact that rX — Rx can 
be made as small as we please. Thus 

tQ — Re - 0, 

therefore ^ ~ t* * 


15. Thus the ratio of the circumference of a circle to its radius 
is eonBtamJt whatever be the magnitude of the circle ; therefore of 
course the ratio of the circumference to the dicmeter is also constant. 
The numerical value of the ratio of the circumference of a circle to 
its diameter cannot be stated exactly; but, as we shall shew here- 
after, this ratio may be calculated to any degree of approximation 


that is required ; the value is approximately equal to 


7 


and still 


more nearly equal to 


355 

113 


; the value correct to eight places of 


decimals is 3 *141 59265... The symbol tt is invariably used to denote 
the ratio of the circumference of a circle to its diameter ; hence, if 
T denote the radius of a circle, its circumference is 27rr : and 
ir = 3*14159.... 


16. The omjgle subtended at the centre of a circle by am a/re 
which 18 equal in length to the radius is an invcuriahle a/ngle. 
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With centre 0 and any radius OA describe a circle j let AB 
be an ftro of this circle equal in length to the radius. Then, sinoe 
angles at the centre of a circle Eire proportional to the arcs on 
which they stand, 

angle AOB _ arc AB _ r , 

four right angles ~ circumference of the circle ~ 2wr 2w ' 

therefore aiigle = . 

Thus the angle AOB is a certain fraction of four right angles 
which is constant, whatever may be the radius of the circle. 

17. Since the angle subtended at the centre of a circle by an 
arc which is equal to the radios is an mva/riaible crngle^ it may be 
taken as the unit of angular measurement, and then any angle will 
be estimated by the ratio which it bears to this unit. 

Let AOG be any angle; with 0 as centre and any radius OA 



0 


describe a circle; let AB be an arc of this circle equal in length 
to the radius; let r denote the radius, and I the length of the arc 
AC. 

Then, since angles at the centra of a circle are proportional to 
the arcs on which they stand, 

angle AOG __ AC _^l ^ 
angle AOB ^ AB 

therefore angle AOG = “ ^ angle AOB ; 

this result is true whatever the unit of angular measurement ms} 
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be, tile same unit of course being used for the two angles. If we 
take the angle A OB itself for the unit^ then this angle must be 
denoted by unity ; • 

thus angle il0(7 = ^ . 


18. We have thus proved that any angle may be estimated by 
a fraction which has for its numercUor the arc subtended by that 
cmgle <U Uie cent/re of am/y ci/rcle^ and for its denominaior tKe radius 
of ihai circle. And in this mode of estimating angles the unit, 
that is the angle denoted by 1, is the angle in which the arc 
subtended is equal to the radius. We have shewn that this angle 
four ri ght angles 
27r 


IS 


; hence the number of degrees contained in this 


, . 360 . 180 

angle is — , that is , 

Jtt tt 


If we use the approximate value of it 
180 


given in Art 15, we shall find that — = 57*29577951...; this 

It 

therefore is the number of degi’ees contained in the angle which is 
subtended at the centre of a circle by an arc equal to the radiua 


19. Thus there are two methods of forming an idea of the 
magnitude of an angle which is estimated by the fraction arc 
divided by radius. Suppose, for example, we speak of the angle J; 
we may refer to the unit of angular measurement, which is an 
angle containing about 67 degioes, and imagine two-thirds of this 
unit to be taken ; or without thinking about the unit at all, we 
may suppose an angle is taken such that the arc subtending it is 
two-thirds of the corresponding radiua 

20. The fraction arc divide by radius is called the circular' 
measure of an angle. Since, as we have already stated, this method 
of measuring angles is very much used in theoretical investigations, 
it is sometimes called the iheoretical method. 

21. If r denote the radius of a circle, the circumferenoe is 2«r; 

2ht 

hence the circular measure of four right angles is — , that is 27. 

r 
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The drculer measure of two right angles is v; the oiieular measom 

W 

of one right angle is ^ ; and the circular measure of n right angles 
fur 

is - 5 - , where n may be either integral or fractional 


22 . will now shew Iww to eormeot the eirculcsr measwre 
of any omgle with the measwre of tlie same angle in degrees. 

Let X denote the number of degrees in any given angle, % the 
circular measure of the same angle. Since there are 180 degrees 

in two right angles, expresses the ratio of the given angle to 
two right angles. And since tt is the circular measure of two right 
angles, - also expresses the ratio of the given angle to two right 

IT 

angles. Hence 

X d ^ 


thus 


1806 > 


and 




ttx 

T 80 ' 


23. For example, th(‘ circular measure of an angle of one degree 
is ; the circular measure of an angle of ten degrees is ; the 

. -JT 1 , 

circular measure of an angle of half a degree is x ^ ; the cir- 
cular measure of an angle of one minute is ; the circular 

meg^ure of an angle of one second is ^ rh ' ^ 7 fin * ^ 

/ Again ; if the circular measure^ of an angle' is ^ , the number of 

3 180 3 

degrees contained in the angle is j . — , that is ^ of 57*29577951 . . 
if the circular measure of an angle is 10 , the number of degrees 
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contained in the angle ia 10 . , that is 10 x 67-29577961. and 

IT ^ 

80 on. e 

The student is recommended to pay particular attention to 
these points; especially he should accustom himself to expi'ess 
readily in circular measure an angle which is given in^degrees. 

24. SimUa/rly toe may connect the c^cula/r mea&wre of cmy 
(mgh with the meaewre of the same cmgle in grades. 

Let y denote the number . of grades in any given angle, B the 
circular measui*e of the same angle ; then the ratio of the given 

V B 

angle to two right angles is expressed hy ^ and also by - . 

ASUO IT 


Hence 

y 6 

200 “ IT ’ 

thus 

^_200e 

and 

a 

^“200* 


The number of grades in the angle which is the unit of circular 
measure is^^, that is, 63*661977... 

TT 


25. In Ai*t. 17 we proved that 


angle AGO = 


I 

- X 

r 


angle AOB ; 


where nothing is assumed respecting the unit of angular measure’ 
ment, except that the same unit is to be employed for both angles. 
Since AOB is an invariable angle, we see ^at the magnitude of 
any angle AGO varies as the subtending arc directly^ and as the 
radius imversely. Ttus^we may say that 


angle AGC 


k X arc 
radius ^ 


when k is some quantity which does not change with AOG^ and the 
value of which depends upon the unit of angular measurement 
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IS 


wbifih we please to employ. Suppose, for example, that we wish 
to take the half of a right angle as our unit; then we require that 
AGO should be equal to 1 when the arc ia the eighth part of the 
(Uixniinference ; thus 

, Sttt 

1 = : therefore k = - , 

r " n 


Thus the formula 


angle AOG=- 

IT 


X 


arc 

radius 


gives the correct estimate of the magnitude of an angle when the 
unit is half a right angle. 


EXAMPLES. 

1. If Df G, C he respectively the number of degrees, grades, 
and units of circular measure in an angle, shew that 

90 “ 100 “ TT • 

2. Find the number of degrees in the angle subtended at the 
centre of a circle whose radius is 10 feet by an arc 9 inches long. 

3. Find the circular measure of 5® 37' 30". 

4. Find the circular measure of 1* 1'. 

5. There are three angles ; the circular measure of the first 

exceeds that of the second by ~ , the sum of the second and the 

third is 30 grades, and the sum of the first and the second is 
36 degrees. Determine the three Imgles. 

6. Express five-sixteenths of a right angle in circular measure, 
in degrees and decimals of a degrjee, and grades and decimals 
of a grada 

7. The angles of a triangle are in arithmetical progression, 
and the greatest is double the least ; express the angles in degrees, 
in grades, and in circular measure. 
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8« The angles of a triangle are in arithmetioal progression, 
and the number of degrees in the least is to the circular measure 
of the greatest as 60 is to ir : find the angles. 

9. Emd the circular measure of an angle of an equiangular 
polygon of n sides. 

10. Express in each system of angular measurement the 
angle between the long hand and the short hand of a watch at a 
quarter past twelve. 


III. TRIGONOMETRICAL RATIOS. 

26. Let BAG be any angle ; take any point in either of the 
containing straight lines, and from it draw a perpendicular to the 




^ther straight line ; let P be tne point in the straight line AC 
and FM perpendicular to AB, We shall use the letter A to 
ienote the angle BAff, Then 


FM 

AF^ 


that is 


perpendictdar 

hypotemise 


y is called the sim of the angle A ; 


dJ/ 

AP 


that is 


base 

fypotefmse 


is called the cosms of the angle A ; 
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PM ^ . ptTpendundair 

that 18 , IB called the tomgeffU of the angle A j 

c 

AIM 

PM' *'‘® eotangmt of the angle A ; 

AP ^ . hypotenuse . „ , , ^ , , , 

that is« — — , la called tlie secant of the angle A ; 

that is ^ called the cosecant of the angle -4. 

If the cosine of ii be subtracted from unity, the remainder is called 
the versed sim of A, If the sine of -4 be subtracted from unity, 
the remainder is called the coversed sine of A ; the latter term 
however is rarely used in practica 

27. The words sine, cosine, tangmt, cotangent, seccmt, cosecant, 
versed sine, and coversed sme are usually abbreviated in writing 
and printing; thus the above definitions may be expressed as 
follows ; 

PM 


sin-4 = 
cos A = 
tan A = 
cot -4 = 
sec-4 = 


AP^ 

AM 

AP^ 

im 

AM^ 

AM 

PM^ 

AP 

AM^ 


A 

vers -4 = 1— cos A, 
• • 
covers -4 = 1 - sin .4, 


28. The sins, cosine, tangent, cotangent, secant, cosecant, versed 
sine, and coversed sme are called trigonometriccd ratios or trigo- 
nometrical functions; sometimes they have been called 
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fimctionB. A large part of Trig(yn<metTy consists in the investigii- 
tion of the properties cmd the rda^Aone of these fimctions of an 
angle. These funotions are, it will be observed, not lengths, bat 
rcutioe of one length to another; that Is, they are arithmetioa] 
whole numbers or fmctions. 


29. The defect of any angle from a right angle Is called the 
compUmenJl of that angle ; thus if A denote the number of degrees 
contained in any angle, 90 - ^ is the number of degrees contained 
in the oomplmml of that angle. This affords another method of 
defining some of the Trigonometrical ratios ; after defining, as in 
Art. 26, the sine, tangent, and secant of an angle we may say 

the cosine of an angle is the sine of the complement of that 
angle; 

the cotangent of an angle is the tangent of the complement of 
that angle ; 


the cosecant of an angle is the secant of the complement of 
that angle. 

For in the triangle PAM the angle APM is the complement of 
the angle A ; and 


. perpendiculctr AM , 

m\.APM=~/^— = =cobA ; 

hypotenuse AP 


tan APM 


perpendicvhir AM . 


^ = co8ecA 
hose MP 

These results may also be e: 2 ^resBed thus : 

the sine of an angle is the cosine of the complement of that 
angle; . 

C 

the tangent of an angle is the cotangent of the complement 
of that angle ; 

the seoant of an angle Is the cosecant of the complement of 
that angla 
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30. Th» TfigfmomeUrical RcUioa remain unchanged 90 long as 
the angle remains unchanged. 

Let BAC be any angle ; in AC *take any point F and draw FM 
perpendicular to AB ; also take any other point F' and draw F'M* 

perpendiculitf to AB, Then by similar triangles 

is, the sms of the angle A is the same whether it be formed from 



the triangle AFM or from the triangle AFM\ The same result 
holds for the other Trigonometrical Eatioa 

Or wo may suppose a point P" taken in AB^ and " drawn 
peipendioular to AC; then the triangles AFM and are 

... .FM F'M" 
smular, and jp = • 

We now proceed to establish certain relations which hold 
among the Trigonometrical Ratios. 


31. We have immediately from the definitions 

tan if X cot .4 = 1 ; therefore tan A = t cot .4 = i 

• 1 1 

sec X cos .4 = 1 : therefore sec = 7 , cos^l = — : 

' COSil SOCil' 

cosec .4 X sin .4 = 1 1 ; therefore cosec A = - .} / , sin^l = — ^ — r . 

^ Bin .4 ' cosec A 


Also 


tan A = 
cot-4 = 


FMFM^AM Bin A 
AM'^ AF’^AF^cobA^ 
AM AM , FM 008 A 
AP ’ AP^ 
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32. 

To prove that (sin if /* + (cos if)* = 1, 

In the right-angled triangle APM we have 


PJf*-hifJ/* = ifiP®; 

therefore 

PM^-hAM* 

AP^ ~ 1, 

therefore 

ii 

m _ 

+ 

that is 

(sin if )® + (cos Ay = 1. 


33. With respect to the preceding proof it should be re- 
marked that it is shewn in Kuclid, i. 47, that the square described 
on the hypotenuse of a right-angled tiiangle is equal to the sum 
of tlie squares descril)ed on the sides ; and it is known that the 
gecmetflricat square desciibed on any straight line is measured by the 
arithmetical square of the number which measures the length of 
the straight line. From combining these two results we obtain 
the arithmetical equality 

It must be observed that (sin if)® is often wiitten for shortness 
thus, Bin®il ; similarly (sin J)® is written thus, sin®il. The same 
mode of abbreviation is used for the powers of the other Tri- 
gonometrical ■ JRatios, and so the result obtained in Art. 32 is 
usually written thus, 

sin* A + COB® if = 1. 

34. To prove that 

(sec J)® = 1 (tanif)*, and (cosecif)® = 1 + (cot if )®. 

In the right-angled triangle MPM we have 



^P®-ifJ/® + /W* 

therefore 

• 

II 

U.' 

therefore 

(jm) ~ ^ [am) 

that is 

(8eoi''= 1 +(tBni)'. 
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Again, Riiioe 


AI" = PM* + AM*, 
/AP\' . '/AM\* 

(pat) ’ 


that is (cosec A)* = 1 + (cot A )*. 

The results here obtained are usually written thus, 
sec* J = 1 + tan* il, cosec* -4 = 1 + cot* A 

35. By means of the relations established in Arts. 31... 34 we 
are able to express all the other Trigonometrical Batios in terms 
of any one of them; thus, for example, we will express all the 
rest in terms of the sine ; 

008 A = - sin* A) (Art. 32); 

sec A =— ^ ==- 7 /i ^ o .v (Arts. 31, 32) : 
cos A <y(l-sm*A) ' > n 

cosec A = (Art. 31); 
sm A ' 

versA = 1 -cosA = 1 - ^(1 -sin* A) (Art 32). 

Again, we will express all the rest in terms of the tangent ; 

. , 1 1 1 tanA 


sin A = 


cosec A x/(l + cot* A) 






.^(1 + tan' A] 
(Arte. 31, 34) ; 


= (Art. 31); secA= ,^{1 +tan*A) (Art 34); 

...... i 1 V(l+tan*A) , , , , 1 

= Sn-1 = — toO- > ve«A = l-oo«^ = l- 
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We shall now proceed to determine the values of the Trigono* 
metrical Katios for some speci£lc«angles. 

36. To determwkA the vailma of the Tngonometrioal Radoe for 
on (mgle of 45^. 

Let BAG be an angle of 45*; take any point P<^m AC and 



draw PM peri)endicular to AB, Since PAM is half a right 
angle APM is also half a right angle ; therefore PM- AM, 


Now 

thus 

therefore 


PM* + AM‘^AJ^; 
2PM^ = AP^; 

fPM\* ^ 1 
\AP) ~ 2» 


therefore 


PM 

AP “ ^/2 • 


Thus 


sin 46® = 


PM \ 

Ap- jr 


dbs45® = 


AM_^ 

AP^ 


1; cot45'’= 4^=lj 
AM ^ c PM 


AP AP 

8eo46» = ^=y2; ooBec46*= ^^=^2; 


vers 46® = 1 - cos 45® = 1 


/o- 



TIUGONOMETBICAL RATIOS 


21 


37. To detmtn^ the values of the Trigon(mUrical Ratios for 
wa amjgls of 60^ arndfor cm angle qf 30*. 

Let APB be an equilateral ^riangle, so that the angle PAB 


P 



contains 60 degi*ees ; draw PM perj)endicular to AB^ then 
AM^ MB ] therefore AM = \AB = ^A P, 

rm /»/\o AM 1 


Thus cos 60® = 


AP ~ 2^ 


«n W.7(l -o«'601.y(l - ') . yd) -4’ ‘ 

x„_/!A. Bin 60* y3 1 „ 1 1 

=te^*=73’ 

sec 60* = — = 2 ; coseo 60° = i -Afjo = -fo J 
COS 60® ' sin 60® 

yers 60° = 1 - cos 60° = | . 

And sin 30° = cos 60° = 5; cos 30° = sin 60° = -^ ; 
tan 30° = cot 60° = -L ; cot 30° = tan 60° = y 3 ; 

y3 , 

2 • • 

sec 30* = cosec 60*»^; cosec 30® = sec 60® = 2 ; 

vers 30® » 1 - cos 30* = 1 - ^ . 

2 



EXAMPLES. CHAPTER IIL 




88. The student should render himself perfectly fcmiKii.r with 
the values of the Trigonometrical Ratios for an angle of 80^, 46^^ 
or 60^ ; as they will be perpetually used in the subject. Thus, for 
example, if an angle of 60** occurs it may be necessary to have the 
cosine of this angle, which has been found to be And con- 
versely, if the cosine of an angle is known to be and the angle 
is less than a right angle, the student will immediately infer that 
the angle contains 60^ Should there be any difficulty in this in- 
ference it will be removed by the remarks made hereafter, in which 
it will appear why we introduce the restriction that the a/ngle is 
less than a riglU am^le. See Art. 44. 

It may be observed that if an angle be less than 45** the 
cosine of the angle is greai&r than the sine, and if the angle be 
greater than 45** and less than 90** the cosine less than the sine ; 
these results follow immediately from the tiiangle PAM (see figure 
in Art 26) since the greater side in a triangle is opposite to the 
greater angle. 


EXAMPLXS. 

3 

1. The sine of a certain angle is gj find the other Trigono- 
metrical Ratios of the angle. 

4 

2. The tangent of a certain angle is g ; find the other IVi- 
gonometrical Ratios of tlie angle. 

8. The cosine of a certain angle is I fijid other Tri- 

♦> ^ 

gonometrical Ratios of the angla 

4. Shew that seo*^ cosec*^ = tan*^ + cot*^ + 2. 

c ^ 

5. Shew that sin* d tan ^ + cos” 6^ cot ^ -I- 2 sin ^ cos 6 

stantf-i-oot^. 

6. Shew that 2 (sin** 6 -i- cos* - 3 (sin* 0 -i- cos* -i- 1 = 0, 
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Obtain solutions of the following equations ; 

7. 2sin“^ = 3cos^. 8. 8in^ + cos^=l. 

9. cot^ = 2coB^. 10. sin*^— 2 cos ^ ^ = 0. 

4 

11. 3sec*^ + 8=10sec*^. 12. tan^ + cot^=2. 

13. Given sin (.4 -if) = i, and oos (.4 + if) = ^ , find and jB, 

14. Given tan (A + -^) = JZ, and tan (A - i^) = 1, find A and 


IV. APPLICATION OP ALGEBRAICAL SIGNS. 

39. In the preceding Chapter we defined the Trigonometrical 
Ratios, and established ceiiain relations between them ; we con- 
fined ourselves to angles not exceeding a right angle. We shall 
now extend the definitions so as to render them applicable to an- 
gles of any magnitude ; the relations which were established will 
then also be found to be tme for angles of any magnitude. 

40. Let 0 be a fixed point in a fixed straight line, and bu)>- 
l»ose we have to determine the positions of other points in this 

M' 0 M 

8ti*aight line with respect to 0. The position of any point in the 
straight line will be known if we know the distance of the point 
ik>m 0, and also know on which aide of 0 the povrU lies. Now it 
is found convenient to adopt the following con/oention : distances 
measured in one direction fiom 0 ^ong the fixed straight line will 
be denoted by poaitive numbers, and distances measured in the 
opposite direction fiom 0 will be denoted by Tieyatim numbera 
Thus, for example, suppose that dii^tances n^pasured from 0 towards 
the right homd are denoted by posUim numbers, and let if be a 
point the distance of which fix)m 0 is denoted by 2 or + 2 ; then if 
M* be as tar from 0 as if is, and on the other side of 0, the dis- 
tance of if' from 0 will be denoted by - 2. 
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41 . We have called this method of determinmg position b; 
means of numbers affected with algebraical signs a corwenUon; w 
mean hy this word to indicata that it is not absolutely nacesscbr 
to adopt this method^ but merely earwenient The symbols + and ~ 
are defined in the beginning of elementary works on Algebra ac 
indicatiYe of the operatiana of addition and subtraction respectively 
As the student advances in Algebra he finds that tiie symbols - 
and - are also used as indicative of the qtuiliUea of quantities ; anc 
that no contradiction or confusion ultimately arises from this double 
mode of considering the symbols, but that Algebra gains thereby 
considerably in power. (See Algebra^ Chaps. V. and XIV.) 

It may be remarked, that we are at liberty to take eilher of the 
two directions from 0 as that which will be indicated by posUw 
numbers j but when the selection has been made, we must adhere 
to it throughout the investigations on which we may be engaged. 

42. Let 0J3, 00 l)e two straight lines which meet at righ 



angles ; produce £0 to any point and CO to any point CT^ Let 
P be any point in the plane containing the two straight linea The 
position of P will be known if we know the distance of P from 
each of the straight lines BB' and CC\ and also know on which 
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$id$ of each of these straight lines it is situated. Draw FM and 
PN perpendicular to the straight lines BF and CO' respeotiTelj. 
We shall adopt the following conventions : the distance ON or FM 
will be denoted by a posUive number when F is above the straight 
linA BF, and by a negative number when F is below the straight 
Hnft BF; the distance OM or FN will be denoted by a positive 
number when P is to the riglU of CC', and by a negative number 
when P is to the left of CO', 

43. A similar convention may conveniently be adopted with 
respect to (mgvla/r magnitude. 

Let a straight line AF start from the position AB^ and by re- 
volving in one direction round A trace out the angle PAB^ and 
let thiR angle be denoted by a positive number; then if the straight 
line AP start from the position AB and by revolving round A in 
the opposite direction trace out the angle FAB^ this angle may be 
denoted by a negaJtive number. If, for example, each of the angles 
BAF and BAF is one-third of a right angle, and we denote the 



former by the positive fraction the latter may be denoted by 
Idle negative fraction ~ ^ * 
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44. We fthiill now give our extended definitioDs of the Trigo- 
nometrical Ratios. 





Let ABf AC he two straight lines at right angles; let a straight 
line revolve round the ^int A from AB towards AG and come 
into any position APy draw PM perpendicular to AB or AB pro- 
duced. Then consider AP always aa positive; consider AM as 
positive or negative accoi'ding as if is on the same side of AC as 
i? is, or on the opposite side; and consider PM as positive or 
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negative aooording ae P ie on the same side of AB as (7 is, or on 
the opposite side. Let the angle FAB be denoted hy A, then 


sin^ = 


FM 

AF' 


tan^ =• 


FM 


AM* 


860^ = 


AM* 


COSii = 


AF* 


cot A = oosec A = 


FM* 


’ *vers J. = 1 -cos-d, covers -d = 1 -sin il. 

Thus the Trigonometrical Eatios are always whole numbers or 
fractions positive or negative. 

We have therefore Trigonometrical Eatios for any positime 
angle whatever may be its magnitude ; and we have also Trigono 
metrical Eatios for any negative angle by adopting the convention 
that the Tiigonometrical Eatios for any negative angle shall be the 
same as they would be for what we may call tho corresponding posi- 
tive angle. Thus, for example, in the last figure we may consider 


BAF as a negative angle, the magnitude of which is - ^ ; then the 

Trigonometiical Eatios will be the same as for tlie angle foiined 
by revolving the moveable straight line AF in the j) 08 itive dii’eo- 
tion until it reaches the position which it has in the figui*e ; so 

that tlie Trigonometiical Eatios for the angle - ^ will be the 

o 


same as for the angle 27r - g . 

4:5. It follows immediately from the definitions, that if two 
angles difier by four right angles or by any multi]>le of four right 
angles the Trigonometrical Eatios of the two angles are the same. 


46. The following relations which have been already esta- 
blished for angles not exceeding a light angle, will now be seen in 
like manner to hold universally whatever be the magnitude of an 
angle positive or negative. ^ 

tan A X cot = 1, sec A x cos 21 = 1, oosec A x sin A^l, 


^ . Binu4 ^ . cos-4 

tan-4= 3 , 001-4=-; — 3 , 

cos-4 sm.4 

siii’il - i-oob*- 4 = 1, sec* 4 = 1 f tan* 4, oosec* 4 : 


1 -foot* 4, 
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It must be observed that from such an equation as 

gin*.4 4-co8*il= 1, 

wo can infer only that *sm-4 = (1 - oos*il), or that 

008 A = * s/ i shall have to determine in any parti- 

cular case which sign must he ascribed to the radicdL 

47. The supplement of an angle is its defect from two right 
angles. Thus if A denote the number of degrees in any angle, 
180 - il is the number of degrees in its supplement ; if ^ be the 
circulotr meobswre of an angle, tt — ^ is the circular measure of its 
supplement. The verbal definition of the word supplement might 
appear to limit the word to the case in which the original angle 
is a positive angle less than two right angles j but the word is 
used in a wider sense, so that if be any number positive or 
negative, the angle denoted in degrees by 180 -.4 is called the 
supplement of that denoted in degrees by A. Similarly, whatever 
0 may be, the angle whose circular measure is n- ~ is called the 
supplement of that whose circular measure is 0, 

48. To compare the Trigonometrical Ratios of any angle and 
of its supplement. 

Let PABho any angle, produce BA to Bf and make P' AB=PABf 



take AP* = AP^ an^ di^w PM and FM' perpendicular to BB, 

The angle BAB^\%^^ ^FAB ^im^PAB thus FAB is 
the supplement of PAB, Tlie triangles PAM and F AM* are geo- 
metrically equal in all respects ; now 
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PM 

siiiil = , sin (180® -il) = 

and since PM and PM' are equal in magnitude and of the some 
sign, we have 

sin .4 = sin (180® --4). 

Also cosi =^, cos(180'>-A)=^’; 


now AM and AM' are equal in magnitude, but since they are 
measured in opposite directions from -4, they are of opposite sign ; 
thus 

cos = - cos (180® - -4). 


The other Trigonometrical Ratios of the angle A may be com- 
pared with those of the supplement either by direct use of the 
6gure, or by employing the two results already established ; thus, 
adopting the latter method. 


tan(180®-ul) = 


cot (180® -41) = 


sec (180® - 4) = 


cosec (180®- 4) = 


sin (180® — 4) sin4 ^ ^ 

cos (180® -4)"“ 1:^50 

cos(180® — 4) -co8 4_ 

sin (180® -4)" ’1^ ’ 

1 1 .... 

008 (180"- A) ~ - cos A “ ’ 

1 1 j 

• /I Q/\o AX”” * A ^ cosec 4, 
sm(180V4) sm4 


vers (180® — 4) = 1 — cos (180® — 4) = 1 + cos 4. 

Thus the sine and the cosecant of any angle are respectively 
the same as the sine and cosecant of the supplement of the angle ; 
all the other Trigonometrical Batios of any angle, except the 
versed sine, are mmericcUlg equal to the corresponding Batios 
of the supplement of the angle, but are of opposite sign. 



so 
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49. To pr(m1^t A) =^(xmA, 



Jjefc PAB be any angle; draw PAf perpendicular to BAB\ 
and produce it to 7^ so that MP^ may be equal in length to i/P, 
and join A F. Then the angles FA B and PA B which are meaaui'ed 
in opposite directions from AB are numencally equal, and if 
PAB denoted by Ay then FAB wiU be denoted by - il. And 

and FM is numerically equal to PMy but of opposite sign ; thus 
sin (- J) = — sin A. 

Also cos (- A) = 2 ^ = =cos A. 


„ X / ^\ sin (-A) -sin A . . 

Moreover, tan (-.1).-. =-tan^ j 


' ' 8Ui(-A) 


COS A 
-sin A 


■octA; 
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OOBec(-il)=!-T— ; JT = — : — J=- cosec A j 

' ' Bin (- A) - sm A 

vers (- A) = 1 - cos (- a) = 1 - cos A = vers A. 

All these results may if we please be obtained by direct use of 

the figure. 

50. To prove 

sin (180® + A) = - sin A and cos (180® + A) = - cos A. 

Let FJB be any angle, produce PA to P' so that AP' may lie 
equal in length to AP. Draw FM and P'J/"' perpendicular to 



BAB\ Then it VaB t)e denoted by A, the angle P'AB measured 
in the same diiection from AP will be denoted by 180® + A, 

The triangles PAM and I^AM' are geometrically equal in all 
respects ] 

PM PM* 

■ad 8mJ = jp, Bin(180'> + ii) = -jp, j 

. AM „„„„ ,, AM' 

oo8A = ^j, cob(18Q° + A)= jjij. 

Now PM and PM' are numerically equal but of opposite sign ; 

also AM and AM' are numerically equal but o^ opposite sign; thus 

sin (180® + A) = - sin A, <S)s(180® + A) = -cos A ; 

X /noAo jx sin(180® + A) -sinA ^ . 

moreover tan (180® + A) = — / = j = tan A, 

' cos(180®+A) -cosA ' 

_ws(180®+A) -oosA_ . 

~ sin (l80® + A) “ - sin A ~ ^ * 


cot (180® + A) 
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similarly sec (180® + il) = -Becil, cosec (180® + -4) ■*- cosec ul. 

yers (180® + .1) = 1 - oos (180® + il) = 1 + cos X 

All these results may if we please be obtained by direct use of 
the figure. 

It is obviously only another mode of expressing the two funda> 
mental results if we write 

sin A = - sin (A — 1 80®), cos A = — cos (A — 180®). 

51. The results of Arts. 48, 49, and 50, are true whatever 
be the magnitude of the angle A, and whether A be positive or 
negative This the student should carefully notice. First con- 
sider Art 49; v)h<U&oer the magniVude of A may be, positive or 
negative^ we shall always have PMP^ forming a straight line, and 
the points P and P' equally distant from M and on opposite sides 
of it ; and the angles PAB and P^AB will be numerically equal 
but of opposite sign. Thus we become certain of the universal 
truth of Art 49. Next consider Art 50 ; the essential points of 
the demonstration are that M and M' should be equally distant 
from A and on opposite sides of it, and that P and F should be 
equally distant from the straight line BAP and on opposite sides 
of it; and the figure assures us that these essential points are 
always secured. If PAB be <my positive angle, then by adding 
to it an angle of 180® we obtain the angle formed by AB and AP, 
If FAB be cmy negative angle, then by adding to it an angle of 
180® we obtain the angle formed by AP and AB, Thus we be- 
come certain of the universal truth of Art. 50. The universal 
truth of Art. 48 may be made Ik) depend on that of Art. 49 and 
that of Art 50. For we have 

sin A = - sihi (A - 180®)t, universally, by Art 50, 
sin (A — 180®) = — sin (180® - A), universally, by Art 49, 
tlierefi:)re sin A = sin (180® — A) universally. 

Again cos A = - cos (A - 180®), universally, by Art 50, 
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ooB (-4 - 180®) = cos (180® - A), imivorsally, by Art;. 49, 
therefore cos A = - cos (180® - A), universally. 

52. To prove that sin (90®+ A) =cosA, a?uf cos (90®+A)=:~sinA. 



Let PA B be auy angle ; let AP' be at right angles to AP and 
so situated that a moveable straight line can pass from the position 
AP to the position AF by revolving round A in the positwe 
direction through a right angle. Then if PAB be denoted by A 
we can denote FAB by 90® + A, Take AF=^ AP and draw PM 
and FM^ perpendicular to BAF, Then the angle PAM is 
geometrically equal to the angle AFM\ and the triangles PAM 
and FAM' are geometrically equal in all respects. And 

8m(90'’ + ^)= jp , co8i = ^; 

now FM ' is numerically equal to AM and both are of the same 
sign (Art. 42) ; thus 

sin (90® + A) = cos A. 

A • /nAo V , PM 

Again cos(90® + A) = -jp , smA = -jp; 

now AM' and PM are numerically eqjaal*but of opposite sign 
(Art 42) ; thus 

cos (90® + A) = - sin A. 

53. In order to prove that the proposition in the preceding 
Article is universally true, we must examine the different cases 
T. T. 3 
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that can occur ; the figure in the preceding Ai’ticle 8up]>ose6 that 
A JB ii positive angle terminated in the first quadrant. The an- 
nexed thiee figures shew AP ih the second, third, and fourth 
quadrants respectively. 

In every case it will be seen that the triangles PAM and 
P^AM* am geometrically equal in all respects ; also P'M* and AM 
are of the same sign, and AM ' and PM are of opposite sign. Thus 
the piroposition may be seen to be true if be any positive angle. 
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The four figures of this and the pixHujding Article will also shew 
the truth of the proposition for any negative angle ; the last figure 
for example applies when A is between 0 and — 90", the tliird figure 
when A is between - 90° and - 180°, the second figure when A is 
between — 180° and — 270°, and the first figure when A is between 
-270° and -360°. 

54. If .4 be the number of degrees in any angle, then the 
angle which is expressed in degrees by 90 - is called the com- 

plement of the angle A\ so - — 0 is the circular measure of the 

complemeTU of the angle whose circular measure is d. The term 
complement of an angle has already been introduced (Art 29), but 
the angle contemplated then was a positive angle less tlian a right 
angle. This restriction however will be no longer i-etained. We 
may now shew universally that the sme of cm angle is equal to tJie 
cosine of its complement^ and thmcos'ine of cm angle is equal to t/ie 
sine of its complement. These propositions may be proved by 
examining different cases as in Arts. 52 and 53 ; or they may be 
deduced from results already esptablished thus, for example, wo 
have proved that 

sin (90® + .4) = cos A, universally (Arts. 52, 63), 
also sin (90° A) ^ sin (180° — 90° — A)^ universally (Art. 51 ), 
therefore sin (90° - A) = cos A, universally. 
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Them if we suppose 90® — .4= -4' we have 4 -90® -4'; thus 
sin 4' = cos (90® —/!'), universally. 

55. It will now be found that we are able to express any 

Trigonometrical Ratio of any angle whatever in terms of the 
same Trigonometrical Ratio of some positive angle not^ exceeding 
a right angle. For in the first place by the formulas sin (- 4) 
as — sin 4 and cos (—4) = cos 4, and those which follow from 
these (see Art 49), we can make the Trigonometrical Ratios of 
any angle depend upon those of the corresponding posUr 

tive angle; and so we need only consider positive angles if we 
please. By Art 45 any multiple of four right angles may be 
rejected ; thus, so far as its Trigonometrical Ratios are concerned, 
we may replace any angle whatever by an angle less than four 
right angles. Then by the formulae sin (180® + 4) = - sin 4, and 
cos (180® + 4) = — cos 4, and those which follow from these (see 
Art 60), we may make the Trigonometrical Ratios of any angle 
depend upon those of an angle not exceeding two right angles. 
Lastly, by the formulae sin (180® - 4) = sin 4 and cos (1 80® - 4) 
= - cos 4, and those which follow from these (see Art. 48), we may 
make the Trigonometrical Ratios of any angle depend upon those 
of an angle not exceeding a right angle. 

For example, 

sin 600® = sin (360® + 240®) = sin 240® = sin (180® + 60®) = - sin 60®. 

Tan (- 1000®) = - tan 1000® = - tan (720® + 280®) = - tan 280®. 

= - tan (180® + 100®) = - tan 100® = - tan (180® - 80®) = tan 80®. 

56. To Praoe the chomgee in the sine of <m <mgle as the 

amgle vanes. o 

Let BAB^ and CAC be two straight lines at right angles, and 
suppose a straight line AP of constant length to revolve round 
cme end A from the fixcU positidn AB so that P traces out the 
drcle BCBC\ From any position of P draw PM perpendicular 
to BAB \ then 
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When AP coincides with AB the perpendicular PM vanishes \ 
thus when the angle is zero so also is its sine. While AP moves 
through the first quadrant PM is positive, and continually in- 
creases until AP coincides with AC, and then PM is equal to AP\ 
thus as the angle increases from 0 to 90^ the sine increases from 
0 to 1. While AP moves through the second quadrant PM is 
positive, and continually decreases until AP coincides with AM 
and then PM vanishes; thus as the angle increases from 90® to 
180® the sine diminishes from ^ to 0. While AP moves through 
the third quadrant PM is negative, and increases numerically 
nntil AP coincides with AC; thus as the angle increases from 
180® to 270® the sine is negatwe and increases numerically from 
0 to - 1. While AP moves through the fourth quadrant FM is 
negative, and decreases nmnerically until AP coincides with AB : 
thus as the angle increases from 270® to 360® the sine is negatifffi 
and decreases numerically from - 1 to 0. 
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57. To tflrace the chomgea vn the eosim of am cmgle as the cmgle 
varies. 

With the figure of the preceding Article we have 


cos FAB = 


AM 
AF * 


At first AF coincides with AB and then AM= AF ; thus when 
the angle is zero the cosine is 1. While AF moves through the 
first quadrant AM is positive and continually decreases until AF 
oomcides with AC and then AM vanishes ; thus as the angle in- 
creases from 0 to 90° the cosine diminishes from 1 to 0. While AF 
moves through the second quadrant AM is negative and increases 
mimericaUy until AF coincides with AB'-, thus as the angle increases 
&om 90° to 180° the cosine is negative and increases numerically 
from 0 to ~ 1. While AF moves through the thii*d quadrant AM 
is negative and decreases nvmericaUy until AF coincides with AG'-, 
thus as the angle increases from 180° to 270° the cosine is negative 
and decreases numerically from — 1 to 0. While AF moves through 
(.he fourth quadrant AM is positive and continually increases until 
dP coincides with AB) thus as the angle increases from 270° to 360° 
the cosine is positive and increases from 0 to 1. 


58. To trace Hhe changes in the tangent of an angle as the 
angle varies. 

With the figure of Art. 56 we have 


AM' 

At first AF coincides with 4^ TM vanishes and 

thus when the angle is zero so also is its tangent. 
While AF moves through the first quadrant FM and AM are 
positive ; FM contini&U^fk increase# and AM continually decreases 
until AF coincides with AC ; thus as the angle increases from 0 to 
90° the tangent increases from 0 without limit, so that by taking 
an angle sufficiently near to 90° we can make the tangent as great 
as we please ; this is usually expressed for the sake of abbreviation 
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tiiiiB, ths UmgenJt of 90^ is vnjvnite, WMle AP moves throngh the 
second quadrant PM is positive and AM is negative ; PM con- 
tinually decreases and AM increases mirMricaUy until AP coincides 
with AM\ thus as the angle increases from 90*^ to 180*^ the tangent 
is Tiegatim and decreases numerically from an indefinitely large 
value to zero. While AP moves through the third quadrant PM 
and AM are negative; PM increases rvamericaUy and AM de- 
creases n/umericaUy until -4 coincides with AG^; thus as the angle 
increases from 180° to 270° the tangent is positive and increases 
&om 0 without limit, so that by taking an angle sufficiently near 
to 270® we can make the tangent as great as we please ; this as 
before is abbreviated into tlie tomgmt o/* 270° is infinite. While 
AP moves through the fourth quadrant PM is negative and AM 
is positive ; PM continually decreases numerically and AM in- 
creases until AP coincides with AB thus as the angle inci'eases 
from 270° to 360° the tangent is negative and decreases numerically 
&om an indeiinitely large value to zero. 

Similarly the changes in the cotangent of an angle may be traced. 

69. To trace the changes in tlie secant of cm mcgle as the cmgle 
varies. 

The changes in the secant of an angle may be traced by means of 
the figure in the same way as those of the sine, cosine, and tangent; 

or we may use the formula sec PAB = » *=^d infer the 

changes in the secant from the known changes in the cosine ; we 
will adopt the latter method. As the angle increases fix)m 0 to 90° 
the cosine diminishes from 1 to 0 ; thus the secant increases from 
1 without limit, so we may say«>^A6 secant of 90° is infinite. As 
the angle increases from 90° to 180° the cosine is negative and in- 
creases nvmerically from 0 to — 1 ; thus the secant is negaime and 
decreases rvumericdUy from an isdefinitely la^e value to 1. As 
the angle increases from 180° to 270° the cosine is negatme and 
decreases numerically from ~ 1 to 0 ; thus the secant is negative 
and increases numerically from — 1 to infinity. As the angle 
increases from 270° to 360° the cosine is positive and continually 
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increaaes from 0 to 1 ; thus the Becant is podtiye and diminishes 
firom infiniiT’ to 1 . 

Similarly the changes in the o&seoant of an angle may be traced. 

60. Since vers A =^1 — cos A, as the angle increases from 0 to 
180^ the yersed sine increases from 0 to 2, and as the angle in- 
creases from 180^ to 360° the yersed sine diminishes frohi 2 to 0. 

61. Thus we see that the sine and the cosine may haye any 
yalue between - 1 and -f 1 ; the tangent and the cotangent may 
have any value between - oo and + oo ; the secant and the cosecant 
may have any value between - oo and - 1 and between + 1 and + oo . 
And it will be found on examination that no Trigonometrical 
Batio changes its sign except when it passes through the value 
zero or the value infinity. The versed sine is always positive and 
may have any value between 0 and 2. 


62. The following table of the values of the Trigonometrical 
Ratios of certain angles is formed from the results of the preceding 
Chapter and the present Chapter. 



0° 

30“ 

45° 

60" 

90» 

120" 

135° 

150° 

180° 

. 

sme 

0 

1 

2 

1 

n/2 

s/3 

2 

1 

s/3 

2 

1 

s/2 

1 

2 

0 

cosine 

1 






1 

s/2 


B 

tangent 

1 

0 

1 

n/3 

1 

s/3 

OO 

-s/3 

-1 

1 

s/3 

0 

i 

cotangent 

00 

^/3 

1 

1 

s/3 

1 


-1 

-s/3 

B 

secant 

■ 

n/3 

• 

s/2 

2 



-s/2 

2 

"s/S 

1 

1 cosecant 

00 

2 

s/2 

2 

s/3 

1 

2 

s/3 

s/2 

2 

OO 
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EXAMPLES. 

1. Determine tte values of the Trigonometrical Ratios for an 
angle of 585^ 

2. Also for an angle of 690®. 

3. Also for an angle of 930®. 

4. Also for an angle of 6420®. 

5. Find all the angles })etween 0 and 900® wldch satisfy the 
relation tan ^ = 1. 

6. Find all the angles between 0 and 900® which satisfy the 
relation cos* d = i. 

7. Find all the values of versin j- where n is any integer. 


8. Find all the values of sin where 

int^r. 


n IS any 


9. Solve sin® Q + cos® ^ = 0. 

10. Solve 2 sin® ^ - 5 cos d ~ 4 = 0. 

11. Trace the changes in the sign and value of cos sin ^ 
as 0 changes from 0 to 27r. 

12. Also of cos* ^ - sin* 

13. Also of tan Q + cot 


14. 

equal) 


Is sec*^ = 


4a6 

(a+6)* 


a possible equation if a and h are un- 


15. Shew that tan (A + 90®) = - cot A, cot (A + 90®) = - tan A, 
sec (A + 90®) = - cosec A, cosec (A + 90®) = sec A, 

vers (A + 90®) = 1 + sin A. » • * 

16. Shew that sin (270® - A) = - cos A, cos (270® - A) = - sin A 

17. Shew that sin (270® + A) = - cos A, cos (27 0® + A) = sin A. 

18. Shew that sin (360® - A) = - sin A, cos (360® - A) = cos 
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V. ANGLES WITH GIVEN TRIGONOMETRICAL 
^TIOS. 

63. To construct cm crngU with a given sine or cosine. 



Required an angle the sine of which m a given quantity a. 
Describe a circle with unity for its diameter, and take any diameter 
AB of this circle ; with centre B and radius a describe a circle; let 
C be one of the points where this circle meets the former circle ; 
join AG and BG. 

Then AGB is a right angle, by Euclid, iii. 31, and the sine of BAG 
BG 

is 22 > ^ therefore BAG is such an angle as is required. 

K the cosine of the required angle is to be a, then the same 
construction may be made, and ABC will be such an angle as is 
required. ^ 

64. To construct an angle with a given tangent or cotangent. 
Required an angle the tangent of which is a given quantity & 
Take a straight line AB tte length of which is unity ; draw 
BG at right angles to AB and equal in length to a, and join GA, 

BG 

Then the tangent of BAG is ^ , that is a ; therefore BAG is such 
an angle as is required. 
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If the eotcmgent of the required angle is to be a then the same 
construction may be made, and AOB will be such an angle as is 
required. 



65. If an angle is required to have a given cosecant, then 
since the cosecant is the reciprocal of the sine, the angle must 
have a known sine; therefore the angle may be found by Art. 63. 
Similarly if an angle is required to have a given secant, or a given 
versed sine, then the cosine of the angle is known and the angle 
may be found by Art. 63. 

We shall now pi-oceed to find expressions wliich include all the 
angles which have a given Trigonometrical Ratio. In the re- 
mainder of this Chapter we shall express all the angles that occur 
m a/rcida/r measure, 

66. To find am expression for all the angles which hanse a 
given sine. 

Let BAG be the least positive angle which has the given sine ; 

C 


~h 

denote this angle by ou Produce BA to any point S' and make 
the angle = 15^(7; then 

Now it is obvious from the figure that the only positi/oe angles 
which have the same sine as a are ir — a, and the angles formed by 
adding any multiple of four right angles to a or to w a j that is, 
angles included in the formulae 2mr + a and 2nir 4 - tt — a, where n is 
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zero or anj positive integer. Also tlie only negative angles which 
have the same sine as a are - (ir + a), and - (27r - a), and the angles 
formed by adding to these any multiple of four right angles taken 
negatively ; that is angles included in the formulas 2 n 7 r — (tt + a), 
and 2rwr — {2ir — a), where n is zero or any negative integer. All 
the angles which have been indicated will be found on trial to 
be included in the formula W7r+ (- 1)“ a, where n is zero, or any 
integer positive or negative. Also all the angles included in this 
formula will be found among the angles which have been indi- 
cated. 

Thus the formula nir + (— l)*a includes all the angles which 
have the same sine as a, and all the angles which it includes have 
the same sine as a. 

This formula also determines all the angles which have the same 
cosecant as a. 

67. To find cm expression for all the angles which have a given 
cosi/ne. 

Let BAG be the least positive angle which has the given cosine; 
denote this angle by a. Make the angle BA O' = BA G. 



Now it is obvious from the figure, that the only positive angles 
which have the same cosine a are 27r - a, and the angles formed 
by adding any multiple of four right angles to a or to 2ir— a; 
that is, angles included in the formula 27i’ir + a and + 27r - a, 
where n is aero \)r any positive integer. Also the only native 
angles which have the same cosine as a are — a, and {2ir - a), and 
the angles formed by adding to these any multiple of four right 
angles taken negatively ; that is, angles included in the formulsa 
r — a and 2w7r — (2ir — a), where n is zero or any negative integer. ^ 
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All the angles which have been indicated will be found on trial to 
be included in the formula 2nir^ a, where n is zsero or any int^r 
pocdtive or negative. Also all the adgles included m this formula 
will be found among the angles which have been indicated. 

Thus the formula 2fwr * a includes all the angles which have 
the same cosine as a, and all the angles which it includes have the 
same cosine as a. 

This formula also determines all the angles which have the 
same secant or the same versed sine as au 

68. To find <m expression for all the cmgles which have a given 
tangenl. 

Let BAG be the least positive angle which has the given tan- 
gent ; denote this angle by a. Produce BA to any point Bf and 
CA to any point G\ 



Now it is obvious from the figure that the only positi/oe angles 
which have the same tangent as a are tt + a, and the angles formed 
by adding any multiple of four right angles to a or to ir + a ; that 
is, angles included in the formulce + a and 2mr + tt + a, where 
n is zero or any positive integer. Also the only negative angles 
which have the same tangent as a are - ~ a), and - ( 27 r — a), and 
the angles formed by adding to th^e any multiple of four right 
angles taken negatively ; that is, angles included in the formulcs 
2nir — (ir — a) and 2mr — (27r — a), where rh is zero or any negative 
int^er. All the angles which have been indicated will be found 
on trial to be included in the formula tmt + a, where n is zero, or 
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any integer [x>sitiYe or negative. Also all the angles included in 
this formula wiU be found among the angles which have been 
indicated. * 

Thus the formula 9t7r + a includes all the angles which have 
the same tangent as a, and all the angles which it includes have 
the same tangent as a. 

This formula also determines all the angles which have the 
same cotcmgent as a. 

69. In Art. 66 we shewed that if a be the least positive angle 
which has a given sine, the formula mr+ { - 1)" a includes without 
excess or defect all the angles which have the same sine as a ; it 
was convenient for distinctness in the demonstration to suppose o 
the least positive angle which has the given sine. But this restric- 
tion can be removed, for we can shew that if be am>y angle, the 
formula + ( - 1)" will include without excess or defect all the 
angles which liave the same sine as For suppose a to be the 
least positive angle which has its sine equal to sin ; then, from 
what has been proved, we know that p must be one of the angles 
Included in the formula mrr -i- ( - 1)"* a where m is zero, or any in- 
teger positive or negativa Suppose then j8 = r7r-f-(-l)**aj there- 
fore mr + { - ly p = nir + { - ly rn + { - l)""^ a ; and all we have to 
prove is, that this formula includes without excess or defect all the 
angles included in the formula mw + ( - 1)"* cu If w be even the 
formulas correspond by taking m = n -hr ; if n he odd, the formulas 
correspond by taking m = n-r. The formula titt -i- ( - 1)" will 
of course also include without excess or defect all the angles which 
have the same cosecant as p, 

70. Similarly we may shtw that if P he any angle, the angles 
which have the same cosine or secant or versed sine as p will be 
included without excess or defect in the formula 2mr*‘P ; and that 
the angles which have the sanie tangent or cotangent as P will be 
included without excess or defect in the formula nw + p, 

71. Before leaving this part of the subject we will recur to the 
definitions of the Trigonometrical Ratios ; we considered them 
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as ratios formed by oomparing the sides of a rightrangled triangle, 
but formerly they wer6 differently defined, and it is adrisable to 
notice the old definitions in order thaJt the student may understand 
allusions to them which will occur in his reading. 



Ejet A be the centre of any circle, AB a radius, BP any arc ; 
draw the radius AG at right angles to AB,%Ji6, draw tangents to 
the circle at the points B and (7; produce AP U) meet the first 
tangent at T and the second tangent at t ; di*aw PM perpendicular 
to AB. Then the old definitions are as follows, in which the 
straight lines of the figure are considered to be functions of the 
arc BP. PM is the sine of the arj BP^ AM is its cosine, BT is 
its tangent, Gt is its cotangent, d 7^ is its secant, At is its cosecant, 
BM is its versed sine, also the straight line joining B and P is the 
chord of the arc BP. Thus the tqpns simsj cotinef (kc., fonnerly 
denoted certain straight lines and not certain ratios. On the old 
system the lengths of the sine^ cosine, kc. depended on the radius 
of the circle considered, so that it became necessary to state what 
length was ascribed to this radius in any investigation. 
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72. It is easy to connect the values of the old and new Trigo- 
aometrical Functions ; for 

sine of the angle PAB = , 

sine of the arc PB = PM-, 

thus sine of the arc = radius of circle x sine of the cmgle^ 

, • ^ 7 sine of the arc 

and Bine of the angle = — r — r- . 

^ radius of circle 

Similar results hold for all the other Trigonometrical Functions. 
Thus from any formula in the modern system which involves Func- 
tions of (mglea, we can deduce the corresponding formula in the 
ancient system which will involve Functions of area, and vice versa. 

For example, if A denote any angle, we have (Art. 32) 
sin'il + cos'ul = 1. 

Now let a denote the arc corresponding to -4 in a circle of 
radius r ; then, using the old definitions, 

sin* a ^ cos* a , 

so that sin* a + cos* a = r*. 

Suppose the straight line PB drawn \ then the sine of half the 
vpB PB 

angle PAB = ^ 1 therefore the chord of an arc 

= radius of circle x twice the sine of half the angle. 

73. Since the sine of an arc is equal to the radius of the circle 
multiplied by the sine of the angle, it follows that if the radius of 
the circle he unity the numerical value of the sine is the same in 
both systems ; and a similar result holds for the other Trigonome- 
trical Functions. Thus any formula expressed in the ancient 
system may be immediately converted into a formula expressed 
in Hie modem system by supposing the radms of the circle to he 
eqwJ to umty. 
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74. The old definitions give some indications of the oiigin of 
the terms sine, cosine, dto. The word sine seems derived from the 
Latin word sinus a bosom, the arc is supposed to represent a bow, 
and thus gets its name, and the string, half of which represents the 
sine of half the arc, would come against the breast of the archer. 
The words USsigenl and eecani are naturally derived from the old 
definitiona (See the English Cyclopoedia; article Trigonometry.) 

75. The modem method has now completely superseded the 
ancient method in English works ; it was introduced by Dr Peacock. 
(See Peacock's Algebra, Vol. ii. page 157.) It may however be 
observed, that it is stated by Professor De Morgan {Trigonornetry 
and Double Algebra, j)age 18), that “ Rheticus, who gave the first 
complete Trigonometrical table, and invented the secant and cose- 
cant to complete it, used the method of ratios.” 


EXAMPLES. 

1. Write down the general value of B when tan ^ = 1. 

2. Write down the general value of B when sin ^ = 1. 

3. Write down the general value of B when cos ^ = 1. 

4. Write down the general value of B when cos ^ ^ 

2 

5. Find all the values of B which satisfy sin*^ = sin'o. 



7. Find all the values of B which satisfy cos*^ = cos* a. 

8. Write down the general value of B when sec*^= 2. 

9. Find all the values of B which satisfy tan*^ = tan* a. 

10. Write down the general value of B when tan*^ = ^ . 

3 

11. Shew that all the angles %^hich have both the same sine 
and the same cosine as a, are included m the formula 2nw + a. 

12. Write down the gcmeral value of B which satisfies both 

sin^^s— g and oo8^»=--^. 


T. 


4 



S' S’ 
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VL TRIGONOMBTEICAL RATIOS OF TWO ANGLES, 

c 

76. To express the sine <md the cosine of the sum of two angles 
in terms (f the sines <md the cosines of the angles themselves. 



Let the angle COD be denoted by d, and the angle DOE by 
B ; then the angle COE will be denoted by A^B. In OE take 
any point /*, draw PM perpendicular to OC, and PN perpendicular 
0D\ draw NR perpendicular to PM and NQ perpendicular 
00 . 


Then the angle NPR is the complement of PNR^ and is 
therefore ecjual to RNO, which is equal to NOO or A. 


^ PM RM^-PR 

Now sm (ii + J?) = OP = 


NQ PR 
OP OP 


ON* PR 
ON' OP ^ PN 


NQ 


OP 

PN 
OP 

sin ^ cos > cos sin 

OQ NR 
W op~ OP 
OQ ON ^ ^ 

' ON ■ OP ~ NP ‘ OP 
- <m A eoB ti - sin A aba. B. 


OM OQ-QM 

«>B(i4 + 5) = ^ = 
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77, To express the sine amd the cosine of the difference of two 
angles in terms of the sines and the cosines of tfke angles themselves. 



Let the angle COD be denoted by and the angle DOE by 
B \ then the angle COE will be denoted by A -B. In OE take 
any point P, draw PM perpendicular to OC and PJ^ perpendiculai 
to OD; draw EE perpendicular to MP produced and EQ perpen 
dicular to OC. 

Then the angle EPR is the complement of PER^ and is 
therefore equal to DER which is equal to DOC or A . 


Now sin (A - £) = 


PM RM^RP 
OP ” OP 


OP OP 


OE RP PE 
ON' OP~*PN' OP 


= sin A COS P - COS il sin P. 


' ’ OP OP OP 


'nr 

^ OP 


OQ ^ ^ 

~ ON' OP ^ PN' OP 


- COB il OOP P sin 4 sir b 


4—2 
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78. To assist the student in remembering the preceding 
demonstrations, we may observe that the point P is taken in the 
straight line which hovmda the cornpownd cmgle tve cure considering; 
thus, in proving the formulse for sin {A + B) and cos {A + B) the 
point P is taken in the straight line which bounds the angle 
A -{-Bf and in proving the formulae for sin (A - B) and cos (A - B) 
the point P is taken in the straight line which bounds the angle 
A-~B, After the construction is completed, the principal step 
consists in shewing that the angle NPR is equal to ^ ; it will 
be seen from the construction that this is the case, for the straight 
lines PAT, PR are respectively perpendicular to the straight Imcu 
which form the cmgle A, and thus form an angle equal to A. 

79. The formulaB established in Arts. 76 and 77 are true 
whatever may be the size of the angles A and B ; the student may 
exercise himself by going through the construction and demon- 
stration in different cases ; it will be found that the only variety 
which occurs in the construction consists in the circumstance that 
the perpendiculars sometimes fall on certain straight lines and 
sometimes fall on those straight lines produced. We will, as an 
example, prove the formulae in Art. 76, when each of the angles A 
and B is less than a right angle, and their sum greater than a 
right angle. 



Let the angle COB be denoted by 4> Mid 1^© angle DOE by 
B ; then the angle COE will be denoted by 4 + j5. In OE take^ 
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any point P, draw PM perpendicular to CO produced and PN 
perpendicular to OD ; draw ME perpendicular to PM and MQ 
perpendicular to OC. • 

Then the angle MPE is the complement of PME^ and is there- 
fore equal to EMO, which is equal to MOC or A, 


Now sin (ii + P) = 


PM ME + PE MQ PE 
op” op ” up ^ OP 


_J[Q ON PR ^ 
~ON OP* PN' OP 


= sin ^ COS jB + cos -4 sin P. 


Also 


cos (A + P) = 


OM 

OP'^ 


here we must remember that OM being measured to the left of 0 
is a negative quantity, and we may put for it OQ - QM^ that is 
OQ — ME ; thus 


cos (A + B) 


OQ--NE OQ ME 
*“ OP '^OP^ OP 

qO^ ON MR PN 
~~ON'OP PM' OP 


- cos -4 cos jB - sin A sin B. 


80. The formula established in Arts. 76 and 77 may be con- 
sidered the fundamental formula of the Subject; it is important 
therefore that they should be shewn to be universally true. As 
we have intimated in the preceding Article, the student might 
convince himself of their universal truth by examination of all 
the cases that can occur; but we may arrive at the required result 
more decisively by making use oj some theorems which have al- 


ready been completely established. 

The formula we have to prove are 

sin (d -I- P) = sin A cos cos A sin JBT (1). 

cos(A -i-P) = cos AcosP-sinA sin JB (2). 

sin (A - jB) = sin A cos P- cos A sin P (3). 

cos (A - P) = cos A cos P + sin A sin JB (4). 
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Now in Arts. 76 and 79 we liave shewn that (1) and (2) hold for 
all positiTe values of A and B, which do not exceed a right angle ; 
and in Art 77 we have shewn ^t (3) and (4) hold for all positive 
values of A and B which do not exceed a right angle, provided A 
be greater than B. We shall first shew that the restriction of A 
being greater than B may be removed from (3) and (4). 

By Art 49, sin (A - J?) = - sin (.5 - A), 

and cos (A - jB) = cos {B- A)) 

if then we know that 

sin (5 - A) = sin cos - cos sin A, 
and cos (J5 - -4) = cos i? cos A + sinBsmA; 

we know also that 

sin (-4 - .B) = sin A cos J5 - COB A sin B, 
and cos (A - B) = cos A COS B + sin A sin B. 

Therefore if (3) and (4) hold for values of A and B comprised 
between any limits when A is greater than B, they hold for values 
of A and B comprised between the same limits when A is lees 
than B. 

Thus we know that the four formulae are all true for any 
positive value of each angle between zero and a right angle. We 
shall next shew that if all the formulae are true for values of A and 
B comprised between certain limits, these limits may be increased 
by a right angle. For by Art. 52, 

sin (90® + A + B) = cos (A + B) = cos A cos B - sin A sin B 
= sin (90® + A) cos B + cos (90® + A) sin B ; 

in this way, from the truth of (2) for any limits, we can infer the 
truth of (1) with an increase of 90® in the limits of either angle. 
Similar considerations apply to all the other formulae; and thus 
the limits become as large as we 'please. 

Lastly, the truth of the formulae for any native angles may 
be established ; suppose A and B both negative, let A = - A' and 
B - - B' ; thus 
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Bm(ii +^) = Bm(-.i4'-5^=-siii(A'+jy), by Art 49; 

B - (sin A' COB ^ + 008 
= sin (- A') oo»(- 5') + cos (- A') sin (- &) 

= sinAoos^ + cosAsm.8. 

Similarly all the other formulae may be shewn to be true when botl) 
the angles ai% negatiye, or when one of the angles is negative. 

81. From the four fundamental formulae a large number of 
other formulae may be deduced ; we shall give some examples of 
such deductions. 


82. In the expressions for sin (A + .&) and ooa (A + B) put 
B = A; thus 

sin 2A 2 sin A cos A ; 

cos 2A = cos* A - sin* A = 1 - 2 sin* A = 2 cos* A - 1. 


Thus 


and 

Also 


1 + cos 2J = 2 cos* A, 
1 - cos 2-4 = 2 sin* -4, 


1 - cos 2-4 
1 4 cos 2-4 


= tan* A. 


sin 2A , . sin 2 A ^ . 

T . = cot A. 

1 4 cos 2A 1 - cos 2A 


83. Sin (A 4 sin (A -i?) 

= (sin A cos 4 cos A sin (sin A cos B - cos A sin B ) 
= sin* A cos* B - cos* A sin* B 
= sin* A (1 - sin* B)-('l - sin* A) sin* B 
= sin* A - sin* B. 


This result is very im])ortant. • 

And cos (A 4 B) cos (A - B) 

= (cos A cos -5 - sin A ^in -5) (cos A i3os -5 4 sin A sm A) 
= cos* A cos* B - sin* A sin* B 
= cos* A (1 - sin* -5) - (1 - cos* A) sin* B 
= cos* A - sin* B = cos* B - sin* A. 
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84. From the four fundamental formulsB we haye 
Bin(-4 4-J5)+sin(A-jB) = 2smAcos.B, 
sin (-4 + j5) - sin { A - .fi) = 2 cx)s A sin 
cos (-4 + J9) + cos (-4 - jB) = 2 cos A cos 
cos (-4 - - cos (il + jB) = 2 sin A sin A ** 

Let and A- B= D\ therefore 

A=^{C^D) and ^ J (C? - i?) ; thus 


. ^ ^ ^ D C-^D 

smC' + smi)=2sm cos , 

•/.•no ^ + ^ • O-B 

smC'- 6 ini)= 2 co 8 — ^ — sm — — , 

^ ^ . G + JD G-B 

cos C7+ cos /> = 2 cos — ^ cos — 5 — , 

z z 


,, ... C + D . C-D 

cos Z> - COB (/ = 2 sm - - 5 — sm — 5 — . 

z z 


These formulae will be found to be extremely useful in mathe- 
matical investigations ; they enable us to put the mm or th^ dif~ 
fermoe of two sines or two cosines in the form of a product; or tc 
replace the product of «a sine or a cosine into a sine or a cosine 
by half the mm or half the difference of two such Ratios. 


o e m ! A m sm ( A + .B) sm A cos R + cos A sm R 

85. Tan(-4 + J?) = — y . — ^( = = — — r-^ p ; 

' cos {A + R) cos A cos R - sm A sm B ' 

divide both numerator and denominator of the last expression by 

t 

sin A sin B 

A ij ^ - 

cos A 008 B ; thus we get - 


1 - 


sin48inR ^ 
oos4 cosR 


tan (4 -I- R) = 


tan A + tan B 
1 — tan A tanB* 


therefore 
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Suppose A \ thus we obtain 


tan 2 jl = 


2 tanil 

1 


T (A _^Aoo BB- coB ABmB 

'”’cos(-4-^)~oos-4oo8-5 + BiQ-4sinJ5 
, sin ^ emB 

^ cos A cos B tan A — tan B 
^ ^ sin 1 sin J? ~ 1 + tan A taoi^ * 
cos ^ oos j9 

Suppose for example that B = 45®, so that tan -5=1; then we 
shall obtain 

X /i icov l+tan-4 , -- .^ 0 - tan .4 — 1 

' ' sm(^ + j5) sin 41 cos .5 + cos 4. sm J5 

cos 4 cos 5 j 

sin A sin B __ cot A cot J5 — 1 
cos A ^ COB .S cot A + cot B 
sin A sin B 


Suppose B = A thus we obtain 

cot*4-l 

cot 2 A = - 7 ^; — . 

2 cot 4 

a- -1 1 x/^ cot 4 cotj?+l 

Sunikrly cot (A -B) = • 

87. Sin 2A =2^AocmA= ^ cob il g 2 and 32) ; 

BinM +COSM ’ 
divide both numerator and denoirinator of the last expression by 
2sm4 

. . , cosA 

COB* A ; thus we get "f"]} j ; 


therefore sin 2 A = 


2 tan4 
1 + tan® A ‘ 
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Alao oob2A =oo8*A -bui'A = (Arts. 82 and 32) 

oos*A + sm*A ' ' 

j sio* A • 

~cos*A l-tan*A 
sin' A “ 1 +taii*A ' 
cob'A 


88. 


„ . A + £ A-B 

2 sin cos ;r — 

sinJ+sinfi 2 £_/a«a 

smi-BinjS", 

BUI a " 2 cos — s — Bin — - — 


^ A+B 
tan 2 


tan — 


ITE’ 


„ A+B A-B 

, , 2o08— cos J 5 — 

0 OsA 4CO87/ i 2 

ooTT? - cos J = 2 sin ^ sin 

J z 

^ A+B ^ A-B 
= cot -g- cot— 


„ . A+JS A-B 

sin A + sini< _ ^ 

COB A + cos .S ~ .i + ^f ~ 2 


2 cos • 


cos - 


„ A^B . 

. . . 2 cos — s — sin — s— 

suiAi - sm i? 2_ ^ A -{-B 

oosi - cos J ” „ . -4 + ^ . A-B ~ 2 ' 

2 Bin 27— Bin — 2r — 


QQ m A A » sinAl* sin-B sin a< cos -B + cos -4 sin ^ 
89. Tan A + tan B = + - 


cos J cos 


cos cos .B 


sin (a 1 -f B) 

cos A cos B 
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Similarly tan A - tan B - ^ . 

^ cos A cosi? 


^ j ^ . sm-4 cosil sm il + cosV^ 

90. Tanil+cotil= 3 +-^ — 3 = — ; — 3 3 - 

cos J sin A sm cos 


sin il cos i< 2 sin ^ cos ii sin 2 J 


tan il - cot = 


sin A 
coaJ 


cos A 
sin A 


sin* A - cos* A 
sin A COB A 


cos 2A _ 2 cos 2A 
sin A cos A^ sin 2 j 


= - 2 cot 2il. 


91. Sin 3A =sin(2il +^)=sin2J cos -4 + cos2i( sin^l (Art. 76) 
= 2 sin A cos* A + (1 - 2 sin* A) sin A 
= 2 sin (1 - sin* A) + (1 - 2 sinj A) sin A 

= 3 sin - 4 sin* A, 

cosSJ =cos {2 A + A)=cos2AcosA-sin2A sin A (Art. 76) 
= (2 cos* J - 1) cos A - 2 cos A sin* A 
- (2 cos®i4 - 1 ) cos A — 2 cos A (1 - cos* A) 

= 4 cos® A - 3 cos A. 


Hence 


sin 3A ^ 3 sin A - 4 sin* A 
” cos 3A ”4 cos* A - 3 cos A 


Divide both numerator and denominator by cos* A ; thus 
3 tan A 


■ - 4 tan* A 


tan 3A = 


4 


T 


COB* A 


Stan A (1 -t- tan* A) ~ 4 tan* A 
4 -3(1 + tan* A) 


(Art. 34) = 


3 tan A - tan* A 
1-3 tan* A 



60 


naaoMOKBnucAL ratios of two anolbs. 


92. To find like values of the Trigonotnehrieal Ratios fm‘ an 
angle of 16* and on angle of 75°. 

Bin 16* = sin (46* - 30*) = sin 46* cos 30* - cos 46* sin 30* = ; 

COS 15® = cos (45® - 30®) = cos 45® cos 30® + sin 45® sin 30® = ; 

tanlff®-®^^®' n/ 3-1 (^/3-l)* « .3. 


COS15® 

^ sinl6®“^3-l~ 2 -2 + \/3, 

sec 15® 


1 2J2 1 

= - Y ; cosec 15 = . — : 

cos 15® ^3 + 1 ^ sm ] 


2J2 

sin 15® “ V3 - r 


And 


sin 75® = cos 15® = ; cos 75® = sin 16® = 

2 Z^Z 

tan 75® =cot 15® = 2 + JZ ; cot 75® = tan 15®= 2 -^3 ; 
sec 75® = cosec 15® = - ; cosec 75® = sec 15® =» • 


93. //* sin A = sin ^ and cos A = cos then either A and // 

oflre equaly or they differ hy some multiple of fowr right angles. 

For cos {A - B)- cos A cos J5 + sin A sin -B 
= cos* A + sin* A = 1 


therefore A ~ B = 0, or a multiple of four right angles taken posi- 
tively or negatively. (Art. 67.) 

94. If cos A = cos B amd Sn A = - sin B, then A -^B is zerOy 
or a nvuMple of four right angles positive or negative. 

For the given i'elations may be written 

cos A = cos(-B), sin A = sin (- B), (Art, 49.) 

Hence by the preceding Axdcle A - (- B), that is A + B, is aero or 
oomo multiple of four right angles taken positively or negatively.. 



EXAMPLES. CHAPTEE VI. 


61 


EXAMPLES. 


Prove the following identities : . 


1 . 


cos -4 + sin -4 
cos .4 - sin ^ 


= tan 2^ + sec 2A. 


2 . 


3. 


4. 

5. 

6 . 

7. 

8 . 

9. 

10 . 

11 . 


12 . 

13. 

14. 


15. 


16. 


17. 

18. 
19. 


20 . 


21 . 

22 . 


2 sin*^ sin* J5 + 2 cos* A cos* = 1 + cos 2^ cos 2R 
tan (45® + il) - tan (45® - .4) = 2 tan 2J. 

sin 3-4 cosec A — cos 3-4 sec -4 = 2. 

3 sin -4 - sin 3-4 = 2 sin -4(1- cos 2-4). 

sin -4 + 2 sin 3-4 + sin 5-4 sin 3A 
sin 3-4 +2 sin 5-4 + sin 7A ~ sin 5 A * 


si n -g _ sin (2-4 + jS) 
sin -4 sin J 


- 2 cos (-4 + -5). 


sin 4-4 = 4 sin -4 cos* -4 - 4 cos A sin* -4. 


cos -4 ~ cos 3-4 
sin 3-4 - sin A 


= tan 2-4. 


cos 2-4 - cos 4 A 
sin 4-4 - sin 2-4 


= tan 3-4. 


cosec 2-4 + cot 4-4 = cot -4 — cosoc 44. 


cos* (4 — -5) + cos*jB — 2 cos (4 — B) cos 4 cos B = sin* 4. 
sin* (4 — -B) + sin* -B + 2 sin (4 — -B) sin B cos 4 = sin* 4 
l_-tan »(45°-^) 
l + tan'(46‘’--l)“ 

4tan 4 (1 -tan*4) . . . 

7 t 7 s-jTa ' = sm 44. 

(1 + tan®4)* 

sin 4 (1 + tan 4) + cos 4 (1 + cot 4) = sec 4 + cosec 4. 
sin 34 + cos 34 1 + 2 sin^ 4 ^ . ko. 

= rriiE^ 


cos 4 + cos (120® -4) + cos (120® + 4) =P. 

4 sin 4 sin (60® - 4) sin (60® + 4) = sin 34. 

4 cos 4 cos (60® - 4) cos (60® + 4) = cos 34. 
tan 4 tan (60® + 4) tan (120® + 4) = - tan 34. 
tan 4 + tan (60® + 4) + tan (120® + 4) = 3 tan 34. 
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28 . 

24 . 


25. 


26. 

27. 

28. 


29 . 


30. 


31. 

32. 


33. 


oot ii + cot (60* + i) + cot (120* + il) = 3 cot 3.4. 
cot A oot (60® + .4) + cot (60® + A) cot (1 20® + A) 
f cot(120® + ii)cotil = -3. 
sin* A + sin* (120® + .4) + sin* (240® + 4) = ~ f sin 34. 
sin 34 sm*4 + cos 34 cos®4 = cos* 24. 


cos*4 


sin 34 ... COB 34 


sin 44 

~T“* 


cos n4 cos (n + 2) 4 - cos* (n + 1) 4 + 8m*4 = 0. 

sin4j=sinn4 + sin(2w“l)4 ^ ^ 

cos4-iCOS7i4 + cos(2n-l)4"^^'^* 


sin nA oosec*4 sec 4 - cos n4 sec*4 cosec 4 
« 4 sin (n - 1)4 cosec* 24. 

cos 104 + cos 84 + 3 cos 44 + 3 cos 24 = 8 cos 4 cos* 34. 


cot 4 + cot 24 + oot 44 

= cosec 44 (2 + 2 cos 24 + 3 cos 44). 


cosec 4 = 


2 sin 24 + 2 cos 24 
cos 4 - sin 4 - cos 34 + sin 34 ’ 


34. cos* 24 = (cos 4 - sin 34)* + 2 cos 4 sin 34 (cos 4 - sin 4 )*. 

35. cos®4 - sin®4 =*’cos 24 (1 - J sin*24). 

36. sin 64 ■ 5 sin 4 - 20 sin® 4 + 16 sin* 4. 


Solve the following equations 



37. 

taii(j-9) + cot(^-e) = 

= 4. 

38. sin 40 + sin 0=0. 

39. 

sin 70 - sin ^ = sin 3^. 


40, sin 0 + cos 0 = -^ , 

41. 

sin 60 = 16 sin* 0. ^ 

42. 

V 

cos 30 + cos 20 + cos 0 = 0. 

43. 

sin 30 + sin 20 + sin 0 = 0. 


44. tan 0 + tan ^ j + 0^ = 2. 

ts. 

tan 20 = 8 oo8*0 - oot 0. 

46. 

tan 0 + 0^- 3taii^j - 0^ 
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A 

96. In Art. 82 cl.ange A into ^ ; thus we obtain 


eos A = 1 - 2 sin* d = 2 cos* 4 • 
J a 


1; 


therefore sin 


A 

I" 



cos -4 
2 ’ 


A /I + cos A 


96. Since we may suppose either the positive or negative sign 
to be placed before the radical quantities in the preceding Article, 
we see that corresponding to owe value of cos A there are two values 
A A 

of sin-jr and two values of ooa-^; and the reason of this may 

be assigned. For if a be an angle which has a certain cosine, then 
the formula 2wir*a includes all the angles which have the same 

cosine ; therefore any expression which gives the value of sin ^ 

in terms of cos a may be expected to give the value of the sine of 

every angle included in the formula J (2w7r ± a). Now 

. / . a . a « .a . « 

Sin f riTT * 2 ) = 2 * 2 ~ wtt sm g - * sm ^ ; 

thus two values occur which differ only in sign. Similarly, any 


expression which gives the value of cos 


a 

2 


in terms of cos a may be 


expected to give the value of the cosine of every angle included in 

the formula ^ (2wir * o). Now • 

/ a\ a a a a 

cos f WTT 2 1 = cos WTT cos 2 ^ sm wtt sm g = cos nir cos ^ * cos ^ ; 

• * 

thus two values occur which differ only in sign. 


Such an explanation as we have here supplied of an ambiguity 
in sign is applicable in many cases in Trigonometry ; for example, 
in Art 46 : we shall see other instances in the present Chapter. 
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97. If ooBil only be given and nothing more be known 
respecting A, then the ambiguity of sign which occurs in Art. 95 

• ^ 

cannot be removed. If however A itself be given, then is a 

known angle, and therefore we know whether sin ^ is positive or 

A 

negative ; and also whether cos jr is positive or negative ; thus we 

JU 

know which sign is to be taken with each radical quantity. Or if 

A 

we merely know in which quadrant the angle lies, we can 

determine i^e proper signs ; for example, if is an angle between 
180® and 270®, both its sine and cosine must be negative quantities. 


98. 

A A 

By Art. 82 sin A = 2 sin ~ cos - , 


also 

l^sm'^ + cos’g, 


thus 

(am ^ + cos 2 1 = 1 + am il, 


and 

/. A A\* . . 

Ism 2 ” oos 2 )=l- 8 mil; 


therefore 

sin ^ + cos 4 “ \/(l + sill d) 

( 1 ). 

and 

sin^ -coB^ = ^(l -sinjl) 

( 2 ); 

therefore 

2 sin g = ^(1 +sin A) + ^(1 -sinA), 


and 

2 cos^ = J{1 + sin A) -J{1 - sin A). 

2 



99. Since we may suppose either the positive or negative sign 
to be placed before each of the radical quantities in equations ( 1 ) 
and ( 2 ) of the preceding Article, we see that corresponding to ons 

value of sin A there are four values for oos- and four values for 
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sin^ , and the reason of this may be assigned. For if a be an angle 

which has a certain sine, then the formula nw + (- 1 )” a includes all 
the angles which have the same sine; therefore any expression 

which gives the value of sin ^ in terms of sin a may be expected 

to give the value of the sine of every angle included in the 
formula ^{nw + (-!)" a}. 

FiiTst 8 up{K>«e n even and equal to 2m ; then 


sin \ {nir + (- 1)" a} = sin 4- 0 = sin mv cos ^ + 


cos mv sm , 


. a . a 

= cos mir sm - = * sm jj . 


Next suppose n odd and equal to 2m + 1 ; then 
iJ{7iv+(-l)"a}=sm^mir + ^!^^^=smm7rcos’^y^+cosm7rsin- 


. IT — a . TT— a a 

= cos mw sm— 5 — = »•= sm — jr— = * cos ^ . 

Z Z 2 


Thus four values occur for the sine of half an angle when the sine 
of the angle is given. 

Similarly any expression which gives the value of cos- in 

Z 

terms of sin a, may be expected to give the value of the cosine of 
every angle included in the formula ^ [mr + (—!)" a}. 

First suppose n even and equal to 2m ; then 

cos J {nir + (~ 1 )" a} = cos (mir + cos mw cos ^ - sin mir sin ~ 

a a 

= cos mw cos 2 = * 2 ' 

Next suppose n odd and equal.to 2m + 1 ; then 
oos^{nw+(-l)’*a}=co 8 ^mw + ^^^^=cosmwco 8 ^!^-Binmwsin^~ 


w— a w— a 

:co8mwco8— ^ — =*008 — ^ — = * sm 


a 

2 - 


T,T. 


5 
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Thus four values occur for the cosine of half an angle when the 
sine of the angle is given. 


100. If sin J. only be given and nothing more be known 
respecting A, then the ambiguities of sign which occur in Art. 98 
cannot be removed. If however A itself be given, or if we merely 
know in which quadrant the angle A lies, we can determine the 
proper signs; for in any particular case we may proceed thus. 
We have 

sin cos ^ * >/(l + sin A) (1), 

sin^-cos j = * ^(l-sinjl) (2). 

Now suppose, for example, that A lies between 0 and 90®, then ^ 


A . A 

lies between 0 and 46®; therefore cos and sin are both positive 


A . A 

and cos is greater than sin ; hence the left-hand member of (1) 


is a poaidve quantity, and we must therefore take the positive sign 
in (1), and the left-hand member of (2) is a negative quantity, and 
we must therefore take the negative sign in (2). Therefore if A 
lies between 0 and 90®, we have 


A A A A 

sin-^ +cos^ = -»“^(l +BinA), sin -cos -g = - ^(1 -sin A) ; 


therefore 2 sin ^ + ^(1 + sin A) - - sin A), 


2cos ^ = + (^(1 + sin A) + ^(1 -sinA). 


For another example, suppose that A lies between 270® and 360®, 

A A 

then-^ lies betwe^ 136® and 180®; therefore cos j is negative, 

and sin Y ^ positive, and cos ~ is numerically greater thansin^ ; 

hence the left-hand member of (1) is a negatwe quantity, and we 
must therefore take the negative sign in (1), and the left-hand 
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member of (2) is a podtive quantity, and we must therefore take 
the positive aign in (2). Therefore^if A lies between 270* and 360*, 
we haTe 

ainy +cos~ = - ain ~ - coSy- + V(1 -Rin^i); 

• ^ 

therefore 2Bin-^=-V(l ain-d) + ^{1 - sin ^1), 

2 008 y = - ^(1 + sin -d) - J{1 - sin A). 


101. It is easy to give general formulae for determining the 
signs of sin 7 ^ + cos and sin y - cos y . 

Foriim^+co8y=^2^^8m2 + ^2C08-^j=,/2Bm(^2 ^ i) > 

( A ir\ A IT 

y -I- ^ J \B positive if y + j lies between 2mr and (2n + l)7r, 

A IT 

and negative if y ^ lies between (2n + 1) tt and (2n + 2) tt, where 

. A A 

n 18 zero or any mteger positive or negative. Thus am y + cos 

is positive if y lies between 2nw - j and ^nir + and negative if 

~ lies between 2nir + — and 2mr +“ . 
l 4 4 

A A fA ir\ 

Similarly sin y — cos y » ^2 sin f y - ^ J ; and hence we can 

AAA V 

infer that sin y - cos y is positive if y lies between 2mTr + ^ and 

2mw 4* and negative if y lies between 2mw + y and 2mw + 

where m is zero or any mteger positive or native. 

We will apply this to an example : required the limits between 

which y must lie in order that 

2 siny = - + sinil)-- ^(1 -sinil). 


5—2 
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To obtain this reanlt the lower sign most be taken in (1) anc 
in (2) of Art. 100 ; thus from (1) we infer that must lie betweer 


Sir 


Ttt 


that -77 must lie 


2tMr + and 2w7r + “J" ; from (2) we infer ^ 

between 2wnr -f ^ and 2mir ^ : hence, combining these results 

we see that 4- must lie between 2n7r + ^ and 2mr + ~ , where r 
is zero or any integer positive or negative. 

2tan^ 

102. By Art. 85, tan A = ■ ; 

l-w| 


put 0 for tan A ; thus c tan* -h 2 tan - c = 0 ; 

therefore tan ~ , 

2 c 

103. The reason why two values occur in finding the tangen 
of half an angle when the tangent of the angle is given, may be 
assigned as before. For if a be an angle which has a certain tan- 
gent, then the formula nw + a includes all the angles which have 
the same tangent; therefore any expression which gives the value 

of tan ^ in terms of tan a may be expected to give the value of the 
tangent of every angle included in the formula ^ {nw -f a). 

Mrst suppose n even and e(jual to 2m ; then 

tan ^ (mr + a) = tan ^ ^ • 

Next suppose n odd and equal to 2m -i- 1, then 

tan4(nw+ a) = tan^mir + ^-^^ = tan^-^=tan 0+ 

Thus two values occur for the tangent of half an angle when the 
tangent of the angle is given. 
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104. If tan A only be given and nothing more be known 
respecting A, then the ambiguity of sign which occurs in Art 102 
cannot be removed. If however A itself be given, or if wo merely 
A A 

know in which quadrant ^ lies, we know whether tan — is positive 
or negative, and thus we know which sign we must take. 


105. By Art. 91, 


cos A = 4 cos* ^ 3 • 


Thus if cos A be given we have a cubic equation for determining 
A 

cos ^ ; and the reason for this may be assigned as before. For if a 
o 

be an angle which has a certain cosine, then the formula 2mr ^ a 
includes all the angles which have the same cosine ; therefore any 

expression which gives the value of cos ^ in terms of cos a may be 

o 

expected to give the value of the cosine of every angle included in 
the formula J (2w7r a). Now n is of one of the forms 3m, 3m + 1^ 
3m-l. 

First suppose n = 3m ; then 


‘3- 


27 r 9 fc a 

~ T~ • 


COS ^ (2n7r * a) = cos ^2mw * ^ = 

Next suppose n= 3m + 1 ; then 
cos ^ (2n7r * a) = cos ^2m7r + 

Lastly suppose n = 3m - 1 ; then 

cos J {2n7r ± a) = cos ^2mir - ~ cos • 

Thus three values occur, namely cos ^ , cos , cos ^ . 

o o O 


106. By Art. 91, 


Bin =’3 Bin ^ - 4 sin* 4 • 

O o 


Thus if sin A be given, we have a cubic equation for determining 
sin ^ ; and the reason for this may be assigned as before. 
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EXAMPLES. 

1. Shew that 2 sin-^ =- ^(1 +sini4) - ^(1 -sinil), when J 
lies between 450^ and 630^ 

2. Obtain oos ^ in terms of sin when ^ lies between 405® 
and 495®. 

A A 

3. Obtain sin in terms of sin A when lies between - 45® 

«d - 135. “ ' 

4. Determine the limits between which A must lie in order 
that 2 sin -4 = - ^(1 + sin 2A) + ^(1 - sin 2-4). 

5. Determiue the limits between which A must lie in order 
that 2 cos -4 = - ^(1 + sm 2-4) + ^(1 - sin 2-4). 

6. Determine the limits between which A must lie in oitler 
that 2sin-4 = ^(1 + sin 2-4) - ^(1 - sin 2-4). 

7. Divide a given angle into two parts whose sines shall be 
in a given ratio. 

8. Divide a given angle into two parts whose cosines shall be 
in a given ratio. 

9. Divide a given angle into two parts whose tangents shall 
be in a given ratio. 

10. Given tan ^ = 2 - ^3, t^d sin -4. 

11. Given sin^lO® = - | ^ 105* 

12. Given tan 2-4 » - ~ , find sin A and cos -4. 

IS. Find tan 165® from the known value of tan 330®. 
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U. Shew that 

1 *. ouow ui». uux 2 2 Bin il + sin 2^ 

16. verg (180* - A) = 2 verg — vere - ^ . 

16. (co8 il + cos ^)* + (sin A + sin B)* = 4 cos* . 

17. (cos J - cos -ff)* + (sin - sin .5)* = 4 sin* ~ ^ — . 

18. Shew that gin 22^* = ~ coa 22f = , 

and tan 22^® = ^2 - 1. 

19. (tan.4 + cot .4) 2 tan ~ - tan* • 


v A\ sec .4 + tan A 
i 2 / ” sec ^ - tan A * 


/tt sin ^ 

j(v~^ey 

_ (1 7/1 


A/v # A sec .4 + tan A 

20. tan*(j+-^)= 5 ~ . 

\4 2 / sec d - tan A 

21 . 

22. Shew that 4 sin* ^ - sin = {1 — <^(1 4- sin ^)}*. 

An 4 4 Stt . Stt 4 Ttt 3 

23. cos* - + cos* Q- + cos* 4- cos* = o . 

o o o o J 

24. tan7J*= V6-^3+72-2. 

26. tan 142i'>= 2 + 72 -^ 3 - 76 . 

26. If tan « = (2 + J3) tan ^ , find the value of tan x. 

3 

27. If a = ^ * ^^TT, where n is any integer, find the value 


of tan a 4- cot a. 

OQ Tr j XT, 1 r COSaCOSl3a 

28, If a =s -Ts , find the value of r . 

17 cos 3a 4- cos Da 


29. If sec (^ 4- a) 4- sec (^ - a) = 2 sec then cos -J2 cos * 

on Ti» X ^ ^1- xV X COS^-0 

30, If tan s = ( ) tan ^ , shew that cos C7 » = — r. 

2 \l-o/ 2 l-ccos^ 
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VIIL MISCELLANEOUS PEOPOSITIONS. 


107. To find the aim cmd the cosine of cm arigle of 18*. 

Let A denote an angle which contams 18*, then 2A oontams 
36* and 3A contains 54*; hence, by Art. 29, sin 2il= cos 3A, 
therefore 2 sin A cos A = 4 cos® A - 3 cos A ; 
divide by cos A, thus 2 sin A = 4 cos* A - 3 = 1 - 4 sin* A, 
therefore 4 sin* A + 2sinA-l = 0; 
by solving thia quadratic equation we obtain 

sin A = — , - ■ . 

4 

Since the sine of an angle of 18* is a positive quantity we must 
take the upper sign, therefore 

Bin 18"= , 

4 


1 18"= V(1 - sin" 18 ») = ty®) . 


108. To find the sine and tlhe cosine of cm cmgle of 36*. 

COB 36'= 1 - 2 Bin" 18" = 1 - 2 1 - 

3-^6 1+^5 

" “T" " ~T~ ' 

Bill 36" = ^(1 - cos' 36") = . 

109. Hence the values of the Trigonometrical Ratios for 
angles of 54* and 72* are known; for 

sin 54* = 008 ^ 6 ®, cos 54® = sin 36*, sin 72* = cos 18®, cos 72* s sin 18®. 

110. The reason why more than one result was obtained in 
Art. 107, is that the equation Bin2A=:cos3A is true for some 
other values of A besides 18*. This equation may be written 

cos (90* ~ 2 A 1 = cos 3A, 
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fienoe we oonolude that 90^- must either be equal to SJ 
or to one of the angles which have the same cosine as 3ii ; thus 
every admissible value of A will be found from the equation 
90®-2ii-n.360**3J[; 


where n is zero or any integer positive or negative ; 


thus 




90® -n. 360“ 


For example, if n = 0 and we take the lower sign in the de- 
nominator, we obtain A = 90®; thia value of A makes cos 0, 

and thus we see a reason for the appearance of the factor cos A 
which was removed by division in Art. 107. Again, if we put 
n = 1 and take the upper sign in the denominator, we obtain 

^ - 64"; and sin (- 64*) = - sin 64'>=-cos 36* = - ; 

and thus we see a reason for the appearance of the other root in the 
quadratic equation of Art. 107, besides the root which we used. 


111. To fimd tlie dne and the codne of an a/ngle of 9®, and 
of am, am/gU of 81®. 

By Art. 100, 

sin 9* + cos 9» = V(1 + sin 18*) = , 

sin 9® - cos 9®= - ,^(1 - sin 18®^= - • 

therefore sin 9® - ~ n/(^ “ n/^) ^ 

4 

sin 81® = cos 9®, « cos 81® = sin 9®. 

We have now found expressions for the sines and the cosines 
of the foUowing angles, 9®, 15®, 18®, 30®, 36®, 45®, 54®, 60®, 72®, 75®, 
Bl*. (See Arts. 36, 37, 92, 107, 108, 111.) 

Since 3® = 18® — 15®, we can obtain the sine and the cosine of 3® 
from those of 18® and 15® by Art. 77 ; and then by of 

Art, 76 combined with results already obtained, we can easily find 



74 


MXSCELUkNBOUS PBOPOSITIOKS. 


the sme md the oosine of any angle comprised in the series 
3®, 6*, 12®,... 

112. In Arts. 82 and 9 1 Ve have given expressions for sin 2A, 
oos 2A, sin 3A, and cos 3A in terms of sin A and cob A; we may 
also express the sines and cosines of 4 A, 6 A,.., in a similar way. 
For sin (n + 1)A + sin (n - 1)A » 2 sin nA cos A; « 
therefore sin (n + 1)A = 2 sin nA oos A - sin (n - 1)A ; 

let 71 = 3 ; thus sin 4A = 2 sin 3A cos A - sin 2 A ; 

let 71 = 4 ; thus sin 5A = 2 sin 4A cos A - sin 3A ; 

and so on; thus we can find in succession sm 4A, sin 5A,..., in 
terms of the sine and cosine of A. 

Similarly, the formula 

cos (w + 1) A + cos (ti - 1) A = 2 cos wA cos A, 
may be used to find in succession cos 4A, cos 5A,... 

This subject will be considered again hereafter, and we shall 
then give general formula) for the sine and the cosine of nA in 
terms of the sine and cosine of A for any integral value of ti. 


113. It is easy to find expressions for the Trigonometrical 
Katios of any compound angle in terms of the Ratios of the com- 
pon^t angles. For example, 

sin (A + 5 + (7) =4 sin (A + cos (7 + cos (A -I- .B) sin (7 
ssinAcosJ?oos(7 + sin^cos(7cosA 

+ sm(7co8Acos^-sinAsin-Bsin(7. 

Co 8(A +5 + (7) = cos(A + i?)cos(7-sm(A +5) sin (7 
a cos A oos B oos C — cos A sin B sin C 

- oos jB sin A sin C7 - cos (7 sin A sin 


m y ^ sin (A + -B -I- C) 


j (A + J? + 0) 

«»A ooBjBooB(7-l-8m^cosC7ooBAH-sm(7cosAcos.B-sinAsinjgsm(7 
oosA ooB J?cos(7-cosA sin j?sm(7— cosiSsinA sinC'-cosC'sinA sinR' 


divide both numerator and denominator of the last expression by^ 
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000 ^ 006 ^ 006 ( 7 ; Urao we obtain 

tan^ -l-tan jg -«• tan(7- tan^ tan jg tan (7 
^“i-tanjBtan(7-t|n(7tani( -tan^ tan5* 
Suppose B and C each equal to A ; thus we haye, as in Art 91, 


tanSA = 


3 tan A - tan”A 
l~3tan*A ’ 


114. When three or more angles are connected hj some 
relation, we may often find that some simple relation exists among 
some of their Trigonometrical Eatios. 

For example, if A + E + (7 = 180®, then will 

sin 2 A + sin 2 i? + sin 2(7 = 4 sin A sin E sin (7. 


For 8 in 2 A+sin 2 jB = 2 sin(A 4 B) cos (A - B) 2 am 0 ooa (A-B) 
and sin 2(7 = 2 sin (7 COB (7 = - 2 sin (7 cos (A 4 E), (Art 48) ; 
therefore 


sin 2A 4 sin 2E 4 sin 2(7 = 2 sin (7 {cos (A- B)~- cos (A 4 /?)} 
= 4 sin (7 sin A sin jB. 


Again, if A 4 E 4 (7 = 180®, then will 


A . 


cos A 4 cos JB 4 cos (7 « 1 4 4 sin sin 



^ ^ ^ A4E A-B . . (7 A-E 

For cos A 4 cos JO = 2 cos — ^ — cos — ^ = 2 sm ^ cos — ^ — ; 

J J J a 


and 


cos (7 = 1 - 2 sin* ^ ; therefore 


coBA 4 cosE 4 cos( 7 =l 42 sin 



A-JB 

2 



= 1 4 2 sin ^ ^cos 

1 , . A . E . (7 

= l44sm-2 sm^sin-^. 

Again, if A 4-54(7- 180®, then will 

tan A 4 tan E 4 tan (7=: tan A tan E tan (7. 



For tan 180® — 0, therefore tan(A 4 E 4 (7) = 0; and therefore by 
Art 113, tan A 4 tan 5 4 tan (7 - tan A tan -8 tan (7 = 0. 



76 


MISCELLAJnDOUS PBOPOBITIONS. 


AKain, by Art 113, 

.. » ^ _ 1 - tan 5 tan (7 — tan (7 tan A - tan A tan j5 ^ 

00 ( + + )- > 

now cot 90® = 0 ; bence if A + 5 + {7 = 90®, then will 

1 = tan B tan G + tan G tan A + tan A tan,^. 

The relations which have been obtained in the present Article 
hold whether A, and G are positive or negative provided that 
A + J5 + (7= 180®; thus they hold if A, B^ and G are the angles of 
a triangle: but this is of course a particular case, as the angles of a 
triangle are all positive quantities. 

Any relation which has been found on the supposition that 
A + j? + (7= 180® will also hold when we change A, B^ and G re- 
A B G 

s|)ectively into 90® - ^ , 90® - ^ , and 90® - -jr : for on the suppo- 
Z A A 

sition adopted the sum of the last three angles is equal to 180®. 

116. For another example, suppose we have to investigate 
what relation must exist among the angles Ay B, G, in order that 

cos* A + cos*^ + cos* (7 + 2 cos A cos ^ cos (7 - 1 may be zero, 
cos* A -f cos*^ + cos* (7 + 2 cos A cos 5 cos (7 - 1 
= (cos A + cos cos (7)* + cos'jB + cos* (7 - 1 - cos*5 oos*(7 
= (cos A + cos cos Gy - (1 - cos*i?) (1 - cos'CT) 

= (cos A + cos jB cos (7)* - sm*.fi sin* (7 

= (oosA +cosjBcos( 7 + BinJ?sin(7)(cos A + cos-5cos(7-sinJBsin(7) 

=s {cos A + oos (.5- (7)} {cos A + cos (JB + (7)} 

, A+B^G A--B + G A^B + G B + G^A 

S 4 008 s cos = cos 5 cos . 

A A A 2 

Hence in order that the proposed expression may be zero, one of 
the four oosineB last written must be zero, and thus one of the four 
compound angles must be some odd multiple of a right angle. ^ 
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JOSCELLANEOUS EZAKPLES. 

Prove the following formiil» : * 

^ ^ ^ ^ = 1 - tan p tan y - tan y tan a - tan a tan B. 

cos a cos cos y r / #- 

2. ^ jl - T) - = tan a + tan P + tan y - tan a tan P tan y, 

cosacospcosy ' f 

3. sin (a - jS) + sin (jS - y) + sin (y - a) 

. . a-j3 . p-y . y-tt - 

+ 4 sm — ~ sm ■ ^ - sin — = 0. 

2 ia 2 

4. 4 sin (^ - a) sin (mO - a) cos (0 - mO) 

= 1 + cos (2^ - 27?»^) - cos {20 - 2a) - cos {2m0 - 2a). 

5. sin (a 4')3) cos - sin (a + y) cos y = sin (P - y) cos (a+;8+y). 

6. cos (a + + y) + cos (a + ^ — y) 4- cos (a + y — )8) 

+ cos (/8 + y — a) = 4 cos a cos /S cos y. 

7. cos 2a 4- cos 2p 4- cos 2y 4- cos 2 (a + ^ 4- y) 

= 4 cos (a 4- )3) cos {p + y) cos (y + a). 

g sin a ^ sin^S 

sin (a - /3) sin (a — y) sin (j3 - y) sin (j3 - a) 

-■ ,0, 

sin (y - a) sin (y - P) 

9. cos (a 4- jS) sin ^ - cos (a 4- y) sin y 

= sin (a 4- ^) cos )8 - sin (a 4- y) cos y. 

10. sin (a 4- ^ - 2y) cos )3 - sin (a 4- y - 2/3) cos y , 

= sin ()8 - y) {cos ()3 4- y - a) 4- cos (a 4- y - )3) 4- cos (a 4" /3 - y) }. 

11. sin (a 4- ^ 4- y) sin ^ = sin (a 4- /8) sin ()8 4- y) - sin a sin y. 

12. BinaBmj3Bm()8-a) 4*sin/3BinyBin(y-)8) 

4- sin y sin a sin (a - y) 4- sin - a) sin (y - /S) sin (a - y) = 0. 

13. cos (a 4- j9) sin (a - 4- cos (/3 4- y) sin y) 

4- OOB (y 4- 8) sin (y - 8) 4- OOB (3 4- a) sin (8 - a) = 0 



78 


BXAMPIJB8. CHAPTER VUL 


14. sin (8 ~ /9) sin (a - y) >4- sin (^- y) sin (a- 8) 

+ 8in(y- 8) sin (a - fi) = 0. 

1£A4B + 0=^v, prove the following formula contained in the 
examples fn>m 15 to 35 inclusive. 


16. 


16. 


17 . 

18. 
19. 


20 . 


21 . 

22 . 

23. 


A B C ABC 

cot 2 + cot ^ + cot ^ = cot ^ cot g- cot -g . • 

smA+BmJ?4-8mc7 = 4co8^cos-coB^. 

A) Z ^ 

ABC 

8inA~BmH + Bin(7s4Bin^ co&j: ^ n • 

z z z 

cos 2il + cos 2j9 + ooB 2(7 -i- 4 cos A cos i? cos (7 + 1 = 0. 

cos 4.4 + cos 4.8 + cos 4(7 + 1 = 4 cos 241 cos 2.8 cos 2(7. 

A B G . ir~-A ir-B ir^C 

cos 75 + cos 4* cos ^ = 4 cos — 5 — COS — COS — . 

Z Z Z 4 4 4 

A B G . ir + A TT — B v + C 

COS ^ - COS 75 + COS -jr = 4 cos — 5 — cos — 5 — cos —-5 — . 

Z Z Z 4 4 4 

.A . B . C7 , , . tt-A . ir-i? . v.(7 

Bm^4-smj5+sm75-l = 4 sm — j— sm — — Bin — — . 
Z Z Z 4 4 4 

sin* A + sin* .8 + sin* (7 - 2 cos A cos .8 cos C7 = 2. 


24. sin* 2il + sin* 2B + ^'2C + 2 cos 2.4 cos 2.8 cos 2(7 a 2. 

A B B G C A 

25. tan j5 tan ^ tan 55 tan ^ + tan ;5 tan 75 « 1. 

z z z z z z 


26. 


27 . 


28. 

29. 


smA + sinj5-8in(7 , A ^ B 

3 ; 5 r~7iv= tsn 75 tSU . 

Bin A + Sin if 4- sm (7 2 2 

l+oosilcos^cos(7 = cosulBinj?Bm(7 + cos^smilsin(7 

4- cos (7 sin A sin i9. ^ 

cot A 4- cot B + cot G = cot A cot .8 cot (7 

+ oosec A cosec B cosec (7. 

. ,(7 _ (sin ^ + sin (7 - sin ) (sin (7 + sm .4 - sin .8) 

2 ” 4 sin A sin j 8 


30. The expression ootil + -; — retain the same 
^ sm .8 sm 6 

value if any two of the quantities A, .8, (7, be interchanged. ^ 
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tan^ + tan + tan O' 


ABC 

tan^tan-jtanj 


(sin + sin ^ + sin 2oosXoos\Soost7 * 

AA • A • n • . . wir nA nti nC 

32. sm nil + sm + smnC7 * 4 sm cos 008 oos -g , 

if n be an integer of the form 4m + 1 or 4m + 3. 

• i . n • n A nir , nA . nB , nC 

33. sm nil + sm nB+ BUinC^-4: cos y sin -y sm sm y , 

if n be an integer of the form 4m or 4m + 2. 

A B C , B + 0 A-^0 A + B 

34. cos ;r + cos TT- + cos Ti = 4 cos COS — j — COS ^ — . 

2 2 ^ 4 4 4 

tan A tan B tan C tan il tan B tan C 
tan jB ^ tan (7 ^ tan -4 ^ tan (7 ^ tan il ^ tan iff 
= sec il sec -5 sec {7 -- 2. 

36. If the sum of four angles be two right angles^ the sum of 
their tangents is equal to the sum of the pi'oducts of the tangents 
taken three and three. 

37. If =1, prove that tan il tan B = tan*(7. 

tan il sm"il ^ 

tan* a cos (cos a? — cos a) 

38. Given — ^ ^ , 

tan*)3 COB a (cos » — cos /?) ' 


shew that 


tan* ^ = tan* J tan* ^ , 
2 2 2 


QO Tr an ®osa cosa' , tan0 tana 

39. If cos*^ =• 5 , cos*^ = 3 , and . — ^ ^ -> , 

cos/j cosp' tanv tana 


shew that 


tan*^tan*^ w^tan* y 


40. If cos a = cos ^ cos ^ = cos ^ cos and 

< I / CL B 3^ 

sina = 2sm^sin~, shew that tan* ^ = tan* ^ tan* y . 

. - sin (a - )3) sin (a + ^ , ... 

sm/> Bin o 

cot /S - cot ^ = cot (o + ^) + cot (a- /B). 
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42. If WA then oostf=?^. 

\sm^ tan^/ tana 

43. If tan ^ = oos ^ tan a, and tan a' = tan ^ sin 

then one value of tan* ^ is tan tan - , 

^22 

44. Find the relation between the angles a, y, when the 
cosines are connected by the relation 

1 - cos*a - cos*/3 - cos*y + 2 cos a cos ^ cos y = 0. 

45. If ^ ton (<? + y) 

y 


X 


z 


— — sm*(a-)S) + ^^^sin*(/?-y) + ^-i^sin*(y-a) = 0, 
aj-y y-« ^ ' z-x ' 


. ^ . tan* d tan* d> - , sin d sin 

46. If -f- + 7 — ro = ^ » 

tan a tan p sm a sin p 


shew that 


sin $ : 


ife sin a 


cosacosjS) * 

. - sin ~ a) a , cos (0 - a) a 
If ^ = -, and , 

&m{6-p) 0 oob{ 6-P) b 


then 


^ aa'+bb' 


48. Having giveh tan <^ = 


, ^ <t> , ^ 

values of tan J is tan ^ tan 
if J 


sin ^ + cos ^ ' 

a-o- 


49. Given cos ^ = cos a cos jS, cos 0' = cos a' cos p, 

0 B' 3 

tan tan ^ = tan ^ , shew that sin*/? = (sec a ~ 1) (sec a'- 1). 


50. Having given that sin (5 + (7 - il), sin ((7 + if - B)^ and 
sin (if + J5 - (7) are in arithmetical progression, shew that tan if, 
tan B and tan (7, are in arithmetical progression. 

51. K the sines of the angles of a triangle be in arithmetical 
progression, the cotangents of the half angles are also in arith- 
metical progression. 
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62 . If the sum of the squares of the oosinoB of the angles of a 
triangle » 1, the difference between the greatest and least angle is 
equal to the mean angle. • 


63 . 
shew that 


L U A - 180 *, and sin -f = wsin ~ , 


^ B n -1 

tan - 5 - tan r . 

2 2 n + 1 


64 . Ifil+^ + (7 = 180 *, and 


sin^ _ s in Jg sin C 

X ~ y z * 


then 


CAB 
(fiB-y) cot -^ + (y~ 2 ?)cot^-i-(«-a)cot-^ = 0 . 


66. If -4 + jB + (7 = mv where m is any integer, then 
tan A + tan B + tan C - tan A tan B tan G, 

66. Shew that if a, y, and x are any angles 

sin (2a + «) + sin (2/3 + os) + sin (2y + a) - sin (2a + 2j8 + 2y + 3«) 

= 4 sin (a + + a) sin (/3 4- y + cc) sin (y + a + a?). 

67. From the preceding result deduce two special cases by 
supposing respectively that sc = 0 and that ^ ; and from these 
cases obtain the first two relations of Art. 114. 

68. If a, /3, y bo any angles, shew that 

. • o • A ^ P y 

sin a + sm p + sm y - 4 cos 2 cos ^ cos ^ 
o- a+B + y — irf 3a — B — y + 7r 3)3— a — y + ir 

e2sm jCOS ^ i + COB-^- 

3y-a-)3 + ir o + )3 + y-ir) 

4-008-^^ j-i- + COB V. 

59. fbcpress cos 5d in terms of cos 9. 

60 Shewthat sin 69 = 2 sin 9 (16 cos* 9 - 16 cos* d 4-3 cos 5). 


T.T 
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IX. CONSTETJCnON OF TMGONOMETRIOAL 
T!ABLES. 

116. 1/ d he the draUar meaewre of a positive angle less than 

a right angle, 6 is greats than sin 0 and less tdwm tan B. 

Let AOB be an angle less than a right angle and let OB = OA ; 
from B draw BM perpendicular to OA and produce it to (7 so that 
AfC = MB j draw BT at right angles to OB meeting OA produced 
at T, and join CT and OC, Then the triangles MOG and MOB 
are equal in all respects, so that the angle TOG - the angle TOB ; 
therefore the triangles TOG and TOB are equal in all respects, so 
that TGO is a light angle, and TG - TB. 

With centre 0 and radius OB describe an arc of a circle BAG \ 
this will touch BT at B and GT at (7. 

Now we assume as an axiom that the straight line BG is less 
than the arc BAG ; thus BM the half of BG is less than BA the 

half of the arc BAG ; therefore is less than that is, the 

sine of AOB is less than the circular measure of AOB. 



Again, we assume as an axiom that the arc BAG is less than 
the sum of the two exterior lines BT and TG , thus BA is less thuu^ 
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o«> 


BA BT 

therefore^ is leas than that is, the circular measure of 

AOB is lees the tangent of AQB, 

Hence sin and tan d are in ascending order of magnitude 

if 9 be less than | . 


117. We have assumed two axioms in the preceding Article; 
the first is so obvious that it wiU be readily admitted ; but the 
second is more difiicult. The student is recommended to postpone 
this point for future consideration. It is however easy to shew 
that the assumption may be made to depend upon another 
almost identical with that which we have already been compelled 
to make in Art. 14. For divide tlie arc BAG into any number of 
arcs and draw tangents at the points of division ; then from the fact 
that two sides of a triangle are greater than the third, it follows 
that the perimeter of the portion of a polygon thus formed, is less 
than the sum of BT and TC by a finite difference. Moreover 
this perimeter diminishes as the number of points of division is 
increased. Now assume as in Art. 14 that the perimeter of the 
polygon can be made to differ as little as we •phase fi^om the arc 
BAG by sufficiently increasing the number of sides and diminishing 
the length of each side; thus it follows that the arc BAG is less 
than the sum of BT and TG, 


118. The limit of — ^ when $ is indefinitely diminished is 
tmity. 

For sin 6, 0, and tan ^ are in ascending order of magnitude ; 

0 1 

divide by sin ^ ; therefore 1, — -p . , fmd are in ascending order 

^ ^ ’sm^' cosd 

B 1 

of magnitude. Thus lies in value between 1 and ^ ^ ; but 

when $ is zero, cos $ is unity; hence as $ diminishes indefinitely 

approaches the limit unity. Therefore also approaches 

the limit unity. 


6—2 
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tantfsiud 1 

And as — 2 — = — 2 - x — 2, the hmit of — 3 - when 0 ia 
ff U 00 s u a 

indefixiitelj diminished is also tinity. 


119. From the preceding Article we see that the limit of 

m sin - when m increoBea indeJmUdy is a. 
m 


For m sin ^ = a sin ^ : and when m is indefinitely ereat 

m m m ® 

. a . a . . . 

sin — -r — IS unity. 
mm 


Similarly the limit of m tan — when m increases irideJmUely is a. 


It must be carefully remembered that in the important propo- 
sition of the preceding Article, $ is the circular measure of the 
angle considered. If any other unit of angular measurement be 
adopted instead of the unit of circular measure, the limit under 
consideration will not be unity. For example, let us find the limit 

when n is indefinitely diminished. Let $ be the circular 

n 

nir 

measure of an angle of n degrees, then 6 = ; thus 


sin sin ^ ir sin^ 

"IT “TSoT ”180 ’T" 

u 

ir 


Now when n diminishes indefinitely, 0 does so also, and the limit 
of is unity : hence the limit of 5?:!^. when n is diminished 

e ^ , n 

indefinitely is , which is the circular measure of an angle of 

one degree. Similarly we may prove that the limit of ™ - when 


fi is indefinitely diminished is the circular measure of an angle of 
one nwMde; and so on. Thus we shall find that, whatever be the 
unit of ttngnlar measurement, the limit of the ratio of the sine of « 



OOKSnUCTlOH OF TKIOONOlfSTRICAL TASLBB. a5 


•a angle to the angle, when the angle is indefinitely diminished, 
is the drculwr muufwre the unil 

120. If $ he the cvrcuUvr meamure of a poeiiim tmgle lees them 

a right cmgUy sin d is greater than ^ ~ i • 

• * 

BOB B 

For sindaSsin^cos^; and tan ^ is greater than ^ , therefore 

d B 6 

sin 2 is greater than ^ cos ^ ; therefore sin d is greater than 

d d d 

2 2 COB* , that is greater than d cos* ^ , that is greater than 

f d\ d /d\* 

dfl — sin^^J. And sin* 2 is less than f , therefore a fortiori 

( d*\ d* 

1 — j J ; that is, sin d is greater tlian d — ^ . 

121. Thus we see that if d lie between zero and a right 

d* 

angle sin d is less than d and greater than ^ ~ ^ > and thei^efore 

d d d d* 

sin g is less than ^ and greater than 2 "" 3 ^ • 

d /d\* 

Now cos d = 1 - 2 sin* ^ , Thus cos d is gyeater than 1 - 2 j , 

d* /d d^\* 

that is greater than 1 “ Also cos d is less than 1 - 21 ^- — J , 

d* d* /d*\* 

that is less than ^ 2 16 ~ ^ V^) ' a fortiori cos d is 

less than ^ g 16 * 

122. To calculate approxirmtely the sine of 10", 

The drcular measure of 10" “ “ TO ' 

therefore the me of 10^ is less than and greater thixr^ 
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6iioO approximate talue 

8-141692663689793...we find = •000048481368110...; the 

o4o00 

sine of 10^' is therefore less than this decimal fraction. And y V 

D4oUU 

h less than '00006, therefore a fortiori^ sin 10" is* greater than 

•000048481368110 -1( 00006)*; that ia, sin 10" is greater 

than -000048481368078 


We have thus found two decimal fractions between which 
sin 10" must lie, and these decimal fractions agree in their first 
twelve figures; therefore we may say that 

sin 10"- '000048481368 

and we are certain that the error is less than . 

The value of cos 10" may then be found approximately since it 
is ^(1 - sin* 10"); or wo may make use of the results established 
in Art 121. Thus it will be found that as far as thirteen places 
of decimals we have 

cos 10"= *9999999988248 


123. It appears from the preceding Article that as far as 
twelve places of decinlals we have sin 10" = the circular measure 
of 10"; and in the same way we may shew that sin 1" = the cir- 
cular measure of 1" very approximately. And if n be any small 
number of seconds, we shall have a/pproximaidy sin ti" - the ciroalar 
measure of n" = n times the circular measure of l" = nx8inl". 

^ the circular measure of w" . . i xi. x • xi. 

Thus n = ^ — approximately; that is the 

number of seconds in any small angle is found approximately by 
dividing the circular measure of that angle by the sine of one 
second. 


124. We ghfl.ll now shew how to calculate the sines of angles 
which form an arithmetical progression having 10" for the common 

/HATaii-n/— 
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Let a denote any angle, then 

sin (n + 1) a -f sin (n — 1) a = 2 sin na oos a; 
suppose 2 cos a = 2 - A;, then 

sin (» + 1) a + sin (w - 1) a = (2 - A;) sin 710, 
therefore sin(n + l)a-sin7io = sin7»o-Bm(n-l)a~A;sin7io. 

Now suppose a = 10", then sin a is known and cos a is known, 
and therefore k is known; we put 1, and thus we obtain the 
value of sin 20" -sin 10", and thence the value of sin 20"; next 
we putn=2, and thus we obtain the value of sin 30" - sin 20'', 
and thence the value of sin 30" ; next we put 7^ = 3, and so on. 
It will be seen that the only laborious part of this operation 
consists in the multiplication by k of the sines as they are suc- 
cessively found; but fix)m the value of cos 10" it follows that 

*0000000023604... and the smallness of k facilitates the process. 

126. When the sines of angles up to 45® have been calculated, 
those for the remainder of the quadrant might be deduced by the 
theorem 

sin (45® + d) — sin (45® — d) = 2 cos 46® sin d = fJ2 . sin d ; 
this would require the multiplication of the sines already found by 
the approximate value of If however we calculate the sines 
of angles up to 60®, those for the remainder of the quadrant may 
be very easily found from the theorem * 

sin (60® + d) — sin (60® — d) = 2 cos 60® sin d = sin d. 

126. When the values of the sines of all the proposed angles 
in the first quadrant are known the values of the cosines are also 
known, for the cosine of any anglers equal to the sine of the com- 
plem^t of the angle. The values of the tangents can be found by 
dividing the sine of every angle by the cosine of that angle. The 
tangents of angles greater than 45® may be easily inferred from 
those of angles less than 46® by the theorem 

tan (45® + d) - tan (46® -d) = 2 tan 2d, 

which gives 

tan (46'’+il) = tan(46'’-il) + 2tan2^ 
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The cotangents are known since the cotangent of anj angle is equal 
to the tangent of the complement of the angle. The cosecants may 
be obtained by calculating the* reciprocals of the sines ; they may 
however be obtained more simply from the tables of tangents by 
the theorem 

, 1 

cosec A 

The secants are known since the secant of any angle is equal 
to the cosecant of the complement of the angle. 


tan ^ + cot 




127. In the method adopted for calculating the sines of angles, 
the sine of 10'^ was first obtained to twelve places of decimals, and 
then the values of sin 20", sin 30", ... were deduced in succession. 
It will not however follow that die values of the sines of all the 
angles are correct to twelve places of decimals, and it is therefore 
useful to be able to test the extent to which the results are coirect; 
and moreover it is essential to be able to test the correctness with 
which the calculations are performed. We may for this- purpose 
compare the value of the sine of any angle obtained in the manner 
which has been explained with its value obtained independently. 


Thus, for example, we know that sin 18* 


yg-i . 


; hence the sine 


of 18*’ may easily be calculated to any degree of approximation, and 
by comparison with th& value obtained in the tables we can judge 
how far we can rely upon the tables. There are however two 
formulm which are usually called forfmdm of vmjication from the 
&ct that they can be easily used to verify any part of the calculated 
tables. These formulss are 


fidnil + sin (72® + if) - sin (72®t-il) = sin {36®+il) - sin (36®-il), 
cos if + cos (72® + if) + 008 (72®- if) = cos (36® + if) + COB (36® -if); 
th^ may be readily demonstrated ; for 

sin (72® + if ) - sin (72® - if) = 2 cos 72® sin if = ^ sin A, 

Bin (36* + i) - sin (36* - i) = 2 ooB 36* an am il. 
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therefore nnif + sin (72* + A) — sin (72* — A) = sin A — —sin A 

= j/®±i sin A = sin (36*+ A) - sin (36* - i). 

2 

Similarly the second formula may be demonstrated; or it may be 
deduced from*tlie first by changing A into 90^ - A, 

Then if we ascribe any value to A, and take from the tables 
the values of the sines and cosines of the angles involved, these 
values must satisfy the formvXm of verification to a certain number 
of places of decimals, if the tables have been correctly calculated to 
that number of decimal places. 

128. Some further remarks upon Trigonometrical Tables will 
be given in Chapter XI., in which we shall explain the method 
of using such tables. We will add here two theorems which will 
extend the results obtained in Art. 121; these theorems will 
furnish interesting examples although not of any immediate prac- 
tical importance. 

X x na x 

129. The limit of cos cos ^ cos 5... cos 75;, when the integer 

2 4 o 2 

n ie indefinitely increased is — • 

X SG * 

For sin oj = 2 sin cos ^ 

Z 2 

. . jc a? X 

= 4 sin -j cos -T cos -= 

4 4 2 

o . X X X X 

= 8 sin g cos g cQp j cos 2 


nm • X X XXX 

= 2"sm ^ cos^r, cos b cos 7 cos 

2" 2" o 4 2 


XXX a; sin « 

cos ^ cos j cos g 


Therefore 


X 
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And the limit of 2” sin ^ when n is indefinitely increased is x, by 
Art. 119. • 

This result is sometimes cited as Eute/i^s Formula. 


130. To prove that if x he the circular measure *of a positive 

«• 

anffle less them a right angle sin a; is greater than as — ^ . 

We have, by Art. 91, 

8ma5 = 3smg-4 sm* g 

= 3^3 sin ^-4sin* 

= 3* sin ~ - 4 sin* | - 4 x 3 sin* ^ 

= 3* ^3 sin ^ - 4 sin® - 4 sin* | - 4 x 3 sin" j, 

= 3* sin ~ - 4 |sin* g + 3 sin* ~ + 3*sin* . 

Proceeding in this way we see that 

sina5=3"Bin|^-4|sin* 1 + 3Bin*^g+ ... + 3"“’sin*^|. 

Hence, by Art. 116, sin a; is greater than 

. a; 4a;*('- 11 1 ) 

^ ®^3"~ 'Fi^’^?*'*’3*'*'’'*’^3*^*j' 


1 - 

X 4a;* 3- 


that is greater than 3* sin ^ — 
o O 




Thus sin x exceeds the last expression ; and the excess does not 
vanish however great n may be: therefore sin as exceeds the limits 

M ' "lii/tll fll 1 + '•inn TkTkT^ - tVi i> i 
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Bat the limit of 3” am ^ is jc by Art 119 j and the limit of 
1 - ^ is 1 : thus 

sin OS is greater than » ^ • 

By proceeding as in Art 121, we may now shew that 

flj* 

COS a: is less than 1 - „ + rTs • 

2 24 

(Le Cointe's Trigtynometfry^ and Messenger of Mathematics^ iii, 101.) 


MISCELLANEOUS EXAMPLES. 


1. Let P be any point in a semicircle whose diameter is AB 
and centre C] draw PM perpendicular AB^ and draw PA^ PB\ 
from this construction, observing that the angles BPM and PAM 
are each equal to half of PCB^ deduce the formula 


2 . 

3. 

4. 

5. 

4n 


1 - cos A 

I 

1 4- cos A 




tan 


B 


tanr 


If COS ^ ^ ^ ^ then y .i ■ ■ —T/ 1\ 

a -b cos <!> ^(a + b) ^(a - b) 

If tan* 0=2 tan* ^ + 1, then cos 20 + sin* ^ = 0. 


If sec 2^ = 2sec 0 cosec 0, then cosec 20 = cosec* $ - sec* $. 

If tan 0 = n tan shew that tan* {0 - cannot exceed 


6. Reduce sin 0 + sin ^ - cos ^ sin (^ + <^) to a single term. 

7. Bhew 4 = 1. 

l-coB(a4-)8) cos)8sm 

8. Sind approximately the height of an object which at the 
d«^.noe of a mile subtends at the eye an angle of one minute. 
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9. find approximately the distanoe at which a circular plate of 
six inches diameter must be placed so as just to conceal the Moon, 
supposing the apparent diameter of the Moon to be half a d^grea 

10. If sin 3^ = n sin ^ be true for any value of J besides zero, 
or two right angles, or a multiple of two right angles, shew that n 
must lie between 3 and - 1 ; solve the equation when n = 2. 

11. If tan ^ ? shew that tan (a-j3) = (1 - n) tan a. 

12. If sin 3d be given, determine the number of values of 
tan d. 

13. Prove that 64 (cos* -4 + sin* -4) = cos 8A + 28 cos iA + 35. 

14. Find all the values of d and which satisfy 

cos dcos 1 = 0. 

15. If n* sin* (a+/3)= sin* a + sin* ^ ~ 2 sin a sin cos (a - J8), 

\ atg 

shew that tan a = = tan 

I ^ 71 

16. Find the limit of ^ “ indefinitely 

diminished. 

Solve the following equations ; 


17. 

sind + cosd= ,y2. 

18. 

^3 sin d - cos d = iJ2. 

19. 

sin 2d = cos d. 

20. 

cos d - cos 2d = sm 3d. 

21. 

(4 - 1^/3) (sec d + cosec d) 

= 4 (sin d tan d + cos d cot d). 

22. 

cot d - tan d = cos d + stn d. 

23. 2 sin* d + sin* 2d = 2. 

24. 

tand+2cot2d = sind^ 

l + tandtan|^. 

25. 

sin* 2d - sin* d = g • 


26. cosec d = cosec ^ . 

27. 

cos d COB 3d - cos 5d cos 7d. 

28. sin d sin 3d ~ . 

2 ^ 
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29. 48m*0-(-8m*2^==3. 30. (1 - taii^)(l 2^=1 -(-tan A 

31. sin 0 + sin 2^ ■(- sin 3^ -f sin 49 = 0. 

32. Bin9-cos9 = 4sin9 cos* A 

33. (cot 9 - tan 9)* (2 - ^3) = 4 (2 + J3). 

34. 2J2 cos 0 - 9 ^ (1 + sin 9) =* 1 cos 29. 

35. sin 99 + sin 69 + 2 sin* 9=1. 

X. LOGARITHMS ANT) LOGARITHMIC SERIES. 

131. It will be necessary now for the student to become 
acquainted with the nature and use of logarithms, and the mode 
of calculating them. As it is usual to introduce into works on 
Trigonometry a Chapter on these subjects, we shall repeat here 
part of the chapter on Exponential and Logarithmic Series from 
the Algebra. 

132. Suppose a'= ?i, then x is called the logarithm of n to ttis 

hose a; thus the logarithm of a number to a given base is the 

index of the power to which the base must be raised to be equal 

to the number. 

The logarithm of n to the base a is written log^n; thus 
log,w = X expresses the same relation as a' = w. 

For example 3* = 81 ; thus 4 is the logarithm of 81 to the 
base 3. 

If we wish to find the logarithms of the numbers 1, 2, 3, 

to a given base 10, for example, we have to solve a series of equa- 
tions 10* = 1, 10* = 2, 10' = 3, We shall see in some sub- 

sequent Articles that this can be done approodmatelgy that is, for 
example, although we cannot find such a value of a; as will make 
10*- 2 eoGocUyy yet we can find such a value of a; as will make 10* 
differ from 2 by as small a quantity as we please. 
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We shall now prore some of the properties of logarithms. 

133. Ths hgovrithm o/* 1 is 0 vohateow HHa h<m may he. 

For a* = 1, therefore log. 1=0. 

134. The logarithm of the hose itself is imitg. 

For a' = a, therefore logaa = 1 . 

133. The logarithm of a prod/act is equal to the sum of the 
logarithms of its factors. 

For lei x = log^m, y = logaW ; 

therefore m^a^ w = 

therefore mm = ao? = 

therefore loga(wm) = a; + y = logaWt + log^n. 


136. The logarithm of a quotient is equal to the logarithm of 
the dividend diminished hy the logarithm of the divisor. 

For let X = log.m, y = logaW ; 

therefore m — a’^ w = a*'; 


therefore -^=-=o-^ 

K n a* 

therefore log. ^ = a; - y = log.^ - log.w. 


137. The logarithm of any power ^ integral or fractionaly of a 
number is equal to the product of the logarithm of the nvmbar a/nd 
the index of the power. 

For let m = a* j therefore »»** = (a*)’’ = a**, 

therefore log. {mf) = nc = r log.m. 

138. To find the rdoAian hetwem the logarithms of the same 
mumhtr to different hoses. 
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Let 

aj^log^wi, ^»log^f7» 

therefore 

m = a* and = If ; 

therefore 

II 

therefoie 

• 

■ > 

a^=6, and b‘ = a; 

therefore 

X V 

- = log.6, and 2 = log, a. 

y ® 

Hence 

y = xlog,o, and = j^ 


Hence the logarithm of a number to the base h may be found 
by multiplying the logarithm of the number to the base a by 

iog‘“- ^yi3p- 

We may notice that log^a x log^ft = 1. 

139. In practical calculations the only base that is used is 
10 ; logarithms to the base 10 are called common logarithms. We 
will point out in the next two Articles some peculiarities which 
constitute the adyantage of the base 10. We shall require the fol- 
lowing definition : the integral part of any logarithm is called 
the cha/racteristiCf and the decimal part iho, ^mantissa, 

140. In ths common oyatem of hgomthma^ if the logarithm 
of any mmher he known we can immediately determine the loga- 
rithm of the product or qvAjtient of that nvmher by any power 
of 10. 

For log„(iV X 10") = log,, ^ + log,, 10* = log,, ir+ n, 
log,, ^ = log,, log,, 10' = log,, ir-n. 

That is, if we know the logarithm of any number we can 
determine the logarithm of any other number which has the same 
figures, but differs merdy by the position of the decimal point 
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141. In ih$ common system of logarithms the charadterisUc 
itf the logarithm of any mimber can he deterTnined by vnspeetion, 

"For suppose the number to be greater than unity and let the 
integral part consist of 7i+l figures, so that the number lies between 
10* and 10”^^; then its logarithm must be greater than n and less 
than n + 1 : hence the characteristic of the logarithn^ is n. 

Next suppose the number to be less than unity, and let there 
be n ciphers between the decimal point and the first significant 

figure, so that the number lies between ^ and , that is, 

between 10“** and lO”***"^**; then its logarithm will be some 
negative quantity between - n and — (w + 1) ; hence if we agree 
that the mantissa shall always he yositvoey the characteristic will 
be — (w + 1). 


142. By reason of the properties explaiaed in the two pre> 
ceding Articles it is unnecessary in a table of common logarithms 
to print either the characteristics of the logarithms or the decimal 
points of the numbers. 


For example, we find in a table the following figures: 

Number Logarithm 

15627 


This means that ’1938756 is the mantissa; for the number 15627 
the corresponding charlLcteristic is 4, and therefore 

log 15627 = 4-1938756. 

Similarly log 156-27= 21938756, and log •0015627 = 3*1938756: 
in the last example 3 is used instead of ~ 3, so that we express in 
the manner indicated the fact t^t log *0015627 = - 3 + *1938756. 

It is necessary to notice one point in practical operations 
with nogative characteristics. 

Suppose we require the logarithm of the cube root of *0015627. 
By Art 137 the logarithm is i of 3*1938756. The division here 
can be immediately effected; for ) of - 3 is - 1 ; and i of *1938756 
b *0646252: thus the required logarithm b 1*0646252, 
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But suppose we require the logarithm of the square root of 
'0015627. By Art. 137 the logarithm is ^ of 3*1938756. It is 
convenient now to put 3*1938756®in the form -4 + ri 938756; 
then dividing by 2 we obtain — 2 + *5969378, so that the required 
logarithm is 2*5969378. 

Similarly* if we require the logarithm of the sixth root of 
*0015627 we put 3*1938756 in the form -6 + 3*1938756; then 
dividing by 6 we obtain -1 + *6323126, so that the required 
logarithm is 1*5323126. 

We Hbft.11 now proceed to investigate formulce for the calcula- 
tion of logarithms. 

143. To expand a* in a aeries of ascending powers of x; thoU 
w, to expomd a nwmher in a series of ascending powers of Us 
logarithm to a given base. 

a* = {1 + (a - 1)}* ; and, expanding by the Binomial Theorem, 
we have {1 + (a - 1)}* = 1 + * (a - 1) + («-!)• 

*(a!-l)(a5-2) , a!(a!-l)(a:-2)(a!-3) . 

^ 17273 («-!)+ i-2.3.4 

= + + } 

+ terms involving a5*, a?*, and higher powers of x. 

This shews that a* ca/n be expanded in a series beginning 
with 1 and proceeding in ascending powers of x ; we may there- 
fore suppose that 

a' = 1 + Cjflj + CgCc" + + 

where Cj, c^, Cg, are quantities which do not depend on x^ 

and which therefore remain unchanged however x may bo 
changed ; also 

c,=a-l-i(a-l)* + J(a-l)--i(a-iy + 

while Cg, Cg, are at present unknown; we proceed to find 

7 


T. T. 
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iheii' values. Changing x into » -f y have 

4-c, (oj + y) + y)*+ c, (a5 + y)*-i- 

= 1 + Cjy -I- c^* + ... 

+ (c, + 2 c^+ 803 ^*+ ...) X 
+ terms involving x‘ and higher powers of x ; 

but = aW = a*'{ 1 + c^a; + c,®* + c^x^ + } 

= a*' + Cja*'a5 c^a^aj* + 

Since the two expressions for are identically equal, we 
may assume that the coefficients of a; in the two expressions are 
equal, thus 

Cj + 2^3^ + 3^3^* + 4c4y* + = c,a»' 

= c,{l 4-Cjy + C3y* + cy-i- }. 

In this identity we may assume that the coefficients of the 
corresponding powei'S of y are equal ; thus 

c * 

= c* j therefore , 

3c,=c,c,; therefore c, = ’ 

4c4-c,c,; theiefoi-o c, = ^ = • 


Thus a.= l+c,* + -j^ +-j^+-j^ + 

Since this lesult is true for all values of x, take x such that 

1 1 111 

c.a; = 1, then a; ~ - and a‘’' = 1 + 1 + 1 -^ + • « + ii “♦* > 

ir L~ 


this sei-ies is usually denoted by e; thus a^^ = 6, thei’efore 
and C} = log^a ; hence 

(log/»)V (log/jt)V 

»-=: 1 +(log^) «+ ' 1 ^'— 

This result is called the J^xifonstUicU Theorem. 
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Put e for a, then log«a beoomeB log^e, that is, uniiy (Art. 134); 
thus 


^ - fiB*« aj* X* 


With respect to the assumptum which has been made twice 
in the ooune of this Article, the student is referred to the Chapter 
on Indeterminate Coefficients in the Algebra; he may also consult 
with advantage the part of the Chapter on Exponential and Log- 
a/rWi/mie Series which we do not repeat here. 


144. By actual calculation we may find approximately the 
numerical value of the series which we have denoted by s; it is 
2-718281828 


145. To expand log, (1 + os) in a series of ascending powers 
of X, 

We have seen in Art. 143, that Cx = log,a ; that is, by 
the same Article, 

log/J = a-l - J (®" 4 - 1)* + 

For a put 1 + « ; hence 

+») = *-f +1 -|+ 

This series may be applied to calculate log, (1 + x) if os is a 
proper ii-action ; but unless x be very small the terms diminish so 
slowly that we shall have to retain a large number of them ; if x 
be greater than unity the series is altogether unsuitable. We 
shall therefore deduce some more Convenient formula. 

146. Wo have 

log,(l+»)-*-^ + 2 -J + 

therefore log,(l -«) = -*- j- ^ - 

1—Z 
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by sabtraoiion we obtun the value of log,(l +a!)-log,(l -as), 
that is of log,|-i ^ ; 

1 —aj f 

therefore loge|^ = 2jx + ^ + | 

1 — X { o 0 J 


thus 


In this series write ^ ^ for x, and therefore for ii? , 
m-hn n l^x 


^ 1 /m-nV 1 ) 

^ } W- 

Put w= 1, then 

1 l/w-lN* l/»i-l\* \ 

log.«»=2|^ + 3(^) + (2). 

Again in (1) put m = thus we obtain the value of 

n+ 1 


log^ ; therefore 


n 


log.(n + l)— log^w 

" ^ 3(2n+ ])* 6 (2n + !)*■'■ 


,..(3). 

Ajb an example of these formulae suppose we put as = 1 in the 
expansion of log, (1 4- a;) : thus we obtain 


1 „ y 1 1 1 1 1 

log,2 = ?-2+3-5+g-g + ... 


- JL JL J. 

1.2 ■^3.4 

Again, put 1 for w in (3) : thus 

log. 2 = 2 + g^. + .... j. . 

147. The series (2) of the preceding Article will enable us to 
find log^2; put »»= 2, then by calculation we shall find 
log,2 = -6931471 

From the series (3) we can calculate the logarithm of either of 
two consecutive numbers when we know that of the other. Put 
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n=2, and by maTring use of the known value of log, 2, we aball 
obtain 

log.3 = 1*0586122 

Put w = 9 in (3) ; then log, 9 = log, 3* = 2 log, 3 and is therefore 
known ; hence we shall hnd 

* log, 10 = 2*3025850 

Logarithms to the base e are called Napiericm logarithms, 
from Napier the inventor of logarithms; they are also called 
natural logarithms, being those which occur first in our investi- 
gation of a method of calculating logarithms. We have said 
that the base 10 is the only base used in the practical application 
of logarithms, but logarithms to the base e occur frequently in 
theoi-etical investigations. 

148. Prom Art. 138 we see that the logarithm of a number 
to the base 10 can be found by multiplying the Napierian loga- 

'’y 15^6’ '’y F 3 02 5W. T . > -43429448...; 

this multiplier is called the modulus of the common system. 

The base «, the modulus of the common system, and the 
logarithms to the base e of 2, 3, and 5 have all been calculated to 
upwards of 260 places of decimals. See the Proceedings of the 
Royal Society of Loudon^ YoL xxvii. page 88, 

The series in Art. 146 may be so adjusted as to give common 
logarithms ; for example, take the series (3), multiply throughout 
by the modulus which we shall denote by y . ; thus 

nlog.(n+l)-iilog.n = 2ixy~^ + 3 (2^ + 1)* + 6(2n+l)‘'^-} ’ 
that is, 

ioao(»+ 1) - iogi.« = 

Similarly from Art. 145 we have 

{ aj* flj* aj* ) 
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In fbtnre we shall in general use the symbol log without 
the snfhx 0 or 10 ; the student will be able always to infer from 
the context which base we are einploying : we almost invariably 
employ the base 0 in theoretical investigationB, and the base 10 in 
practical applications. 


149. Tht qucmtity e is incommensurable. 


m 

For suppose if possible ^ ^ > where m and n are integei's; thus 
m „ 1 1 1 

Multiply both sides by [_w; then 

-an integer + (w+l)(n+2)(n+3) 


m 


Jl. 1 1 

n + 1 ^ (n + 1) (w + 2) ^ (n + 1) (n + 2) (n + 3) ^ 


is a fraction, for it is greater than = and less thiui the geome- 


trioal progression 

1 1 1 
n + 1 ^ + 1)* ^ (n + !)■ ^ 

that is, less than - . 

n 

Thus the difference of two integers is equal to a froction, which 

is absurd. Therefore 0 is incommensurable. 

#. 

150. We will conclude this Chapter by investigatmg two 
limits which will be useful hereafter. 

To find the limit of ^cos ^ when n is increased ind^fimMy, 
Lei tts^cos-^ =^l-sin*^^*; ilien 
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log«= log (l -sin* = I log (l -sin* 

W/.-a la 1,-a \ 

2\w2 7 i 3 n / 

This seri^ is numerically less than 

n ( , a .-a ) 

- H < sill - + sin* - + Bin* - + . . . V : 

2 t w n n y 

sin* - 

that is numerically less than - 2 .i -u . or ~ 2 tan* - . 

2 , . ,a 2 7? 

1 - sm* - 
n 

But n tan “ = a when n is increased indefinitely, by Art. 119; 

therefore n tan* ^ « tan ~ = 0 ultimately. Therefore log w » 0 ; 

therefore a= 1, Thus the required limit is unity. 


To find the limit 


( sin 

— 

n. 


when n is increased indefinitely. 


. a 


We know by Art 116 that — — is less than 1 and greater than 


sm 


/ . a>, 

/sm - 


—2 ^ that is, greater than cos 2 • Jience j — ” I is less than 1 " or 

\ n ' 


tan- 

n 


1 and greater than ^cos 2^ ; and by the pi*ecedirig Article the 


/sin 2-\« 


limit of ^cos 2^ is unity, therefore the limit of is unity. 
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MISCELLANEOUS EXAMPLES. 

« 

1. Fiiid the logarithm of 128 to the base ^4. 

2. Find the logarithm of 243 ^9 to the base 

3. Find the following logarithms, log, 2187,* log^, *0001, 
log, cos 45®. 

4. Find approximately the value of x from the equation 
5®'“^ = 2'‘*'®, having given log 2 = *301030. 

5. Given log *224 = a and log 125 n 5, find log 2 and log 7. 

6. Hequired the characteiistics of log, 7 25, and of log, ^(*07 25). 

7. Given log 2 = *301030, log 405 = 2*607455, find log *003. 

8. Given log 2 — *301030, log 7 = *845098, find log 98 and 



9. Given log 2 = *30103, log 3 = *47712, find log (*0020736)*. 

10. Determine the sum of the series 

2 4 6 

11. Shew that « 

e 1 1+2 1+2+3 1+2+3+4 

[6 

Find X {h)m the following six equations : 

12. 4sina?Bm(«-a) = 2c<Ma-l. 

13. cos)3 ,y(a®-aj*) + aBina = a;Bm^. 

14. sin a + sin (a? - a) + sin (2x + a) = sin (a? + a) + sin (2aj - a). 

15. cos ^05 + a + cos (x + a = sma. 

16. a5*ooBacos(a-^^ 4*«cos(a-j8) = 2cos^. 
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17. oot 2*”‘ a - cot 2*a = coseo 3a. 

18. Solve the equation m vers B^n vers (a — d). 

19. Solve the equation cos nd -f cos (n - 2) ^ = cos 

20. Solve»the following equation, and shew that there are 
seven positive values of B greater than 0 and less than 

sin ^ + sin 3^ = sin 2^ + sin 4^. 

21. Find tan x from the equation tan x = tan p tan (a + as) ; 
and shew that in order that tan x may be real, tan P must not 
lie between (sec a - tan a)* and (sec a + tan a)*. 

22. Find the least value of B which satisfies 

23. Given sin* (ti + 1 ) ^ = sm*n^ + sin* (n — 1 ) ^ where (n + 1) B^ 
and (w - 1) ^ are the angles of a triangle, find an integral 

value of n. 


24. Reduce to its simplest form and solve the equation 

cos * B — cos*a = 2 cos * B (cos ^ - cos a) - 2 sin" B (sin ^ - sin a). 

25. Shew that all the angles which have the same sine as 

a are included in the formula (^n ~ • 

26. Shew that all the angles which have the same cosine 
as a are included in the formula 

A A 

27. In the formula cos - sin \/(l — il) the ambi- 
guityaimay be replaced by (- 1)"*, where is the greatest integer 
contained in — , the angle A being expressed in dogreea 


360 
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28. In the formula tan ^ ambiguity 

ifcmaj be replaced by (- I)**, where m is the greatest integer 
contained in angle A being expressed in degrees. 

29. If tan (cot x) = cot (tan x), shew that the real values of 

4 

X are given by sin 2x = - , where n is any integer except — 1. 

j 

30. Shew how to express cos ^ in terms of cos A, where n 

It 


is any positive integer. 

31. From the equation cosa; = ^ 


cos 2x 


deduce the 


formula for sin a; in terms of sin 2a;, and shew how the proper 
signs for the radicals may be determined. 

00 Ai. • d cos(0 + a) + J?Bin(^ +j8) ,. 

32. If the expression ^ ^ retam the 

^ d sm (6 + a) + J5'co8 (^ + 

same value for all values of then will 

d d' - = (d'i? - AB) sin (a - P), 


33. If the sum of two angles is given, shew that the sum 
of their sines is numerically greatest when the angles are equal. 
If the cosine of the given sum is positive shew that the sum of the 
tangents is numerically least when the angles are equal. 


34. If d + ^ + C = 90®, shew jtD&jt unity is the least value 
of tan* A + tan* B + tan* G. 

35. If d + j5+ ^7— 180®, shew that unity is the least value 
of oot*d + oot*^ + cot* C, 

36. If d, (7 are the angles of a triangle shew that 
2oot d+2 oot .0+ 2 cot (7 is never less than oosec A’hooaecB+coseo (7. 

37. Shew that the sum of the three acute angles which satisfy 
Uie equation €OS*d + oos* B + cos* (7 = 1 is less than 180®. 
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38. If each of the axigles 0 less than 90^ then 

Bm (if + ^ ^ IB Ibss than sm^ + aini^ + sinC'. 

39. Find the limit of (cos - j when n is increased indefinitely. 

40. Find th^ limit of ^cos when n is increased indefinitely. 

41. Shew that sin is greater than tan $ - ^ ^ if ^ is posi- 
tive and less than ^ . 

( a? -lx* 

— j continually increases as x increases 

from unity to infinity; and find the limit of the expression when 
X is increased indefinitely. 


XI. USE OF LOGAEITHMIC AND TEIGONOMETRIOAL 

TABLES. 

151. In the preceding two Chapters we have shewn how 
tables of the values of the Trigonometrical Ratios may be cal- 
culated and how tables of logarithms may be calculated, and we 
shall now shew how to use such tables ; we begin with tables of 
logarithms. It is obvious that tables of logarithms may be cal- 
culated to various degrees of approximation ; -they may be calcu- 
lated to 5, 6, 7 or a higher number of decimal placea For a list 
of logarithmic and trigonometrical tables the student may consult 
the article Tables in the English Cyclopasdiay and the Report of 
the British Association for 1873. Different tables present some 
variety in their mode of arrangem^t, and are usually accom- 
panied with full explanation of their peculiarities and the methods 
of using the tables ; we shall not enter into any minute account of 
the way in which tables may be used with the greatest advantage, 
but diall give such general illustrations as will enable the student 
to avail himself of any set of tables for the purpose of oocasional 
calculation. The logarithms will always be supposed taken to the 
base ten. 
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152. We may observe that throughout all approximate cal- 
culations it is usual to take for the last hgure which we retain, 
the figure which gives thh nearest approach to the true value. 
Thus for example, suppose we have the decimal fiuction *3726; 
if we wish to retain only thi*ee places of decimals we should write 
*373 and not *372 ; the former is too large and the latter too small, 
but the excess in the former case is *0004, and the defect in the 
latter case is *0006, so that there is a smaller error in the former 
case than in the latter case. Thus we have this general rule, 
when only a certain number of decimal places is to be i*etained ; 
strike off the rest of Hie figures^ mid increase the last figvre retained 
hy \ if the first figwre struck off he 5 or greater them 5. 

We now proceed to explain the use of tables of common log- 
arithms ; and we shall use tables of seven places of decimals. 

163. To find the logarithm of a given number. 

If the number be contained in the Table we have merely 
to take the decimal part of the logarithm immediately from the 
Table and prefix the characteristic (Arts. 141, 142). For example, 
required the logarithm of 634. The table gives *7276413 as 
the decimal part, and the characteristic is 2 ; therefore 

log 634 = 2*7275413. 

Similarly, log 63400 = 4*7276413, log *0534 = 2*7275413, 

In the last example the characteristic is - 2, and this is denoted 
by the bar placed over the 2 ; see Art. 142. 

Suppose, however, that the given number is not contained 
in the Table; the Table f^r instance may give the logarithms 
of numbers from 1 up to 100000 and we may require the logarithm 
of 5340234. Here we can take from the Table the logarithm 
of 5340200, and the logarithm of 5340300 ; we have 

log5340300 = 6*7275657 
log5340200 = 6*7276676 
difference = *0000082 
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The required logarithm of course lies between the two logarithms 
which we have taken from the Tabla Now we see that cor- 
responding to the increase 100 in the number there is an increase 
*0000082 in the logarithm; and we obswtm that corresponding 
to an increase 34 in' the number there will be a proportional 
increase in the logarithm. Let x denote the quantity which 
we must add ia the logarithm of 5340200 in order to obtain 
the logarithm of 5340234; then we have, from the assumption 
which we have made, the following proportion : 

100 : 34 :: *0000082 : 

therefore «= *0000082 = *0000028 (Art. 152) ; 

therefore log 5340234 = 6*7275575 + *0000028 = 6*7275603. 

154. We assumed in the preceding Article that the increase 
in a logarithm is proportional to the increase in the number ; this 
is a case of what is called the principle of proportional pcurta, and 
although it is not strictly true, yet it is in most cases sufficient for 
practical purposes. We shall in the next Chapter investigate the 
subject, and shew to what degree of approximation we can rely 
upon the prvnciple of proportional parts, 

155. The process given in Art. 153 is facilitated in large 
Tables in the following manner. Required the logarithm of 
23453487. 

log 23454000 = 7*3702169 
log 23453000 = 7*3701984 

difference « *0000 1 85 

Here by the process of Art. 153 we have to multiply 

•0000186 by , that is, by + ^ . T<iow the mul- 

tiplication is effected for us, and the results given, in a small 
Table headed Proportional parts^ which is printed on the same 
page as the two logarithms which we have taken from the Table ; 
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Uie small Table shews that 4 x *0000185 
»K)000740, that 8 X *00001 85 « *0001480, 
and that 7 x *0000185 ~ *0001295 ; and 
from these results, by dividing by 10, 100 
and 1000 respectively, we obtain the 
three parts which we requira The pro- 
cess may be arranged thus : 

log 23453000 = 7*3701984 
add for 4 740 

8 1480 

7 1295 

7*3702074095 

therefore, retaining 7 places of decimals, 

log 23463487 = 7*3702074. 

156. We have taken as our example a whoU number; if a 
decimal fraction, or a mixed quantity formed of a whole number 
and decimal fraction, be given, we may throw aside the decimal 
point, and find the decimal part of the logarithm of the whole 
number thus obtained ; then by prefixing the proper characteristic 
we have the required logarithm. Thus, for example, required the 
logarithm of *23453487 and of 234*53487. The decimal part of 
the logarithm is *3702074 ; therefore 

log *23453487 = 1 *3702074 log 234*53487 = 2*3702074. 

157. ^ a pwen 

If the decimal part of the logarithm be found in the Table, we 
have merely to take the number which corresponds to it, and put 
the decimal point in the number in the place indicated by the 
characteristia For example, required the number which has for 
its logarithm 2*7275413. (Corresponding to the decimal part 
*7275413 we find in the Table the number 534, and as the charao- 
teristio is 2, there must be one cypher before the first significant 
figure (Art 141); therefore the number which has the given 
logaiithm is *053^ 


Pr(qK>rtio>ukl Farti 


186 

870 

555 

740 

925 

1110 

1295 

1480 

1665 
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Suppose, however, that the decimal part of the given logarithm 
is not contained exactly in the Table; for example, let the given 
logarithm be r*3702074, we shall hn(| that the decimal [mrt of this 
logarithm is not in the Table ; we have, however, con’esponding to 
the number 23454 the decimal part of the logarithm *3702169, 
and corresix)nding to the number 23453 the decimal part of the 
logarithm *3701984; thus 

log 23464 = 4*3702169 
log 23453 = 4*3701984 
difference = *0000 1 85 

The excess of the given decimal part of the logarithm above 
*3701984 is *3702074 - *3701984, that is *0000090. The i*equire«l 
number of coiuse lies between *23454 and *23453; let d denote 
its excess above *23453, then mmming that the increase of the 
number is proportional to the increase of the logarithm, we have 


•0000185 : *0000090 :: 1 : cf; 
90 

therefore d = = *486. 

186 

Therefore log 23453*486 = 4*3702074, 

and log *23453486 = 1*3702074 ; 

thus the required number is *23453486. ^ 


158. We may save the labour of dividing 
90 by 185 in the preceding example by means 
of the Table of proportional parts given in 
Art 156; the process of division, if per- 
formed, will stand thus: * 


Now the products 740, 1480, 1110, are 
furnished ready in the Table referred to, so 
that we need only perform the subtractions 
and put down the following steps : 


185; 90*0(486 
74 0 
16 00 
14 80 
1 200 
I 110 


90 

4 m 
160 

8 ^0 
1200 

6 1110 
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159. We will now give some examples of the use of logarithms : 
w'e take of course all our logarithms from Tables. 

Required the product of 3670*267 and 12*61158. 

Log 3670*2 ‘•=3*6646897 
5 60 

7 8 

Log ^0^ = 3*5646966 
Log 12*611 -1*1007495 

5 172 

8 28 

Logl^^S = 1 *1007696 
3*5646965 

by adding the logs 4*6654660 
Decimal part of log 46287 *6654690 

7 ^ 

7 66 

4 "40 

4628774 

Thus the required number is 46287’74, the position of the 
decimal point being determined by the characteristic 4, 

160. Required the quotient of *1234567 by 54*87645. 

Log*P2346 =1*0914911 

6 211 

7 25 

Log *1234667 = 1*0915147 
Log 54*876 =1*7393824 

4 32 

5 4 

Log 54*87645 = 1*7393860 
1*0916147 
1*7393860 


by subtracting 


3*3621287 
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3*3521287 
•3521246 

41 
39 

1 

2249721 

Thus the required number is *002249721 ; there are two 
cyphers before the first significant figure, because the characteiv 
istic of the logarithm is 3. 

161. Required the cube of *3180236. 


Log *31802 = 1*5024544 

3 41 

6 8 

Log *3180236-“] *5024593 
3 

2*5073779 

Decimal part of log 32164 = *5073701 

Ts 

5 67 

8 TTo 

• 

3216458 


Thus the required number is *03216458. 

162. Requii-ed the cube root of *3663265. 

Log *36632 = r*5638606 

6 • 71 

5 6 

Log *3663265 = 1*5638683 

We have now to divide 1*5638683 by 3 ; that is, we have to 
divide - 1 + *5638683 by 3. It is convenient t6 write the num- 
ber to be divided thus, - 3 -h 2*5638683 ; then by dividing by 3 
we obtain - 1 -i- *8546228, that is, 1 *8546228. 


Decimal part of log 22497 - 

2 


T. T. 
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1*8546228 
•8546218 

10 
6 

6 40 

Thus the requu*ed number is *7156216. 

Wo shall now explain the use of Trigonometrical Tables. 

163. To find the sine of a given angle. 

If the given angle be one which is contained in the Table of 
the sines of angles the required sine is furnished immediately by 
the Table ; we proceed then to the case when the given angle lies 
between two which are contained in the Tabla For example, re- 
quired the sine of 44® 35' 25", having given from the Table 
sin 44® 36'= *7021531 
sin 44® 35' = *7019459 

difference = *0002072 


Decimal part of log 71552 = 

1 


The required sine of course lies between the two sines which 
we have taken from the Table; let x denote its excess above the 
sine of 44® 35', and assume that the increase of the sine is propor> 
tional to the increase of the angle, therefore 

60" : 25" ;; *0002072 : a, 


25 

therefore « = ^ x *0002072 = *0000863. 
oU 

. Therefore sin 44® 35' 25" = *7019459 + *0000863 = *7020322. 


We have thus again assumed the principle of proportional 
parts, and we shall assume it throughout the present Chapter, 
resei'ving the investigation of it for the following Chapter. 


164. To find the angle which c&rneponds to a given sine. 

If the given sine be found in the Table the required angle is 
fhmished immediately by the Table ; we proceed then to the case 
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when the given sine lies between two which are contained in the 
Table. For example, required the angle which has for its sine 
*6970886, having given from the lli.ble 

sin 44M2'= *6971651 
sin 44® 11'= *6969565 

difference = *0002086 


The excess of the given sine above the sine of 44® 11' is 
*6970886 - *6969565, that is, *0001321. ^fhe required angle of 
course lies between the two angles which we have taken from the 
Table; let n be the number of seconds in its excess above 44® 11', then 


therefore 


*0002086 : *0001321 :: 60 : 
0001321 60 X 1321 

^ *0002086 ~ 


= 38. 


Therefore the required angle is 44" 1 1' 38". 


165. To fi/nd the cosine of a given amgle. 

[f the given angle be one which is contained in the Table of 
the cosines of angles, the required cosine is fuiTiished immediately 
by the Table; we proceed then to the case when the given angle 
lies between two which are contained in the Table. For example, 
required the cosine of 44® 35' 25", having given from the Table 

cos 44® 35' = *7122308 
cos 44® 36'= *7120260 


difference = *0002043 

Since in the first quadi*ant the cosine decreoLses as the angle in- 
creases, the required cosine will be less than the cosine of 44® 35', 
and the required cosine of coursS lies between the two cosineB 
which we have taken from the Table; let x denote its defect 
below the cosine of 44® 35', then 

60 : 25 :: *0002043 : a. 


25 

therefore sc = ^ x *0002043 = *0000851. 

oU 

Therefore cos 44® 35' 25" = -7122303 - *0000851 = *7121452. 
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166. To find the emgU whwh correeponde to a gwen cosine. 

If the given cosine be found in the Table the required angle is 
famished immediately by the Table ; we proceed then to the case 
when the given cosine lies between two which are contained in the 
Table. For example, required the angle which has for its cosine 
•7169848, having given from the Table 

cos 44nr = *7171134 
cos 44® 12'= *7169106 

difference = *0002028 


The given cosine falls short of the cosine of 44® IT by 
•7171134-> *7169848, that is, by *0001286. The required angle of 
course lies between the two angles which we have taken from the 
Table ; let n be the number of seconds in its excess above 44® 1 1', then 

•0002028 : *0001286 :: 60 ; w, 


therefore w = 60 x 


*0001286 _ 
*0002028 " 


60 X 1286 
2028 “ 


Therefore the required angle is 44® 11' 38". 


167. It will not be necessary to give examples for the other 
Trigonometrical Functions ; the important fact to be remembered 
is that in the first qua(h}snt the tangent and secant mcrease as the 
angle increases, and the cotangent and cosecant decrease as the angle 
increases ; thus the tangent and secant are treated in the same way 
as the and the cotangent and cosecant in the same way as the 
cosine. 


168. The Tables of Trigonoiaetrical Functions which we have 
hitherto considered are called Tables of the Natv/ral Functions to 
/litrinngniah them from Other Tables which we now proceed to con- 
sider. The Table of sines of angles for example is called a Table of 
wUmral sines; if we take the logarithTns of the sines of all the angles 
which have been calculated we form a new Table which is called a 
Table of Logarithmic sines. Similarly, we can form a Table of the 
logarithms of the oosmes of angles, and a Table of the logarithms 



AND TBIGONOM£TEICAL TABLES. 


117 


of the tangents of angles, and so on ; these Tables are called respect- 
iyely Tables of Loga/ritJmio cosmeSf Tables of Logctn^mio tcmgentB, 
and so on. • 

169. The great advantage which we obtain from these Loga- 
rithmic Tables is that calculations are much abbreviated with their 
assistance ; this is especially the case, as we shall see hereafter, in 
what is called the solution of Tria/nglea, We have stated as suffi- 
ciently obvious that these Logarithmic Tables may be calculated by 
taking the logarithms of the values of the Trigonometrical Functions 
which have been already tabulated ; it will be shewn however in 
the higher parts of the subject that the Loga/rithmic Tables can be 
calculated independently ^ that is, without the use of the Tables of 
the Natural Functions. We proceed now to exemplify the use of 
the Tables of Logarithmic Functions. 

170. Since the sine of an angle is never greater than unity 
the logarithm of the sine will never be a positive quantity ; also 
the same remark is true for the cosine. The logarithm of the 
tangent of an angle will be negative if the angle be less than 
45®, and the logarithm of the cotangent of an angle will be 
negative if the angle be greater than 45®. In order to avoid 
the occurrence of negative quantities in the Tables it is found 
convenient to add 10 to the logarithm of every Trigonometrical 
Function before registering it in the T?Lbles ; the logarithm so 
increased is called the Tabular logarithm and is usually denoted 
by the letter L, Thus L sin A means the Tahuh/r logamthm 
of the sine of A, and it is equal to the real logarithm of the 
sine of A increased by ten. Of course in calculations we shall 
have to remember and to allowifor this increase of the real log- 
arithms ; this will be seen when we come to the solution of Trir 
a/nghs. In what follows we shall exemplify the use of the Tables 
of Logarithmic Functions. 

171. To find the tahula/r logarithmic sine of a gi/oen angle. 

If the given angle be one which is contained in the Table 
of the Logarithmic sines the required result is furnished imme- 
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diat^y b j the Table ; we proceed then to the case when the given 
angle lies between two which are contained in the Tabla For 
example, required the tabular r logarithmic sine of 44^ 35' 25'' *7, 
having given from the Table 

Zsin 44® 35' 30" = 9-8463678 
L sin 44® 35' 20" = 9 -8463464 

difference = *00002 1 4 

The required tabular logarithmic sine lies of courae . between 
the two which we have taken from the Table; let x denote its 
excess above the tabulai* logarithmic sine of 44® 35' 20" ; then by 
the principle of proportional paHa 

10 : 5-7 :: -0000214 : a, 
therefoi-e x 0000214 = 0000122. 

Thei-eforo L sin 44” 35' 25" -7= 9-8463464 + -0000122 = 9-8463586. 

172. To find tlie angle which corresponds to a given tabula/r 
loga/riih/niic sine. 

If the given tabular logarithmic sine be found in the Table 
the requii*od angle is furnished immediately by the Table; we 
proceed tlien to the case when the given tabulai* logarithmic sine 
lies between two which are contained in the Table. For example, 
required the angle which has for its tabulai* logaiitlimic sine 
9*8432894, having given from the Table 

L sin 44® 11' 4^" = 9*8432923 
Zsin 44® 11' 30" = 9-8432707 
difference = *00002 1 6 

The excess of the given tabular logarithmic sine above that of 
44 ® 11' 30" is 9*8432894 - 9*8432707, that is, *0000187. The re- 
quued angle of course lies between the two angles which we have 
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taken from the Table j let n be the number of seconds in its excess 
above 44* 11' 30", then 

•0000216 : -0000187 :: 10 ; », 


therefore 


> = 10 


•0000187 

y - 

.AAAAai i? 


10 X 187 


= 8-7. 


Therefore the* required angle is 44® 1 V 38" *7. 

173. To find the tabtdcvr loga/rithmic cosine of a given angle. 

If the given angle be one which is contained in the Table of the 
logarithmic cosines the required result is furnished immediately by 
the Table ; we proceed then to the case when the given angle lies 
between two which are contained in the Tabla For example, re- 
quired the tabular logarithmic cosine of 44® 35' 25" *7, having given 
from the Table 

L cos 44® 35' 20" = 9-8525789 
L cos 44® 36' 30" = 9-8525582 

difference = -0000207 

'Ihe required tabular logarithmic cosine lies of course between 
the two which we have taken from the Table, and is less than the 
tabular logarithmic cosine of 44® 35' 20" ; let x denote its defect 
l)elow the latter ; then 

10 : 6-7 :: *0000207 ; a;, 
therefore x -0000207 = -0000118. 

'rherefore L cos 44“ 35' 25" -7 = 9-8625789 - -0000118 = 9-8526671. 

174. To find the angle whic}^ corresponds to a given tabvlwr 
logarithmic cosine. 

If the given tabular logaiithmic cosine be found in the Table 
the required angle is furnished immediately by the Table; we 
proceed then to the case when the given tabular logarithmic cosine 
lies between two which are contained in the Table. For example, 
required the angle which has for its tabular logarithmic cosine 
9 ’8566086, having given from the Table 
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Z COB 44Mr 30" = 9*8555264 
Zcos44Mr 40" = 9*8555060 
difference = *0000204 


The given tabular logarithmic cosine falls short of that of 
44® 11' 30" by 9*8555264-9*8555086, that is, 0000178. The 
required angle of course lies between the two angles which we 
have taken from the Table ; let w be the number of seconds in its 
excess above 44® 11' 30"; then 

*0000204 : *0000178 :: 10 : w, 


therefore 


w= 10 X 


*0000178 


1780 


= 8*7. 


Therefore the required angle is 44® 11' 38"*7. 

175, It will not be necessary to give examples for the other 
Trigonometrical Functions ; the important fact to be remembered 
is that in the first quadrant the tabular logarithms of the tangent 
and secant increase as the angle increases, and the tabular logarithms 
of the cotangent and cosecant decrease as the angle increases ; thus 
the tangent and secant are treated in the same way as the sine, 
and the cotangent and cosecant in the same way as the cosine. 


EXAMPLES. 

c 

1. Given log 12440 = 4-0948204, 

log 12441 = 4-0948563, 
find log 12440-35. 

2. Given log 1-0686 = -0288162, 

log 1-0687 = -0288568, 

find the niunber of which the logarithm is -0288365. 

3. Given log 23466 = 4-3702540, 

log 23467 = 4-3702726, 

fom a table of proportional parts for the intermediate numbers, 
and find log -2346638. 
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4. Find the number whose logarithm is — (1 *8753145), haTing 
given 

log 1*3325 = *1246672, log,l*3326 = *1246998. 

5. Given log 3*855 =*5860244, 

log 3*8651 = *5860356, 
find ‘ log (-00386604)*. 

6. Given log 24 = 1-3802112, 

log 4-8989= -6900986, 
log 4-8990= -6901074, 
find (24)* to six plaeea of decimals. 

7. Given log 14271 =4-1644644, 

log 20313 = 4-3077741, 
log 20314 = 4-3077964, 

find (142-71)*. 

8. Given log 7 = -8460980, 

log 68761 =4-7690163, 
log 68762 = 4-7690227, 

find (-07)^ to seven significant figures. 

9. Given log 2= -3010300, log 5-743491 = -7591760, 

find the fifth root of -0626. *' 

10. Given log 2-7 = -4313638, log 5 172818= -7137272, 
find the value of 27”*. 

11. Given log 71968 = 4-867 1 394, diflt for 1 = -0000060, 
find the value of ;y(-0719686). 

12. Given log 103 = 2-0128372, log 7440942 = 6-871628, 
find (1-03)-“. 

13. Find the value of 64 {1 — (1 -06)-*}, having given 

log 106 = 2-0211893, log 37689 = 4-6762140. 
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14. Find i^proximately 5 ^‘, having given 

log 2 = -301030, log 1-562944 = -193943, 

log 349486= 6-643428, log 3-666 =-662887, 

log 3-666 =-663006. 

16. Having given 

log 12 = 1-0791812, log 1-257916 ='■-0996612, 

log 1-121668= -0498256, find the value of 
(1-44)-* -(1-44)-’*. 

16. Having given 

1<^106 =2-0211893, log 6303214 = 6-7246391, 

log 3768894 = 6-676214, find the value of 

J_l 

-06 1(1-06)“ (1-05)"/ • 

17. Given ein 47"= -7313537, 

sin 48" =-7431448, 
find sin 47" 1'. 

18. Given sin 7" 17' = -1267761, 

sin 7" 18' = -1270646, 
find sin 7" 17' 25". 

19. Given , Z sin 17" 1' = 9-4663483, 

Z sin 17" =9-4669363, 

find Zsinl7"0'12". 

20. Given Z sin 26" 24' = 9-6480038, 

Z sin 26" 26' = 9-6482682, 
find Z sin ^6" 24' 12". 

21. Given Z cot 72" 16' =9-6052891, 

Zcot 72" 16' = 9-6048638, 
find Zcot 72" 16' 36". 

22. Given Zcot 81"46' = 9-1604669, diff. for 10" = -0001486, 
find the angle whose Zcot is 9*1603493. 
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23. Given L cos 20‘’35'20' = 9*9713351, diff. for 10"=-0000079, 
find the angle whose L cos is 9*9713383. 

24. Given Zoos 34® 24' = 9*9165137, diffi for l'» -0000865, 
find Zoos 34® 24' 26", and also the angle whose Z oos is 9*9165646. 

25. Given Z sin 37® 19'= 9*7826301, diE-for 1' = *0001657, 

Z cos 37® 19' = 9*9005294, diff. for 1' = *0000963, 
find Z sec 37® 19' 47", and Z tan 37® 19' 47". 

26. Given Z sin 32® 18' = 9*7278277, diff. for 1' = *0001998, 

Zoos 32® 18' = 9*9269913, diff. for l'= *0000799, 
find Z sine, Z cosine, and Z tangent of 32® 18' 24"*6. 


XII. THEORY OF PROPORTIONAL PARTS. 

176. We shall now investigate the principle of proportional 
parts^ the truth of which was assumed throughout the preceding 
Chapter. The logarithms in the present Chapter are supposed to be 
logarithms to the base 10 ; and we will suppose that the Table of 
logarithms is calculated to seven places of decimals, and that it con- 
tains the logarithm of every whole number from 1 to 100000. 

177. To shew that the change of the logarithm ie approximately 
proportional to the change of the number, 

Weknow that log (7i + c?)~logw«=log^^~ =log^l + ^ , 

«idbyArt.l48, log (l + ^ , 

where fi is the modtUue, so that p = *43429448 

Suppose that n is an integer containing five figures so thst n is 
not less than 10000, and suppose that d is not greater than unity. 
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MfjF 1/1 \* 

Then ^wlessthan j ( Jqqqq ) > a fortiori less than *000000003 ; 

yd* , 

is less than one ten-thotisandth part of this, and so on. 

Eence at least as far as seven places of decimals we have 
log(7i + <3?)- logn = ~ . 

This equation establishes the required result ; for it shews that 
if the number be changed from n to n -f d the corresponding change 

in the logarithm is approximately ~ , that is, the chcmge of th/s 

logwrithm is approosimatelg proportional to the change of the nwmher. 


178. The principle of proportional parts is thus shewn to hold 
in the case of the logarithms of numbers to a sufficient degree of 
accuracy for practical use. For when we wish to find the loga- 
rithm of a given number we can suppose the decimal point in the 
number placed after the fifth figure, so that the number is thus 
made to lie between two which differ by unity and which are both 
contained in the Table; and we have shewn that as far as seven 
places of decimals the change of the logarithm is proportional to 
the change of the number. Then we can if necessary change the 
position of the decimal point and make the corresponding change 
in the characteristic of the logarithm ; and thus we finally obtain 
the logarithm of the original given number. Similarly we may 
proceed if we want to find the number which corresponds to a 
given logarithm lying between two in the Tabla 

179. We will now shewjiow the result of Art. 177 is applied 
in practice. We have 

log(» + d)-log» = ^, 

also log(7i+ 1)- log w = ^ = 8 suppose, 

thus log(n + (f) = log n + dl8. 
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Now S being tbe difference of two known logarithms is furnished 
immediately by the Table ; and to obtain the logarithm of (n + (i) 
we multiply this known quantity 3 by^ihe given fraction d and add 
the product to the logarithm of n. This is the rule which was 
used in the preceding Chapter, Art 163, in order to find the 
logarithm of a ^ven number. 

Again, suppose we require the number which corresponds to a 
given logarithm. Let n and w + 1 be integers between which the 
required number lies, and denote the required number by w + c?. 
Then log (w + (£) ~ log n is known ; call it cc, and let 8 denote the 

known quantity log + 1) - log n ; thus = a; ; therefore = g • 

This is the rule which was used in the preceding Chapter, Art 167. 

180. We shall now proceed to examine how far the principle of 
proportional parts holds in the case of the Natural Trigonometrical 
Fimctions ; this we shall do by considering these Functions separ 
rately. We shall suppose throughout this Chapter that the angles 
which occur are positive angles not exceeding a right angle; this is 
sufficient because it has been shewn that any Trigonometrical 
Function of cmy angle is numerically equal to the same Function 
of some positive angle not exceeding a right angle ; see Art. 55. 

181. To prove that in general the change of the sine of an 
(mgle is approximately proportional to the change of the angle. 

We have sin (0 + A) ~ sin 0 


Let us now suppose that h is the circular measure of a very 
small angle so that sin A = A approximately ; thus, approximately, 

sin (^ + A) - sin d = A cos ^ ^1 - tan 6 tan ; 


sm A cos 0 - sm 0 (1 - cos A) 


1- cos AN 
tan^ — 

sm A > 


= sin A cos ^ ( 1 — 

• ^ 

= sin A cos ^ ^1 - 


1 - tan B tan . 
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let us also suppose that $ is not very nearly equal to ^ so fchat 

tan $ is not very large, an3 thus tan 6 tan ^ may be neglected. 
We have then, approximately, 

sin + A) - sin d = 4 cos Oy 
and this establishes the proposition. 

Similarly sin (d - A) — sin ^ — A cos ^ approximately. 


182. We may however require to know more exactly the 
amount of error to which we are liable in using the result of the 
preceding Article ; this point we will now examine. The approx- 
imate value of sin (d + A) - sin d, is A cos 0, while the exact value is 
sin A cos ^ - (1 ~ cos A) sin ^ ; thus to obtain the approximate value we 
change sin A into A in the first term of the exact value, and we neglect 
the second term of the exact value. First then consider the error 
produced by writing A for sin A. The circular measure of an angle 

<jr 

of half a degi’ee is ; and by Art. 130 sin A cannot differ from A 
A* 

by BO much as g , so that it may be shewn that for an angle of half 

a degree the sine cannot differ from the circular measure by so much 
as *00000012. Hente if our calculations extend to only seven 
places of decimals an error will hardly be introduced by changing 
sinA into A even for an angle of half a degree^ and a fortiori no 
error will bo introduced by the change if we restrict A to be not 
greater than the circular measure of an angle of one minute. Next 
consider the error produced by neglecting the term sin ^ (1 - cos A), 

that is, 2 sin ^ sin* \ . Since sin 0 is never greater than unity and 
2 


sin ~ is less than | , the value of the term neglected is less than 

^ ; and if A be the circular measure of an angle of one minute ^ 
is less than *0000001. Hence if our calculations extend to only 
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seven places of deoiinals, no error will be introduced by n^lecting 
the term sin 0 (1 - cos A) if we restrict A to be not greater than the 
circular measure of an angle of one minute. 

Therefore if we have a Table of natural sines calculated for 
every minute to seven places of decimals, no error will be intro- 
duced by our c^culating to seven places of decimals the sine of an 
angle which lies between two in the Table from the formula 

sin + A) — sin 5 = A cos B. 


183. We will now shew how this result is applied in practice. 
Suppose that we have a Table of natural sines calculated for every 
minute, and that we require the sine of an angle which lies be- 
tween two in the Table. Let k be the circular measure of an angle 
of one minute; let 6 and ^ + A; be the circular measures of the angles 
in the Table between which the given angle lies, and let ^ + A be 
the circular measure of the given angle. Then 


sin {0 + k) - sin 0 ^k cos 6* = 8 suppose, 


sin (0 + h) - 


sin 6^ = 4 cos 0 = 



thus 


sin (6> -I- 4) = sin ^ ^ 8 = sin $ - 



where 8 is the number of seconds in the angle of which 4 is the 
circular rneHsui-e. Now 8 is the difference between two consecutive 
sines in the Table, and is therefore furnished immediately by the 

Table, and we must multiply this known quantity by ^ and add 

the result to sin ^ in order to obtain sin {0 + 4). This is the rule 
which was used in the preceding Chapter, Art 163. 


Again suppose that we require the angle which coiTesponds to 
a given natural sine. Let k be the circular measure of an angle of 
one minute ; 0 and $-¥k the circular measures of angles in the 
Table between which the required angle must lie, and let ^ + 4 l>e 
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the circular measure of the required angla Then sin (d + A) ~ sin 0 
is known; call it x, and let 8 denote the known quantity 

sin (^ + A) - sin ; therefore ^ therefore ^ | ^ ^ 

number of seconds in the angle of which the circular measure is A, 

8 X QOx 

then 27 r = -s , therefore s = . This is the rule which was used 

dU 0 0 

in the preceding Chapter, Art. 164. 

184. When 0 is nearly ^ , since cos 6 is then very small, the 

term hcoaO will be very small if A be the circular measure of a 
small angle. Thus the difference between the natural sines of two 
angles, each of which is nearly equal to a right angle, is very small ; 
this is expressed by saying that the differences in the sines of con- 
secutive angles ai-e nearly insensible when the angles are nearly 
equal to a right angle. 

There is also another point to be noticed in this case ; we have 

sin -I- A) - sin d = sin A cos ^ - (1 — cos A) sin ^ ; 

the ratio of the second term to the first is numerically 

sin ^ (1 - cos A) 
cos ^ sin A ' 


that is, tan 6 tan - , and when 6 is nearly equal to ^ this ratio 
2 2 


will be a sensible quantity unless ^ be extremely small. Thus the 
second term ought not to be f ejected in comparison with ths first 
term unless ^ be extremely small. This is expressed by saying 


that the difierences in the sines of consecutive angles are vrreguUvr 
when the angles are nearly equal to a right angle. In the present 
case this irregularity is not of much importance on account of the 
acoompanying inaensihUity. 
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185. We liaye shewn that, approximately, 

sin (tf + A) - sm 5 = A cos 5 ; 

change 0 into ^ 

sin 0 - - 8^ 0 - = A cos 0 “ , 

that is cos (^ - A) - cos ^' = A sin 6>' ; 

and by changing the sign of A 

cos {$' + A) - cos ^ = - A sin 0\ 

It is convenient to deduce this formula from that ali’eady 
proved, because we thus know, without a new investigation, the 
amount of error to which we are liable in using it ; it may how- 
ever be proved independently, as we will now shew. 

186. To prove that in gemral the change of the cosine of am, 
amgle is approodmately proportional to tlie change of the angle. 

We have 

cos (^ - A) - cos ^ = sin A sin ^ - cos ^ (1 - cos A) 

= sin A sin 5 (^1 - cot 

= sin A sin ^ 0 - cot B tan . 

Let us now suppose that A is the circular measure of a very 
small angle, so that sin A = A approximately \ thus, approximately, 

cos (6 ~ A) - cos 6 = A sin 6 0 - cot B tan ; 

let us also suppose that $ is not veay small, so that cot 0 is not very 

large, and thus cot B tan \ may be neglected. We have then, 

approximately, 

cos (5 - A) — cos ^ = A sin tf, 
and by changing the sign of A, 

cos (5 + A) - cos 5 = - A sin 5 ; 
and this establishes the proposition. 
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187. From the result of the preceding Article, we can deduce 
the rule used in Arts. 165 and 166 of the preceding Chapter; the 
method is the same as that which we have already giyen in 
Art 183. The only peculiarity to notice is that the cosine 
dmwMshM as the angle vncreases. 

And by proceeding as in Art 184 we see that the differences 
in the cosines of consecutive angles are nearly insensihle and are 
also vrregula/r when the angles are very smalL 

188, To prove that in general the cltange of the tam>gent of cm 
angle is approximately proportional to the change of the cmgle, 

TTT t- //» IV X /I sin -I- A) sin^ 

We have tan (6-^h)- tan 0 — rr' 

' cos (^ + 4) cos^ 

^ sin (d-f /i.) cos^ — cos (B + h) sin 6 sin 

cos {6 + h) cos 6 cos (0 + h) cos 0 cos (fi+h) cos B 

sin h tan h 

cos* $ (cos h — sin h tan &) cos* 0 (1 — tan B tan 4) * 

Let us now suppose that 4 is so small that we may put 4 for 

tan 4, and also that B is not nearly equal to ^ <so that tan B tan 4 

may be neglected. We have then, approximately, 

tan (B + 4) - tan B » ^ sec* B, 

' cos* B 

also by changing the sign of 4 

tan {B — 4) ~ tan B ——h sec* B • 
this establishes the proposition. 

189. From the result of the preceding Article we obtain the 
same rule for the tangent as we obtained in Art. 183 for the sine. 
We will now proceed to examine the amount of error to which we are 
liable in using the approximate formula of the preceding Article. 

We have — — r. = tan4sec*^(l -tan^tan4)“‘ 
cos* ^ (1 - tan ^ tan 4) ' ' 

^ tan A sec* ^ (1 + tan B tan 4 + tan* B tan* 4 + . ..) ; 
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thus if we take only the first term tan h see* B we neglect a series 
of terms beginning with tan* A sec* ^ tan that is approximately 
A* (1 + tan* 0) tan 0, Now if we have a table of natural tangents 
calculated for every minute andf we wish to find the natural 
tangents of intermediate angles the greatest value of A is the cir- 
cular measure of one minute, that is, , or *0003 approxi- 

• loU X oU 

mately. Hence the numerical value of the greatest error is not 
less than ('GOOS)* (1 + tan* B) tan and therefore even if ^ be not 

greater than ^ we are liable to an error in the seventh place 

of decimals. however, we have a table calculated for every 
ten seconds the greatest value of A is the circular measure of 

ten seconds, that is or *00005 approximately: in 

180 X 60 X 6 

this case we shall be free from error in the seventh place of 
decimals until tan B is neaiiy as great as 3^ : the table shews that 
tan 73^ 18' is rather less than 3^. 

190. Since tan + A) — tan 0 * A sec* ^ approximately, and 
sec 0 is never less than unity, the differences of consecutive tan- 
gents are never imemihle ; but as we have shewn in the preceding 
Article, the differences are irregula/r when tlie angles are nearly 
right angles. 

191. We have shewn that approximately 

tan {B + A) - tan B - h sec* 0 ; 

TT 

change B into » - B\ thus 

a 

tan “ tan ^ » 

that is cot (B' - A) - cot & = h cosec* B\ 

and by changing the sign of A 

cot + A) - cot - A cosec* B\ 

This may be proved inde})endently, as we will now shew. 

9—0 
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192 . To provo that in general the change of Ae cotangent of 

an angle it ajproxmalefy proportional to the change qfthe angle. 

$ 

Wehave cot(tf-A)-wtg=^ jf - ~j) - 2 ^ 

' * sm(^-A) sm^ 

cos — A) sin B — cos 0 sin (^ - A) _ sin (^ — ^ + A) 
sin (^ - A) sin d “ sin (^-A) sin ^ 

_ sin A _ sin A 

sin — A) sin ^ sin* B (cos A - sin A cot 0) 

tanA 

” sin* ^ (1 - tan A cot 6) ‘ 

Let us now suppose that A is so small, that we may put A for 
tan A, and also that $ is not very small, so that cot 6 tan A may be 
neglected. We have then approximately 

cot (^ - A) - cot 6 = - . = A cosec* 

' ' sm* 0 

also by changing the sign of A 

cot {0 + A) - cot 0 = - A cosec* 0 ; 

this establishes the proposition. 

193. To prove thii in general the chomge of tfhe aeccmt of cm 
cmgle is proportional to the chcmge of the angle. 

We have sec (^ + A) - sec ^ = 7 ^— 7 v ^ 

^ ' cob(0+A) cos^ 

~ ^ ^ ~ (^ + A) Bjn A sin 0 + (1 - cos A) cos 

cos ^ cos (^ + A) ~ cos* ^ (cos A - sin A tan 

tan A sin ^ + tan | cot 6 ^ 

~ cos^ (1 - tan ^ tan A) 

Lei us now suppose that A is so small that we may put A for 
tan A, and also that 6 is neither very small nor very nearly equal " 
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to 80 that tantf tanA and cotd tanK may be neglected. We 

have then approximately * 

Bec(^ + A)-sec^ = ^^-^^^ = 7isinfl sec* 

' ' 008 “ d 

also by changing the sign of h 

sec (^ - A) - sec ^ - A sin ^ sec* Q ; 

this establishes the proposition. 

194. We have shewn that approximately 

sec (^ + A) - sec ^ = A sin ^ sec* B \ 

change 6 into ^ thus 

sec 0 - ■" sec 0 ~ = A sin 0 “ ’ 

that is cosec (d' - A) - cosec & = A cos & cosec* 
and by changing the sign of A 

cosec {ff + A) - cosec = - A cos ^ cosec® 

This may also be proved independently. 

195. The amount of error to which we are liable in using the 
approximate formulae of the preceding twc^ Articles may be in- 
vestigated as in Art. 189. It will be seen that the differences of 
consecutive secants are imensible and irregula/r when the angles 
are very small, and they are wrtgvla/r when the angles are nearly 
right angles ; the differences of consecutive cosecants are irregular 
when the angles are small, and imensible and irregular when the 
angles are nearly right angles. * 

We will now proceed to examine how far the principle of pro- 
portional parts holds in the case of the Logwn£limio Trigo^wmetrical 
Ftmctiom, 

196. To prove that in gmerdl the chcmge of the tabular logor 
rithmie sine of an angle is approodmoAdy proportioned to the change 
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We hare approximately sin (3 + A) ^sm 0-1- A coed, 

therefore = 1 -t- A cot 0 ; 

sm0 ’ 

therefore log sin (0 -)- A) - log sm 0 = log ^ = log (1 -(- A oot 0), 

Bin %j 

and log (1 + A cot ^) = /lA cot 0 approximately (Art. 148), where p 
is the modvlua; thus approximately 

log sin (^ + A) - log sin ^ = /Ji cot Of 
also by changing the sign of h 

log sin (^ - A) - log sin ^ = - /iA cot 
If L stand for tabular logarithm, we have 

Z sin ((9 + A) = 10 + log sin {0 + A), 

Z sin ^ =: 10 + log sin 0 \ 

therefore Z sin * A) - Z sin 0 = * pA cot 0. 

This establishes the proposition. 

197. We will now shew that in general the piinciple of pro- 
portional parts holds approximately in the case of the other 
tabular logarithmic functions, and then we will consider the 
amount of error to which we are liable in using the approximate 
formulae. 

198. We have shewn that approximately 

Z sin (^ + A) - Z sin 0 ^ cot 

change 0 into ~ - d', thus 

A sin (I - 0 ' a) - 8 i^ (2 - ^) = M (I - . 

that is Loa&iff -K)-L Of » Ith tan 0\ 

and by changing the sign of A 

Z cos (0' + A) — Z cos ^ - /xA tan 

This proves the principle m the case of the tabular logarithmip 
oosineB. 
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199. We have shewn that approximately 

log sin (^ + A) - log sin d = fiA cot 
and log cos (6 + A) - log cos ^ - /aA tan 9 ; 

then by subtraction 

logsm(d+A)-- log cos(d+A)-{log sin^-log co8^}= fiA(cot 6> + tan^), 

that is log tan (d + A) - log tan 9 = , 

sin J9 

therefore L tan (9 + /i)-Z tan 9 = , 

' ' sm 20 

and by changing the sign of A 

L tan (0 - A) - Z tan 0 ~ . 

This proves the principle in the case of the tabular logarithmic 

TT 

tangents. By changing 0 into ^ - 0' we obtain 

Z cot (0' ap A) - Z cot 0' = ± ; 

' ' sm20 

this proves the principle in the case of the tabular logarithmic 
cotangents. * 

200. We have shewn that approximately 

log sin (0 + A) - log sin 0 = /aA cot 0, 

therefore log -—/I — r\ - lo2 = “ M 
®Bm(0 + A) ®'Bm0 ^ 

that is log cosec (0 + A) - log cosec 0 = - /aA cot 0, 

therefore L cosec (0 + A) - Z cosec 0 = — /aA cot 0, 

also by changing the sign of A 

Zcoseo^0-Al-Zoosec 0 = iaAoot0; 
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this proyes the principle in the case of the tabular logarithmic 
coseoanta Bj changing d into ^ we obtain 

Zsec(y=i-A)-Zseo^ = TfiA tan O' ; 
this proves the principle in the case of the tabular logarithmic 
secants. 

201. Prom the results of Arts. 196... 200 we obtain the rules 
which were exemplified in Arts. 171... 174. It will be observed 
that we have deduced the approximate formulae for all the other 
logarithmic functions from that of the logarithmic sine ; thus if we 
investigate the amount of error to which we are liable in the case 
of the logarithmic sine, we shall know the amount of error for all 
the other logarithmic functions. The approximate formulae how- 
ever for the other logarithmic fbnctions may be obtained inde- 
pendently, and we will for example give the investigations for the 
logarithmic cosine and the logarithmic tangent. 

202. To prove that in general the chcmge of the tahula/r hgor 
rithmic cosine of an a/ngle is approximately proportional to the 
change of the angle. 

We have approximately cos - 4) = cos ^ + A sin 

therefore cos {B - 4) _ j ^ ^ ^ ^ 

f cos^ 

therefore log cos (0-h)- log cos 0 = log ^ = log (1 -f A tan^), 

and log (1 + A tan 0) = fjJi tan 9 approximately (Art. 148), 
therefbre log cos - it) - log cos 9 = fih tan 9 approximately, 
therefore Lcos(9 -h)- L cos 9 = ph tan 9, 
and by changing the sign of h 

L cos (^ + A) — Z cos 9 = — fjJh tan 9. 

203. To prove thaJt m gerieraZ the change of the tabular' hgor 
rMmie tcmgent of cm angle is approocimately proportional to the 
tkomge of the angle. 
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We have approximately taii(fl + A)=:tand + Aseo*d, 

,, * taii(^ + A) - Aseo*^ , .. 

tajiO tanA ’ 

therefore log tan (^ + A) - log tan d = log (1 + 2 Aoosec 2 ^) 

= 2 /aA cosec 20 approximately, 
therefore i/tan (0 + A) -Z tan 0 = 2/aA cosec 20, 
and by changing the sign of A 

Z tan (^ — A) - Z tan 0 = ^ 2/iA cosec 20. 


204. We will now proceed to consider the amount of error to 
which we are liable in using the approximate formula 
Z ain (0 + A) — Z Bin 0 = fih cot 0. 

In obtaining this formula log(l + Acot^) was taken equal to 
/xA cot 0, so that the square and higher powers of A cot 0 were 
neglected. But when 0 is very small cot 0 is very large, and thus 
A*cot*^ maybe too large to be neglected; this case then will 
require further examination. 

We have shewn in Art. 181 that 


sill (^ + A) - sin ^ = sin A cos ^ ^1 - tan 0 tan ; 


A 


let us suppose A so small that we may write A for sin A and ^ for 

A A* 

tan ^ ; thus approximately sin + A) - sin ^ = A cos ^ sin 

« sin (^ + A) 7 . A* 

therefore — - = 1 + cot ^ - 7 : , 

smy 2 


therefore log ^ 0 

= /X (a cot (9 - 1’) - cot e - ~J+ ... (Art. 148) 
= fih cot $ — + cot* 


thus if we omit powers of A higher than A* we have 

log sin (0 4 - A) - log sin ^ = /xA cot 0 - ^ cosec*' 0. 
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If our Table is calculated to every ten seconds, then the 
greatest value of ^ is the circular measure of ten seconds, that is 
about '00006 ; and ^ approximately. Thus the greatest error 

to which wo are liable is about — . This error will become 

sensible in calculations to seven places of decimals if 6 cosec* $ is 
as large as 10*, that is if sin* ^ is as small as *0O6 : the tables 
shew that the sine of 4^* is rather greater than ^*006. 

Thus we see that the differences of consecutive logarithmic 
sines are irregtdar when the angles are small. 

When $ is very nearly a right angle, cot ^ is very small 
while cosec* ^ is not very small; thus the above formula for 
log sin (d + A) - log sin 0 shews that the differences of consecutive 
logarithmic sines are nearly insensible when the angles are nearly 
equal to a right angle, and that these differences are at the same 
time irregvla/r. 

From these results we can immediately infer the cori'esponding 
results for the logarithms of the other Trigonometrical functions; 
they will be found enunciated in Art. 206. 

205. It appears from the preceding Article, that when an 
angle is small it cailnot be accurately determined from its loga- 
rithmic sine nor the logarithmic sine from the angle by means of 
the common tables, because although the differences of consecutive 
logarithmic sines are then sensible, yet they are irregvla/r. To 
obviate this difficulty three methods have been proposed. 

% 

First Method, Wo may have a Table of Logarithmic sines 
calculated for every second for the first few degrees of the quadrant; 
in thiH case the greatest value of A is the circular measure of onA 

seeondy and thus ^ cosec'tf becomes small enough to be neglected, 
I 

provided sin 0 is as small as *00006 ; the tables shew that the 
sine of half a degree is rather greater than ^*00006, 
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Seemd Method. This is called Ddcmhre's M^hod. A Table 
is constructed which gives the value of log-^^ + Zsinl" for every 
second for the first few degrees of the quadrant. 

Let Q be the circular measure of an angle of n seconds, then 
0 = n sin 1" approximately (Art. 123), 

therefore log ^ - = log = log sin to" - log to — log sin 1", 


« Z sin to" — logTO - Z sin 1", 


therefore log TO = ZsmTO"- ^log^^^ + Z sin 1"^ . 


If the angle is known, then the Table gives the value of 
log~^— + Z sin 1", and log to can be found from a Table of the log- 
arithms of numbers; thus the formula enables us to find Z sin n. 


If the value of Z sin to" is given and we have to find to, we pro- 
ceed thus : since Z sin to" is known we can find approodmaJtdy 
the value of the angle, and then from the Table we get the value 

of log + Z sin 1"; then the formula gives us log to, and we can 


find TO by an ordinary table of logarithms#of numbers. In this 
operation we are liable to an error by using an approximate value 

of — 2 — instead of the real value. But it may be inferred from 


Chap. IX. and will be more fully shewn hereafter, that when 0 is 
small is very nearly equal to 4 — ~ , and thus a small error in 
0 will not produce any sensible error in our calculations, since 
log will vary far less rapidly than 6. 

Thi/rd Method, This is called Maskelym's Method. It may be 
used if Tables such as those described in the other methods are 
not accessible. 
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It may be inferred from Obap. iz. and will be more fully shewn 
hereafter, that when $ is veiy small we have approximately 

sm^ = tf--g, oo8fl=l-^j 
therefore ~ ^ ~ ^ 

= (cos 0)^ approximately, 

therefore log sin ^ = log ^ J log cos $ approximately. 


This formula gives log sin $ at once if d be given. If log sin 0 
be given, we must find an approximate value of 0, and then find 
log cos 6 approximately ; then we have 


log 6 = log sin ^ J log cos $, 

Here since cos 0 varies far less rapidly than 6, we are free from 
sensible error by using an approodmate value of log cos $ instead of 
the real value. 


A similar formula may be found for the tangent of a small 
angle ; for 

= (^-f) O-f) 


therefore 


tan 0 

'~e~. 


j- = - y) approximately, 


= 1 + 


therefore log tan = log - 1 log cos $ approximately. 


206. We will now sum up the results of the investigations 
of the present Chapter. 

The principle of proportional parts is applicable to all the 
trigonometrical functions natural and logarithmic with certain 
exceptions, which occur when the angles are small or nearly equal 
to a right angle. In the exceptional cases the difierences of 
consecutive functions are sometimeB vrregvla/r ovdy; sometimes 
they are nearly immsihU, and then they are o&o ^eguUvr. 
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For the nctibiral firntMona we have the following exceptional 
oases. For the sine the differences are insensible when the angles 
are nearly right angles; for the cosine they are insensible when 
the angles are small For the tangent the differences are ir- 
r^ilar when the angles are nearly right angles; for the cotangent 
they are irregular when the angles are small. For the secant 
the differences are insensible when the angles are small, and 
irregular when they are nearly right angles; for the cosecant 
the differences are irregular when the angles are small, and in- 
sensible when they are nearly right angles. 

For every hgarithmic fwnction the principle of proportional 
parts fails both when the angles are small and when they are 
nearly right angles. For the log sine and the log cosecant the 
differences are irregular when the angles are small, and insensible 
when they are nearly right angles. For the log cosine and the 
log secant the differences are insensible when the angles are 
small, and irregular when they are nearly right angles. For the 
log tangent and the log cotangent the differences are irregular 
when the angles are small and when they are nearly right angles. 

207. In using Trigonometrical Tables it is necessary to avoid 
as much as possible the oases in which the principle of pro- 
portional parts does not hold. In other word% we must endeavour 
to use a Table such that the differences of the function corre- 
sponding to given small differences of the angle are both aensihle 
and reguUvr, If the differences of the function are insensible 
for a certain number of decimal places we cannot by any method 
determine the value of the function for any intermediate angle, 
or perform the converse operation, so long as we are restricted 
to the certain number of decimal places. If the differences of 
the function are irregtdar we cannot determine the value of the 
function for an intermediate angle, or perform the converse 
operation, by the principle of proportional parts, though we may 
by rotaining the terms which were neglected in the first approxi- 
mation. 
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208. If we jiave to determine an angle from its natural 
ame or ooame it will be advisable to employ the natural sine 
if the angle be less than 45^, and the natural cosine if the angle 
be greater than 45^. For the differences of consecutive sines 
vary approximately as the cosine of the angle^ and the differences 
of consecutive cosines vary approximately as the sine of the 
angle; thus the differences of consecutive sines are greater or 
less than the differences of consecutive cosines according as the 
an^e is less or greater than 45^. A similar remark holds for 
the logarithmic sine and cosine. 


209. The student who is acquainted with the elements of 
the Differential Calculus will see that all the results of the present 
Chapter may be obtained from Taylor’s Theorem ; and thus these 
results may be easily retained in the memory, or at least readily 
recovered when required. For example, consider the natural 
sine; we have by Taylor’s Theorem 

4 * 

sin (^ + A) = sin ^ cos ^ - ^sin (^ + XA), 

where X is some proper fraction. This formula shews that if 
we put 

sin (6 + X) = sin 6 + ^ cos 0 

the error is less than ^ . Moreover we see that when 0 is small the 
principle of proportional parts is especially applicable, for then 
the term ^ sin (^ + XA) is extremely small in comparison with 

A COB 0 ; and on the other hand, when 0 is nearly ^ the principle 

is not so appropriate, because then ^ sin (0 + XA) may be sensible 
in oomparison with A cos 0. 

Again, by Taylor’s Theorem, we have 

log sm (tf + A) = log sin + fiA cot ~ cosec* (0 + XA), 
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where is the modulus and X some proper fraction. This equa 
tion shews that the principle of proportional parts is in general 
applicable for the logarithmic sine, ^ but that the differences of 
consecutiYe logarithmic sines are irregular when the angles are 
small, and insensible and irregular when the angles are nearly 
right angles. 

210. The following application of Taylor's Theoi*em will give 
a good mode of estimating the amount of error involved in the 
principle of proportional parts. Take the logarithmic sine for 
example ; we have 

log sin {0 + k) = log sin ^ ^ cot {6 + XA), 

where X is some proper fraction. Thus the a[)proximation 
uses cot 6 instead of cot {0 + XA). The true value in fact of 
log sin(d + A) — log sin 6 must lie between /iA cot 0 and fih cot (d -f A), 
so that the error is less than /aA {cot 6 — cot (6 + A)}. 


MISCELLANEOUS EXAMPLES. 

1. From one of the angles of a rectangle a perpendicular 
is drawn to its diagonal, and from the point of their intersection 
straight lines are drawn perpendicular to the sides which contain 
the opposite angle : shew that if p and q be the lengths of the 
perpendiculars last drawn, and c the diagonal of the rectangle. 


2. If two circles whose radii are a and b touch each other 
externally, and if ^ be the angle contained by the two common 
tangents to these circles, shew that 

sin 


3* Given sec a sec tan a tan - sec find tan 0. 
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i. 


Find the limit when ^=: 0 of 


sing cos 2^ 
vers ^ cot ^ ^ 


and of 


tan*^ 
sec 2 (9 - • i ' 


5. Shew that cot g is never less than 1 + cot ^ if 0 lies be- 
tween 0 and IT. 


6 . 


If tan^ 


tan^ + c - 1 
-I- c -f- 1 ’ 


find tang. 


7. Find the condition necessary that the same value of 0 
may satisfy both the equations 

a sec* ^ - 6 cos ^ = 2a, b cos* ^ - a sec ^ = 26. 

8. Eliminate a and /8 from the equations 

a = sin a cos sin ^ + cos a cos 
6 = sin a cos p cos 0 - cos a sin 
c = sin a sin sin 


9. Eliminate a and ^ from the equations 
6-»-ccosa = «4COs(a-^), b + ccosP = uco&(fi- 6), a-P = 2S; 
and shew that w* — 2^4c cos ^ + c* = 6* sec® 8. 


10. Eliminate asAom the equations 

atan*^ — a; 2a tan ^ 

> = — a— X i 

tan 2a tan 2a tan 2a + tan 2a 

and shew that tan (2a + 2a') = tan 20. 

11. Eliminate $ and from the equations 

sin 0 -t sin <1^ = a, cos ^ + cos <^ = 6, cos {0 — 4) = c. 

12. Eliminate 0 and 4 from the equations 

X cos 0 + y sin $ = a, x cos {0 + 24 ) — y sin (0 -i- 2^) = a, 
6 sin (^ + ^) = a sin 

13. Eliminate x and y from the equations 

tan X + tan y = a, cot « + oot y = 6, x + y-e. 
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14. 


ELLminate $ from the equations 


X _ sec* B - cos* B 
a ~~ sec* B + cos* B * 


- = sec*^ + cos*^?. 

y 


15. Eliminate 6 from the equations 
(a + 5) tan (^ - <^) = (a - h) tan {B + « cos 2<f>+ b cos 2B = c. 


16. Given 


and 

shew that 


ar V » 

-j cos ^ ^ cos ^ + Yi cos 

«* a® 6* ' 

X y ^ s 

sin (B + O') sin (0 - O') ~ sin 2^ ’ 

sin 0 

sin 0' a* * 


1 7. Eliminate </> from the equations 

y cos <f>-x sin <f> = a cos 2<f>, y sin cos - 2a sin 2<^ ; 
and shew that {x + y)^ + (a; - y)^ = 2a^. 

18. Eliminate 0 and from the equations 

- sin/3 . siny -o- 

cos0= T— cos - d») = sm » sui y : 
sin a sm a ' \ 'r/ r- t j 

and shew that tan* a = tan® jS + tan* y. 

19. Eliminate 6 from the equations 

m = cosec 0 - sin 0, n — sec B — cos B, 


20. Eliminate 0 from the equations 

a;sm0-ycos^ = ^(a:* + y), "" ~W ^ITTy^ ' 

21. Eliminate B and & from the equations 

a sin* ^ + a' cos* ^ = 6, a' sin* ^' + a cos* B* = b\ 
a tan B=^a' tan B ' ; 


and shew that 


111 1 
h' a ^ a' ’ 


T. T. 


10 
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4. find the limit when 0=0 of 


0 

sing COS 20 


vers 


TcotS’ 


and of 


tan*^ 
sec 2(9- 1 ‘ 


0 

5. Shew that cot ^ is never less than 1 + cot ^ if 0 lies be- 
tween 0 and tt. 


- T- 0 tan^ + c- l 0 

6. If tan ^ ^ , find tan ^ . 

2 tand + c+1 2 


7. Find the condition necessary that the same value of $ 
may satisfy both the equations 

a sec® 6 -h COB 0 = 2a, b cos* 0 - aBccO -2K 

8. Eliminate a and from the equations 

a = sin a cos sin ^ + cos a cos 0, 

5 = sin a cos cos 9 - cos a sin 0, 
c = sin a sin sin 

9. Eliminate a and p from the equations 

6 + c cos a = w cos (a - h’^ccoBp = ucoB(fi- 0), a - = 28 j 

and shew that w* - 2v^ cos ^ + c® = 5® sec® 8. 


10. Eliminate ajifrom the equations 

atan®^-a3 _ 2a tan ^ _ 

tan 2a tan 2a' ^ tan 2a -f tan 2a' ^ 

and shew that tan (2a + 2a') = tan 20, 

11. Eliminate 0 and from the equations 

sin 0 + sin <l> = a, cos 0 + cos ^ = 8, cos (^ — </>) = c. 

12. Eliminate 0 and ^ from the equations 

X cos ^ + y sin 0 = a, x cos {6 + 2<f>) - y sin {0 + 2<l>) = a, 
6 sin (^ + ^) = a sin 

13. Eliminate x and y from the equations 

tana; + tany = a, cota5 + ooty = 5, a; + y = c. 
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14. Eliminate 0 from the equations 
X sec* 6 - cos* 0 


— , — = sec* 0 + cos* 0. 
sec* $ + cos* B y* 


15. Eliminate 9 from the equations 
(a + h) ttin {B - 4) = (a- h) tan (B + </>), aco8 24+ b cos 2B = c. 


16. Given 


and 

shew that 


!xf y 

cos ^ ^ cos ^ + 7-, cos B\ 

or or 6* ' 

« ^ y _ 

sin {B + BT) sin (B - &) sin 2B ’ 

sin B _h* 
sin B' ~ a*' 


1 7. Eliminate 4 from the equations 

y cos 4-^ sin <^ = a cos 2<^, y sin </> + a? cos <^ - 2a sin 24 ; 
and shew that (x + y)^ + {x- y)^ = 2a^. 

18. Eliminate B and 4 from the equations 

sin^ siny /z, .v • z> • 

cos B = , cos 4 = , COS (6-4)= 8U1 o sui y : 

sin a sm a \ -r/ r- t 

and shew that tan* a = tan* /S + tan* y. 

19. Eliminate B from the equations 

m = cosec B - sin By n — sec B — cos 9. 


20. Eliminate B from the equations 

• n i, 9 ^cos*B 8in*0 1 

xame-yo(me = J(x’ + ^, +-ji- 

21. Eliminate B and B' from the equations 

a sin* B + a' cos* ^ = 6, a* sin* B' a cos* B* = b\ 
a tan B — a' tan 0' ; 


and shew that 


111 1 
b*b'' a'^ a'' 


T. T. 


10 
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22. Given a:* + y* = a* + 6*, a^ = a6 sin a, 


23. If 


cos'# sin'tf 1 


ct 

shew that ^ cot 2$ = cot p cosec 2a. 


cos X cos 2x cos 3a; 


a, a. 


, shew that 


2«. -«■-«» 


24. If 


shew that 


sin X _ sin 3a; _ sin 5x 
" »8 

a,~2a3 4-a , - Sa^ 


Qiven ^ ~ (^>5 + ^) _ cos {x + 20) _ cos {x 4- 30) 


shew that 


Oj + Og + (t^ 


on TC • 2 1 cos 2a cos 2a . * a > 

26. If sm*^ = ,7 , then tan*J = — — 

cosVa+a) * 2 . / 

' ' tan I 

sin (^ - /3) cos a ^ cos (a + 0 ) sin ^ 
sin (<j!» - a) cos ^ cos (</> - /3) sin a ~ ' 

. tan^^ tan a cos (a — _ 

tan </) tan /3 ^ cos (a + )8) ” * 


ill) 

a-')' 


shew that tan 0 = ^ (tan /3 + cot a), tan ^ (tan a - cot /i?). 

Qo Tf 2 _ sin ^ sin 0 _ tan (0 — a) 

1 + X ~ coa(/3-0) cot P ’ 

shew that as* = ^cot ^ 2 cot^^ ^tan ^ + 2 cot . 


29. Given sin ^ sin <^ = sin a sin tan 4* cos = cot ^ , prove 

a 

0 a 

Jiat one of the values of sin ^ is sin ^ sin )3. 

2 40 

30. Given sm^ = nsin0, tan^=s2tan^, find the limiting 
vmlaes of n that these equations may coexist. 
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31. Shew hj means of a Trigonometrical formula that 


if 


then 


CB + y + s = XlfZ, 


2x 2y 2z 


2x 2y 2z 

rr?* 


32. Find the values of v, fic, y, z from the equations 


sin 05 siny 
sin a sin 6 


sin« ^ 
sine ^ 


05 + 2/ ^ = ^TT. 


33. Find the limit of (cos when x is zero. 

34. From a table of natural tangents which goes to 7 places 
of decimals, shew that an angle may be determined within about 
^i^^th part of a second when the angle is nearly 60". 


35. When an angle is very nearly equal to 64® 36', shew that 
the angle can be determined from its L sine within about i^th of a 
second ; having given log^ 10 . tan 64® 36' = 4*8492, and the tables 
going to 7 places of decimals. 


36. Shew that 


(l - W I) (l - W J.) (l -tan* J) ad inf. = ^. 


37. li Ay By C he [wsitive angles which satisfy the equation 
sin'ui + sin* j5 + sin® (7 = 1, prove that A + B +JC} is greater than 90®. 


38. A circle is drawn touching the tangent and secant of a 
given angle a, as well as the corresponding arc ; find its radius and 
explain the double value. If one value be equal to the ludius of 

the original circle, shew that a = ^ . 

39. If I cos (d-P)-m cos (0-a) = n, shew that 

Z sin -)S) - w sin (^ - a) = 2lm cos (a-^). 

40. Shew that ^ - sin 5 is less than tan 0^6 i£ 0 lies be^ 
tween 0 and ^ . 


10— V> 
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XIIL RELATIONS BETWEEN THE SIDES OF A 
TRIANGLE AND THE TRIGONOMETRICAL 
FUNCTIONS OF THE ANGLES. 

211. We shall now investigate certain relations which hold 

between the sides of a triangle and the Trigonometrical Functions 
of its angles; these relations will l>e applied in the following 
Chapter to the solution of Triangles, We shall denote the angles 
of a triangle by the letters A, and the lengths of the sides 

respectively opposite to these angles by the letters a^h^c\ thus a, 6, c 
are numbers expressing the lengths of the sides in terms of some unit 
of length such as a foot, or a yard, or a mile. The unit of length 
may be whatever we please, but must be the same for all the sides. 

212. In a right-angled triangle each side 
Is equal to the product of the hypotenuse into 
tlie cosine of the adjacenl angle. 

Lot ABO be a triangle having a right angle 
iit C ; then 

AC , BC 

j^-cosA, j^ = co8Zf; 
therefore 6 = c cos A, a = c cos B, 

Since cos A = sin B and cos B = sin A, we may also enunciate 
the proposition thus : m a riglU-a/ngled triomgle each side is equal 
to the product of the hypotenuse ih>e sine of the op]) 08 ite angle, 

213. In anvy righUmgled triangle each side is equal to the pro- 
duct of the UmgerU of the opposile angle iuto the other side. 

From the figure of the preceding Article we have 
^ . BC ^ j. AC 

a = 6 tan A, 6 = a tan B, 



dierefore 
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Since tan^l 3 = cot^ and tan B = cot^, we may also enunciate the 
proposition thus : m omy rightrcrngUd tricmgle each, side is eqiuil to 
the product of the cotcmgent of the adjacsirU, angle into the other side, 

214. In any tria/ngU the sides a/re proportional to the sines of 
the opposite angles. 



Let ABC be any triangle, and from A draw AD perpendicular 
to the opposite side meeting that side, or that side produced, at D. 
If B and G are axsute angles we have from the left-hand 6 gure, 

AD = AB ^mB, and AD AC m\C \ 
therefore AB ^mB = AG sin (7, 


therefore 


c sin (7 
h sin ’ 


If the angle G be obtuse we have from the right-hand tigure, 
AD^AB^\iUi,ixn^AD=AGHixiACD=AG^m{\m-G)=^ACshiC) 
therefore AB ^\nB = AC sin C, 


therefore 


c sin (7 
h ~ sin ^ ’ 


If the angle G be a right angle, we have from the figure of 


Art. 212, 


AC = AB sin B, 


therefore 


c 1 _ sin (7 

ft ” sin Z? sin B ’ 


Thus it is proved that in every case 


c 

ft 


sinC 

sin/i 
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, a smil , a smA 

Similarly - = ^ , and - = -r— . 

0 fsmB c smC 

The results may be written symmetrically thus, 

sin sin J5 _ sin (7 ; 

a b ~ 0 ^ 

and we shall shew hereafter that each of these is equal to ^ , 
where H is the radius of the circle described round the triangle. 


215. To express the cosine of an angle of a tricmgle in terms 
of the sides. 

Let ABC be a triangle, and suppose G an acute angle. (See the 
left-hand figure of the preceding Article.) by Euclid II. 13, 

AF^^BO^ + AC^-^BC, CD, 

and CD — ACco^Cy 

therefore c* = a® + 6* - 2a5 cos G. 


Next suppose G an ohtme angle. (See the right-hand figure of 
the preceding Article.) Tlien by Euclid IL 12, 

AB^ ^BC^ + AG^-k- 2BG . CD, 
and CD = AC cos (180® - (7) = - ^0 cos C, 

therefore c* = a^ + — 2ab cos C. 


Thus in both cases Ve have 


cos (7 = 


a® + 5®-c» 
2ab 


Moreover when (7 is a right angle, a*+ 6*= c* and cos (7 is aero ; 
thus the formula just found for cos C is true in every case. 


Similarly 


cos^ = 


2he f 


cos .5 = 


2ca • 


216. In every triangle each side is equal to the sum of tike 
product of each of Hie other sides into the cosine of the cmgle which 
it makes with tlte first side. 

From the left-hand figure in Art 214, we have 
BG = BD •k’ DC ^ AB co&B •¥ AC cos ( 7 , 
a =: e cT'si B cos Cf, 


/‘i IS 
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From the right-hand figure in Art 214, we have 
iJC' = - Z>(7 = cos 5 - ilC' cos (180° - 0 ) 

= AB cos B + AG cos 

that is a = c cos -5 + 6 COB (7. 

Similarly we shall have 6 = a cos(7+c cos A, and c-h cosil f a cosi^. 


217. To expi'eaa tM sine, the codney and the tangent of half an 
a/ngle of a triangle in terms of the ddes. 

We have by Art. 215, 

5* + c* - a* 


cos -4 = - 


26c 


therefore 1 -oos^ = 1 . 

2thc 2oc ^ 


therefore 


^ - (a+^-c)(« + c-6) 
®“2~' 46c 


Let 2c = a + 6 + c, so that s is half the sum of the sides of the 
triangle; then 

a + 6 - c = a + 5 + c~ 2 c = 2 (c-c), 
a + c ~6 = a + 6 + c-26=2(c-6). 

. ^A {8-b){S'-c) 


and 


Tliei-efore 

. A / is -h) is- cj 

®^2“V Vc • 

, . - 6 ° -I- c* — a* (b + cY — (Y 

^ + cos ^ = 1 + — = — 267- i 

^ ^A (a -I- 6 4- c) (6 + c - a) sis -a) 

therefore cos* 77 = = i: > 

2 46c 6 c 

A /sis -a) 

'^2^s/-r- 


Also 


A A 

From the values of sin — and cos we deduce 

2 It 


and 
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The podtiTe sign must be given to the radicals which occur in 

thk Article, because ^ is less than a right angle, and therefore its 
" « 

sine, cosine, and tangent are all positive. 

Similar expressions hold for the sine, the cosine, and the tan- 
gent of half of each of the other angles. 

218. To express the sine of an angle of a triangle in terms of 
the sides, 

A A 

Since sin d = 2 sin cos , we obtain 


= -^‘j8(s-a)(8-b)(s-e). 

Or we may find sin A directly from the known value of cos A ; 

A • .i 1 (i’ + «’-»*)’ 2bV + 2i^a*+2a‘b'-a*-h*-c* 

thus sm^-l- ; 


therefore sin d = 


j2bV + 2<!*g' + 2a»6* -a*-b*-c* 


2be 


the former expression may be shewn to agree with this by forming 
the product of the factors s, s — o, s-h, and s-c. 

Similar expressions hold for sin B and sin C, 


219. We have proved the formulsB in Arts. 214.. .216 inde- 
pendently £ix)m the figures; we may however observe that it is 
easy to deduce those in any two of the Articles from those in the 
third. Thus we may first establish as in Art. 216, that 

a-hoosG ’¥cc(mBf h = ccoaA + acosC, c = aco&B -{-hcosA \ 

multiply the first of these equations by a, the second by 5, and the 
third by e ; then add the first two resulting equations and subtract 
tho third ; thus we obtain 

a* + 6* - c* = 2ah cos C, 

Similarly the other two formulas of Art. 215 may be deduced. 
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Then from these results we may proceed as in Arts. 217, 218, 
and shew that ~~ == ^ - c)y 

and that ^ - and are equal to the same expression. 

^ sin A sin j? sin C 

a 0 c 


Or we may begin by establishing the formulae of Art 214 
directly from the figure, and then proceed thus : 

sin A = sin (180" -- A) = sin (^ + C') = sin i? cos (7 + cos ^ sin ^ ; 

- - ^sini? _ sin (7 6 ^ c 

therefore 1 = cos C7 . . + cos jS-: — . = - cos C/ + - cos B : 

sin A sm A a a 

therefore a = 6 cos (7 + c cos B. 


Similarly the other two formulae of Art. 216 may be deduced; 
and then those of Art. 215 will follow in the manner shewn in tlie 
beginning of the present Article. 


220. Hie reason why an ambiguity of sign occura in the 
A A 

formulae for sin^ and cos^ of Art. 217 ii\iiy be explained as on 
J 2 

fonner occasions. It will be obseiwed that we have an expression 

A A 

for cos A, and we proceed to deduce expressions for sin ^ and cos — ; 

and in Art. 96 it has been shewn that in this case we may expect 
two values dififering only in sign fo»each of the required quantities. 


221. Since the forraulse in Ai*t. 217 have been strictly demon- 

A 

strated, they must of couise always furnish real values for sha ^ > 
A A 

cos Tj , and tan -jr* , if the triangle really exist. That they do so 
a JL 

may lie easily verified from a known property of a triangla 
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EXAMPLES. CHAPTEE XIU. 


Take for example the formula 

. ^ (« + i-c ) ( a + c-6 ) . 

““ 2 . 46c 

A 

that this may give a possible value for sin ^ the expression on the 

right hand must be positive and less than unity. It is positive, 
because from the fact that two sides of a tidangle are greater than 
the third, we have a + b-e positive and a -\-c — h positive. And 
the numerator is a* - (c - 6)*, and this is less than the denominator 
provided a* be less than (c - &)* + 45c, that is provided a* be loss 
than (5 + c)*, which is obviously the case. 


MISCELLANEOUS EXAMPLES. 


1. The sides of a triangle are a* + a; + 1, 2aj + 1, and as* - 1 : 
shew that the greatest angle is 120^ 

2, If cos B = . shew that the triangle is isosceles. 

2 sm (7 


3. In a right-angled triangle of which C is the right angle, 


^A 5 -f c 

cot - = . 

2 a 


A+B 


4. If in a triangle a tan A + 5 tan B = (a + b) tan — shew 

J 

that A =B, * 


5. The angles of a plane friangle form a geometrical pro- 
gression of which the common ratio is ^ : shew that the greatest 

side is to the perimeter as 2 ^ unity. 

6. If A\ C' are the exterrud angles of a triangle, shew that 
25c vers A'-i- 2ca vers B + 2a5 vers (a + 5 + c)*. 

7. From the angle A of any triangle ABC a perpendicular 
AD is drawn to the base, and from D |>erpendiculars DBf DF are 
drawn to AB, AC respectively : shew that 

AE,EB,oo^C^AF.FG.cm^B. 
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8. If a, 6, c be the sidee of a triangle and the opposite angles 

be 2^, 3^, iOf shew that tan*d = ( - 1. 

\a±cj 

9. ABC is a triangle of which C7 is an obtuse angle : shew 
that tan A tan B is less than unity. 

10. If the sides a, 5, c of a triangle be in arithmetical pro- 
gression, shew that 

A-G ^ . B . ,A Sb 

cos — 2 — = 2 sm — , and a cos* 2 ^ “2 “ ~2 ‘ 

11. If be the middle point of the side BC of a tiiangle 

cot BAD - cot -B = 2 cot A, 


12. If an angle of a triangle be divided into two parts such 
that the sines are in the ratio of the sides adjacent to them 
respectively, shew that the difference of theii* cotangents is equal 
to the diffei*ence of the cotangents of the angles opposite to their 
sides. 

13. If the cotangents of the angles of a triangle be in arith> 
metical progression, the squares of the sides Mull also be in arith- 
metical progression. 


14. Given the vertical angle and the ratio between the base 
and altitude of a triangle, find the tangents of the angles into 
which the vertical angle is divided by th^ perpendicular drawn 
from it to the base. 

15. If the base of a triangle be divided into three equal parts, 

and be the tangents of the angles which they subtend at 

the vertex 





16. If the sines of the angles of a triangle be in arithmetical 
progression, the product of the tangents of half the greatest and 
half the least is 

17. If the side BC of a triangle be bisected at D and AD be 

drawn, shew that tan 4 DB = • 
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EXA]fPI.Ka CHAPT8B xm. 


jd. H 

18. If il, j5, (7 be the angles of a triangle and cot , cot 

A A 

cot ^ in arithmetical progression, shew that cot ~ cot ^ = 3. 

A A A 


19. Straight lines are drawn from the angles A and jB of a 
triangle dividing the angles respectively into parts whose sines are 
in the ratio of 1 to » ; these straight lines intersect at B ; shew 
that DC either bisects the angle 0 or divides it into parts whose 
sines are in the ratio of 1 to n\ 


20. K Z be the length of the straight line which bisects the 
angle .i of a triangle and is terminated by the base, 0 the angle 
which it makes with the base, As the perimeter of the triangle. 


/ A 

shew that a f sin ^ - sin = Z cos y sin 


21. If ^ and be the greatest and least angles of a triangle, 
the sides of which are in arithmetical progression, shew that 

4 (1 - cos 0) (1 - cos <^) = cos ^ + cos </». 

22. From the angular points of a triangle ABC straight lines 
are drawn making each the same angle a towards the same parts 
with the sides of the triangle taken in order. Shew that these 
stiuight lines will form another triangle similar to the former, and 
that the linear dimensions of the two triangles are in the ratio of 

cos a — sin a (cot-4 -f cot B + cot C) to 1. 

Shew that in any triangle the relations given in the following 
Examples, from 23 to 42, hold : 

23. a (Z> cos (7 - c cos B) = h^ - c*. 

24. a (cos cos (7 + cos -4) = 6 (cos AcoaC + cos B) 

- c(cos A cos B + cos C). 

ABC 

25. {b-¥e-a) tan — = (c + a — 5) tan - (a + 6 - c) tan — . 

AAA 

26. 5 cos -B + c cos (7 = a cos (-B - (7). 

27. (a + 6) cos (7 + (6 + c) cos + (c + a) cos J5 = a + 6 + c. 
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28. 

29. 

30. 

31. 

32. 

33. 

34. 

35. 

36. 

37. 
wliure 

38. 

39. 
then 

40. 


(a* - 6*) cot (7 + (6* - c*) cot .4 + (c* - a*) cot Zf = 0 . 

G B A 

(a - 5) cot ^ + (c - a) cot y + (5 ~c) cot y = 0. 

1 . >4 ^ 2c 

1 -tan-jj- tan-^= ^ — . 

2 2 a + 54-c 

(a + 6 + c) (cos 4[ + cos J5 4 - cos C) 

= 2acos*~ + 25 cos^* y + 2cco8*y . 
sin* .4 cos 4 cos ^ cos A cos C cos B cos C 

— — 4- -f- ^ 

a ao ac he 

a cos^ + h cos B+c cos C =^2a&mB sin G, 

. „ ^ ^ 2a sm B sin G 

cos 4 + cos ^ + cos (7 = 1 + i . 

a+ b -\-c 

a* - 2ab cos (60® + (7) = c* - 25c cos (60® + 4 ). 

4 A B G 

cot -r - cosec : cot tj- + cot — :: 5 + c - a : 2a. 

4 2 2 2 


cos 


co8‘|oos*^=42(2-cos:|) - 


^ ^ C' 

22 = cos y + cos ^ + cos . 


B A + B 


The })erimeter of any triangle is ?c cos ^ cos ^ sec 

2 2 2 

If y sin* 4 + a; sin* B = z sin* J5 + y sin* (7 = a; sin” G + z sin*4, 
X : y : z :: sin 24 : sin 2B : sin 2(7. 

8 sin 4 sin ^ sin ^ is lest than 1, except when 4 =B^G. 
2 2 2 


41. a sin (^ - (7) cos (^ + (7 ~ 4) + 5 sin ((7 - 4) cos (G + A - B) 

4 c sin (4 - 7?) COB (4 + — (7) ~ 0. 

sin 4 sin ^ sin (7 sin 4 ^ sin ^ 

COS 7i ^ COB G cos 4 cos G cos4 cos B 

s= sin A + sin B + sin G + (cos A + cos B + cos (7) tan A tan B tan G. 
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XIV. SOLUTION OF TRIANGLES. 


222. In every triangle there are six elements, namely, tlie three 
sides and the three angles. The soluticm of triomglea is the process 
by which when the values of a sufficient number of these elements 
are given we calculate the values of the remaining elements. It 
will appear as we proceed that when three of the elements are given, 
the remaining three can be found except when the three angles are 
given, and then we cannot determine the lengths of the sides but 
only the ratio they bear to each other. We shall have occasion to 
introduce logarithms into our formulsB, and we shall as before by 
the word loga/rithm or the abbreviation log denote a logarithm to 
the base 10 ; and by the letter L placed before any Trigonometrical 
Function, we shall denote the tahdar loga/rithm of that function, 
which is formed by adding 10 to the logarithm to the base 10. 

We shall begin with a right-angled triangle and shall suppose 
C the right angle. 

223. To solve a righJtrongled triangle having given ihs hypo- 
tenvse and an acute antgle. 

Suppose the hypotenuse and the angle A given ; then 

- = sin .4, therrfore a = c sin il, 

c ' 

therefore loga = log c + log sin 4[ = log c + Z sin -4 - 10 ; 

- = sin A therefore & = c sin jS, 
c 

therefore log h = log c -f log sin B = log c + Z sin jB — 10. 

Thus Z, a, and h are determined. 
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224. To solve a righiHmgUd triangle having given ike hypo- 
tenme and a side. 

Suppose c and a given ; then 

sin A = log sin A — log a — log c ; 
c 

therefore L sin -4 - 10 + log a — log c ; 

this determines A \ then B = 90® — A, 

And c“ = a* + 6*, therefore h* -a^ - (c ~ a) (c + a)y 

thei’efore 5 = v (c — a) (c + a), 

log 6 = J log (c - a) + log (c + a). 

Or we may find h from the formula 6 = c cos 
Thus Ay By and 6 are detenuined. 

225. To solve a right-angled triangle fuiving given a aide and. 
an cusute angle. 

Suppose a and A given ; then 

5 =90®- A; 

- = sin A, therefore c = . ^ , 

c sin A 

log c = log a - log sin A = log a - Z sin ^ + 10 ; 

f = tan Ay therofoi-e b - - ^ , 
b tail A 

log b = log a — log tiin A — log a — L tan + 10. 

Thus By Cy b are determined. 

If a and B ai’e given, then A = 90® — ; thus A is known, and 

wo may find c and b as before. • 

226. To solve a right-angled triangle having given the two 
sides. 

Here a and h are given ; then 

tan ^ ^ , therefore log terr = logo - log J, 

Z, tan il - 10 + logo - log A i 


therefore 
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B = 90^--A; 

- = sin therefore c = , 

c ' sm^ 

therefoi-e log c = log a — Z sin A + 10. 

Or we may find c from the formula c = J(a^ + 6*), but this is 
not adapted to logaiithmic computation. 

Thus A, By and c are determined 

227. We may remark here that when an angle of a triangle 
is determined from its cosine, versed sine, tangent, cotangent or 
secant, no imcertainty can exist about the angle, because only one 
angle exists less than 180® for which any of these functions has an 
assigned value. But when an angle of a triangle is determined 
from its sine or cosecant unceiiainty may exist, since there are two 
angles less than 180® which have a given sine or a given cosecant. 
But no uncertainty will exist in the case of a right-angled triangle, 
because each of the other angles of the triangle must l>e acute. 

We now proceed to the solution of oblique-angled triangles. 


228. To solve a triangle having given two amgles and a side. 
Supi)Ose A and G the given angles, and h the given side ; 

u 

then B=.180^^A-C; 

a sin A « hnmA 

— Ti » therefore a - —. — ^ , 

0 smi? nmB ^ 

therefore loga = log5+logsind-logsin^ = logft+ZKin.d -ZsinZ; 

similarly log c = log 5 Z sin (7 - Z sin Z. 

Thus By ay and c are determined. 

If A and B are the given angles then 
C7=180®-Z-i4, 

and we may proceed as before to find a and c. 
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229. To BoJm a triamgU hcmng gwm two 9ide8 and the in- 
cluded <mgle. 

Suppose h and c the given aides fiind A the included angle. 

Wehave ^^=-j therefore 

Bin C/ c am (7 c 

. . sm.dcosC^+cos^sm(7 h ^ ^ 

therefore : — 7 = = - : that is sm-d cot C7 + cos-d = - : 

sm (7 c c 

thus cot (7 is determined, and therefore C can be found; and 
then B, 

But as this process is not adapted to logarithmic computation 
another is usually given : 

, sin ^ h « sin ^ - sin 67 6 ~ c 

we have = - , therefore — =7 = , , 

smC7 c sm B + smG 6 + c 


therefore 

and 

therefore 


tan J (5 + <7) = tan i (180' - ^) = cot ^ , 
tanJ(^-(7) = |^cot:^, 


therefore log tan J (^ — (7) = log (6 - c) - log (9 + c) + log cot ^ , 


therefore L tan ^(B-C) = log (6 — c) - log (6 + c) + Z cot ~ ; 


this formula determines ^ (i? — 67) ; and ^{B + C) is known since 
A •. 

it is 90" — ; thus B and C can be immediately found. 


Also - = ^“1 , from which a can be found. 

0 Bin 67' 

We have supposed b and c unequal ; if however 6 = c then 
B=aCf and all the angles will be known, so that a can be found as 
in Art. 228. 


T. T, 


11 
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230. In finding a from the expression just quoted we diould 
require three logarithms^ namely, those of e, aiiiA, and sin (7; in 
the following method we shall only require two new logarithms. 


We have 


sin sin .8 sin (7 * 


therefore 


5 + c 


sin .4 sin^ + sinC^ 


and sinjB + sm(7 = 2sinJ(-5 + C)cos (Art. 84) 
= 2 cos J.4 cos i (A - C)y 


therefore 


(6 + c) sin ui _ (6 + c) sin 

““2 008^^008 1 ( 5 - 0 )“ oos ^{ B - C ) > 


as the logarithm of b + c has been used in the former part of the 
solution, we shall only require two new logarithms, namely those 
of sin ^A and cos - 0). 


We may observe that we have also 

a 6 - c 

sin ~ sin J? - - sin C ’ 


and from this in the way already shewn wo can deduce 

(b - c) cos J A 
^ “ sin ^ (j8 - (7) 

Thus we have the two foiTnulae, 

a cos - (7) = (6 + c) sin ^Ay 
a sia ^{B - G) = {b - c) cos ^-4. 


231. We can also from the giv^en quantities in the preceding 
Ardcle determine the third side wUJioiU previously determining the 
oi/isr two angles. For we have a* = b* -k 6“ -- 2bc cos Ay by Art. 216 ; 
and we can transform this foimula into another, which is adapted 
to logarithmic computation as follows : 


«* = 6* + c* - 26c ^2 008* g - 1 ) = (6 + c)* - 46o cob' I , 
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Now find an angle B such that sin* B = 


45e 


cos* 


A 
2 ’ 


thus a* = (6 + c)* (1 - sin* = (5 + c)* cos* 

therefore a = (6 + c) cos 

therefore log a = log (6 + c) + log cos 0 = log (6 + c) + Z cos ~ 10 ; 
thus a is determined. 


It is usual to give the name of 8uhaidia/ry angle to an angle 
introduced into an expression for the purpose of putting it in the 
form of a product of factors. Thus B in the preceding investigar 
tion is a subsidiary angle. We are certain that an angle exists 
which has the squai'e of its sine equal to the given expression ; for 
that expression is positive, and it is less than unity because 46c is 

never greater than (6 + c)* and cos* is less than unity. The 

equation for determining B gives by taking logarithms 

2 log sin ^ = log 4 4- log 6 + log c ~ 2 log (6 + c) + 2 log cos ^ , 

A 

therefore 2Z sin B-2 log 2 + log 6 + log c — 2 log (6 + c) + 2Z cos . 

2 


232. The process of Ai*t. 229 is sometimes facilitated by the 
use of a subsidiary angle when the logaiithn^ of 6 and c are known. 

We have tan J(^-C) = |^cot ^ . 

Now let - = tan B ; therefore \ — - = — r = tan - 7 b 

c ^ 6-i-ctan^ + l \ 4/" 

7r\ A 

thus tan J (Z - (7) = tan - jJ cot ^ . 

Or thus, suppose c less than 6 ; let c = 6 cos > 

- 6-cl-cos<^.,^ 

therefore t — = i r = tan « > 

6 + 0 1 + cos ^ 2 

thus tan \(B — C) = tan* ~ cot ^ . 

2 2 


11—2 
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233. To 8oloe a triangle having given two aides cmd the cmgle 
opposite to omof'^hem. 

Let a and h be the given aides, and A the given angle ; 

then = - : therefore sin ^ - sin il : 

smul a* a 


therefore Z sin jS = log 5 - log a + Z sin A, 


If 


6sinA 

a 


is less than unity, two different angles may be 


found less than 180® which have for sine, one of these 

a 

angles being less than a right angle, and the other greater. If a 
be greater than 5, then A must be greater than Z, and therefore 
B must be an acute angle; thus only the smaller value is ad> 
missible for Z. If a be less than 6, then either value may be 
taken for Z. When Z is determined, C is known since it is 
180® ^A-~Bf and then e can be found from 


c _ sin (7 
a ~ sin A ‘ 


Thus if two values are admissible for Z we obtain two correspond- 
ing values for G and c, so that two triangles can be found from 
the given parts. , 

If = 1, then Z is a right angle, so that only one tri- 

angle can be found from the given parts. 

If is greater than unity, no triangle eadsts with the 

given parts. 


Thus, when two sides are given and the angle opposite the 
less we can generaUy find two triangles from the given parts, and 
this case in the solution of triangles is therefore called the arMgvr 
ous ease. We say that two triangles can be generally found in 
order to have regard to the exceptions ; for the triangle may bb 



SOLUTION OF TRIANGLES. 165 

right cmgled^ and ihen only one triangle can be found, or the 
triangle may be imjpossible, 

234. The ainbiguoua case may be illustrated by figures. 



a 



Let GAD be the given angle -4, and AC the given side h ; sup- 
pose a circle described from (7 as a centre with ludius equal to a. 
The perpendicular from G on AD is equal to dainA ; therefore 
if a be greater than d sin A, the circle will meet the straight line 
AD at two points, which wo will denote ly B and J5', If a be 
less than 6, then B and B' are on the same side of ii, as in the 
first figure ; thus two triangles, namely ABC and A ECy can be 
obtained, each having the given parts a, 6, A, If a be greater 
than hj then D and B are on opposite sides of Ay as in the second 
figure; thus only one triangle, na\jiely CABy can bo obtained hav- 
ing the given paiis a, 6, -4 ; the triangle CAB^ has an angle CAff 
which is 180® - A instead of A, 

If a be equal to i^sin^, the circle touches the straight line 
ADy and the two points B and B in the first figure coincide ; 
thus one triangle is obtained which has a right angle at B, 

If a be less than h sin A the circle does not meet the straight 
line ADy and no triangle exists with the given parts a, 5, A, 
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236. In Art 233 we first found the angle By and afterwards 
the side e ; we may howerer adopt another mode of solution and 
begin by finding c. For * 

a* = 6* + c* - 26c cos A ; 

therefore c* - 26c cos A + 6* - a* = 0 ; 

by solving this quadratic equation in c we obtain 
c = 6 cos A ^ J{a* - 6* sin* A), 
and we shall now discuss the values thus found for c. 

If a is less than 6 sin A, the values of c are impossible^ and no 
triangle exists with the given parts. 

K a is equal to 6sinA; we obtain c = 6cosA. If A be an 
acute angle, c is positive and one triangle exists with the given 
parts. If A be an obtuse angle, c is negative, and this indicates 
that the triangle is impossible ; and in fact a is less than 6, since 
it is equal to 6smA, and so A cannot be an obtuse angle in 
a real triangla 

If a is greater than 6 sm A, then two values occur for c, and 
these will both be positive if A be an acute angle and 6 cos A 
greater than <^(a* - 6* sin* A) ; the latter leads to the condition 
6* COB* A greater thaiv a* -6* sin* A, that is, 6* greater than a*. 
Hence we see as before that there ai*e two txiangles if A be an 
acute angle and a be greater than 6 sin A and less than 6. 


236. To solve a tricmgle homing given the three sides. 

Let 8 denote half the sum oPthe sides ; then by Art. 217, 

A 


Bin- 




^ v) girdlar formulss are true for the other half* angles. 
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The formiilffi for the Umgenta of half the angles will be the 
best to use with logarithms, because then we only require the 
logarithms of « — a, « — 6, and t — c, in order to find all the 
angles ; whereas if we use the formulas for the sine or cosine we 
shall I'equire in addition the logarithms of the sides. 


237. When all the sides of a triangle are given, the angles 
may also be found by dividing the triangle into two right-angled 
triangles. 


Thus, with the left-hand figure of Art. 214, we have 
AD* = AB*- BD*, and also = AC* - CD* ; 
therefoi’6 AB*-^AC*=: BD* - CD*, 

therefore {AB + AC){AB ^ AC) = {BD + CD)(BD--CD)i 

from this we can find BD—CD, and then since BD + CD is known 
we can find BD and CD ; then 


thus B and C are determined. 


With the right-hand figure of Art. 214 we have as before 
{AB -f- AC) (AB ^AC) = {BD + CD) {BD - CD) ; 

from this we can find BD + CD, and then since BD - CD is 
known we can find BD and CD ; then 

cos-5 = ^^ , cos (180®-(7) = ^^ ; 

thus B and G are determined. 


238. We have seen in Chap. xii. that the Tables of trigo- 
nometrical functions cannot always be used with advantage ; this 
circumstance guides us in selecting the method of solution of a 
triangle to be adopted when more than one method is theoretically 
applicable, and leads us to modify the method of solution in some 
cases. For example, suppose we have to find A from the equation 
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sinil where n is neaiiy equal to uniigr j this is an moonve- 
nient equation for determining Af because the difference of conse- 
cutiye sines is nearly insensible when the angles are nearly right 
angles. We have however 

and thia formula is free from the objection. 

Similarly if we have to find A from the equation 
cos A =n, 

where n is nearly equal to unity, we may advantageously transform 
the equation thus 

. A //I - cos A\ //I - n\ 

2 2 ^ 


or thus 


therefore 


1 - cos 1 - w 
1 + cos A 1 + w ^ 


■yCi-:)- 


EXAMPLES. 

1. Find the values of the angle A having given sin = *25, 
a-6, 6 = 25. 

2. One side of a triangle# is half another and the included 
angle is 60^ : find the other angles. 

3. The sides of a triangle are in the ratio of 2 : <^6 ; 1 + #^3 : 
determine the angles. 

4. If .4 = 30®, ft = 100, a = 40, is there any ambiguity 1 

B, Having given ii s 18®, a=^4, b == 4 + 1^/(80), solve the 
triangle. 
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6. Having given A = 15®, a=4, 6 = 4 + iy(48), solve the 
triangle. 

7. If a, 5, wi be given, and a be less than 5, and if c, be the 
two values found for the third side of the triangle, then 

c* - 2cc' cos 2-4 + o'* = 4a* cos* A, 


8. Find the sum of the areas of the two triangles which satisfy 
the conditions of the problem in the amihiguoua case. See Art 247. 


9. If C7,, and ai’e the angles of the two triangles 

in the ambiguous case^ then 


sin (7, 
sin 


+ 


sin (7, 
sin^^ 


= 2 cos -4. 


10. In the ambiguous case the area of one of the triangles is 
n times that of the other; shew that if 6 be the greater of the 

given sides and a the less, ~ is less than - ^ ^ . See Ai-t. 247. 

° a n- 1 


11. If loga+ 10 = log5 + Z sin.4, can the triangle be ambi- 
guous? 

12. If 0 be an angle determined from the equation 

cos 0 = ^ — - , prove that in any triangle 
c 

A- B (a-i-5)Bin^ A ^-B csin^ 
cos -— 2 ^( 0 ^) , cos^--^~^. 

13. If tan ffi = sin ^ , then c = (a - 6) sec 

14. In a triangle ABC in ’^hich a =18, 6 = 20, c = 22, find 

A 

Ztan = , having given log 2 = *3010300, log 3 = *4771213. 

16. The sides of a tiiangle are 32, 40, 66 : find the greatest 
angle, having given 

log 207 = 2-3169703, log 1073 = 3-0306997, 

I cot 66* 18' = 9-6424342, diffi for 1' = -0003431. 
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1& The sideB of a triangle are 4, 6, 6 : find B, haring given 
log 2 = *3010300, Zoos 27*53' = 9*9464040, difi; for l'= 0000669. 

17. Applj the formula cos ^ = 

greatest angle in a triangle whose sides are 5, 6, 7 feet respect- 
ively, haring given 

log 6= *7781613, 

Z coe 39* 14' = 9*8890644, diffi for 60" = *0001032. 

18. TVo sides of a triangle are 18 and 2 feet respectively, 
and the indnded angle is 55° : find the other angles, having given 

lc« 2 = *3010300, Z cot 27* 30' = 10*2836233, 

Z tan 66* 56' = 10*1863769, difil for 1' = *0002763. 

19. Two sides of a triangle are in the ratio of 9 to 7, and the 
induded angle is 64* 12' ; find the other angles, haring given 

log 2 = *3010300, Z tan 57* 64' = 10*2025255, 

Z tan 11* 16'= 9*2993216, Z tan 11* 17'= 9*2999804. 

20. If a = 70, 5 = 35, <7 = 36° 62' 12", find the other angles, 
haring given log 3= *4771213, Zcot 18° 26' 6"= 10*4771213. 

21. The ratio of two sides of a triangle is 9 to 7, and the 
indnded angle is 47° 25' ; find the other angles, having given 

log2= *3010300, Z tan 66* 17' 30"= 10*3573942, 

Z tan 16* 53' = 9*4541479, difiE for 1' = *0004797. 

22. In a triangle a= 30, b = 20, and the contained angle = 22* : 
find the other angles, having givSn 

Z cot 1 1* = 10*71 13477, Z tan 46° 48' = 10*0121294, 

Z tan 46* 49'= 10*0123821, log 2 = *3010300. 

23. Given 6= 14, c = 11, A= 60*, shew that Z = 71* 44' 29", 
haring given 

Ztan 11* 44' 29" = 9*31774, log 2 = 30103, log 3 = *47712. 
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24. The sides of a triangle are 7, 8, 9 : determine all the 
angles, having given 

log 2 = -3010300, 

L tan 24® 5' 40" ='9*6505069, L tan 24® 5' 50" = 9*6505634, 

L tan 29® 12' 20" = 9*7474183, L tan 29® 12' 30" = 9*7474677. 

25. In a right-angled triangle the hypotenuse c = 6953 and 
6 = 3: find having given 

log 3-475 = *5409548, log 6*953 = *8421722, 

L sin 44® 59' 15" = 9*8493902, diE for 1" = *0000021. 

26. Two sides are 80 and 100 feet, and the included angle 
60® ; find the other angles, having given 

log 3 = *47712, L tan 10® 53' 36" = 9*28432. 

27. Two sides of a triangle are 3 and 5 feet, and the included 
angle is 120® : find the other angles, having given 

log 4*8 = *6812412, 

Z tan 8® 12' = 9*1586706, diC for 60" = *0008940. 

28. A side of a base of a square pyramid is 200 feet and each 
edge is 150 feet : find the slope of each face, having given 

log 2 = *30103, Z tan 26® 33' =9*69868, Z tan 26® 34'= 9*69900. 

« 

29. Find the other angles, having given ~ = 1 *2, C = 60®, 
log 3 = *4771213, Zcot 9® 49' = 10-7618797, diff for l'= *0007514. 

30. If a = 2, c = 3, Z sin A = 9*5228787, find 0 \ log 3 being 
•4771213. 

31. Shew how to solve a triangle having given the base, the 
height, and the difference of the angles at the base ; these angles 
being supposed both acute. 

32. Shew how to solve a triangle having given the three per- 
pendiculars from the angles on the opposite sides. 



( 172 ) 


XV. MEASUREMENT OF HEIGHTS AND 
DISTANCES. 

239. We shall now give a few examples which will shew a 
practical application of some of the preceding formuhe ; we shall 
assume that by means of suitable instruments an observer can 
measure the angle subtended at his eye by the straight line joining 
two visible objects. For a description of the requisite instru- 
ments, and the method of using them, we must refer the student 
to treatises on the instruments used in surveying. 

240. To find the height and the distcmce of an inaccessible 
object on a horizorUcd plane. 



Let P be the top of an object, and let it be required to find its 
height PG^ and the distance of the object from a point A in the 
horizontal plane through G, At A observe the angle PAG ; then 
measure any length A£ directly towards the object, and at P 
observe the angle PPG, Then in the triangle APP the side AP 
is known, and the angle PA^\ also the angle PPA is known, 
since it is the supplement of PPG ; therefore AP can be found. 
Then PG = AP sin PAG, and AG = AP cos PAG ; thus the height 
PG and the distance AG detei-mined. 

If however it is not convenient to measure the length AP 
directly towards the object, we may proceed Uius; measure thq 
length AP in amy direction from A ; at A observe the angles FAG 
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and FAB, and at B observe the angle FBA, Then in the triangle 
APB the side AB and the angles FAB and FBA are known; 
therefore AF can be found. Then, as before, PO = AF sin FAC, 
and AG = AP cos PA 0. 

241. To find the dista/nce between two visible hit inaccessible 
objects. 

Let P and Q be the objects, A and B two accessible points 
from which both the objects are visible. At A observe the angles 
PAQ and QAB, and if A, B, Q, P are not all in the same plane 
observe also the angle PAB, At B observe the angles PBA and 
QBA, Measure AB, Then in the triangle APB the side AB and 
the angles PAB and PBA are known : thus PA can be found. 
Again, in the triangle ABQ the side AB and the angles QAB and 



QBA are known; thus AQ can be found. Lastly, in the triangle 
PAQ the sides AP, AQ, and the angle PAQ are known; thus 
PQ can be found. 
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242. The Imgihe of the at^raight Umea which join tfvree povrUa 
A, C, cm hnovm ; at any point T in the acme plane aa A, B, 0, 
the cmglea APC and BPC or^ obaerved : it ia required to find the 
diatanee ofV from each of the pointa A, B, C. 

Let the angle APC be denoted by a, the angle BPC by the 

angle PAC by and the angle PBC by y ; then a and are 



known, and when x and y are found the required distances PAy 
PBy PC can be found ; for in each of the triangles PAC and PBC 
two angles and a side will then be known. We will shew how x 
and y may be found. 

Since the angles «f the triangles APC and BPC are together 
equal to four right angles, we have 

X'^y = 2v-~a — P— C; 

thus the aum of x and y is known. 

c 

From the triangle ACP we have 

p/y - PAC _ 6 sin a; 

~ am APC ~ sina ^ 

from the triangle BCP we have 

pn _ ™ a sin 
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therefore 

therefore 


5 Bin a ; ^ a sin^ 
sino sin/S * 

sin X a sin a 
siny 5sin jS' 


Now assume tan <h = , then the value of can be found 

6 sm ^ ^ 

from the Trigonometrical Tables ; thus 


smas 

sin^ 


= tan <l>i 


therefore 

Bin a: + sm y tan <^ + 1 

therefore (Art 88) 

' ' tani(* + y) 


= taii(<^-j); 

= tan^<#.-^); 


f]X)m the last equation we can determine as-y, since aj + y is 
known ; thus as and y can be found. 


243. It is sometimes important to know what amount of 
error will be introduced into one of the calculated parts of a 
triangle by reason of any error which may exist in the given parts ; 
such questions are best treated by the assistance of the Differential 
Calculus, but we will give here two simple examples which will 
shew how they may sometimes be treated •without going beyond 
die bmits of the present subject. 


244. Suppose that the height of a building is determined by 
measuring a horizontal straight line fhim its base, and by observing 
at the extremity of this straight line the angular elevation of the 
top of the building above the horizon ; if a small error be made 
in observing the angle, required the error in the estimated height 
of the building. 

Let a be the length of the measui'ed straight line, the 
observed angle, x the estimated height of the building ; 

then 


x=: a tan B. 
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Let 0 -t- A be the trae angle, and s 4* ^ the true height, 
then « + f = a tan -f A) ; 

bysabtraction, ^=a{tan(g + A)-tang}= ^ 

If A be small we may put A for sin A in the numerator, and 
oos B for cos (^ + A) in the denominator ; thus approximately 



this gives the error in the height consequent upon an error in the 
angle. 

The ratio of the error to the estimated height 

oA . A 2A 

= — 5 ^ -5“ a tan -r— g g « . — ; 

cos 6 Bin B cos B Bm2B 

thus this ratio is least for a given value of A when sin 2d is greut- 
w 

est, that is, when 2d = ^ . 

245. A triangle is solved from the given parts, A, d, c ; if 
there be a small error in A, find the consequent small error in B, 

We have for connecting B with the given quantities the 
formula 

sin-ff = -sin(7 = - sin (A +-5) (1). 

c c 

Now suppose that A denotes the ckriyulw measv/re of the error 
Tna/lA in estimating A, and h the cvrmUjia‘ measwre of the conse- 
quent error in B ; then instead ^f (1), the correct formula is 

sin (j? + A) =^8in(A A + A) (2). 

By subtraction, 

sin (B -f A) -smB = ^Isin (A + B + A + A) - sin (A + J5) j ; 
from this equation we have approximately (Art 181) 
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k COB J5 = - (4 4- COB (il + ^) =3 — ~ (A + 4) cos G \ 

thus k fcoa - cos (7)* = - ~ cos (7 : 

c c 

7 / n sin ^ A sin .5 cos G 

therefore k (cos i? + ; — cos (7) : — -p, : 

' sin 67 ' sin^ ^ 

, , « , A sin cos (7 

themore A : — 3 , 

sm-4 

thus the lutio of A to A is found. 


EXAMPLES. 

1. A person standing on the bank of a river observes the 
angle subtended by a tree on the opposite bank to be 60®, and 
when he retires 40 feet from the river’s bank he finds the angle to 
be 30® : determine the height of the tree and the breadth of the 
river. 


2. From a station B at the base of a mountain its summit A 
is seen at an elevation of 60® ; after walkii^ one mile towards the 
summit up a plane making an angle of 30® with the horizon to 
another station G, the angle EGA is observed to be 135®. Find 
the height of the mountain in yards. 

3. The altitude of a tower is observed to be 30® at the end of 
a hoiizontal base of 100 yards measured from its foot. Find the 
height of the tower. 

4. The angular elevation of a tower at a place A due south of 
it is 30® ; and at a place B, due west of A^ and at the distance a 
from it, the elevation is 18® ; shew that the height of the tower is 

WTTjsy 


T. T. 


12 
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5. A spherical balloon whose radius is r feet subtends at an 
observer’s eye an angle a, when the angular elevation of its centre 
is : determine the height of the centre of the balloon. 

6. A person wishing to ascertain the distances between three 
inaccessible objects A, JB, places himself in a straight line with 
A and be then measures the distances along which he must 
walk in a direction at right angles to A£ until A, C and £, C 
respectively are in a straight line with him, and also observes in 
those positions their angular bearings : shew how he can find the 
distances between A, B, C, 

7. Two posts AB and CD are placed at the edge of a river at 
a distance AG=AB, the height of CD being such that AB and GD 
subtend equal angles at a point on the other bank exactly oppo- 
site to A : shew that the square of the breadth of the river is equal 

AB^ 

to — 35* ' subtend equal angles at E, 


8. A fiag-staff a feet high stands on the top of a tower h feet 
high. Find at what point on a horizontal plane passing through 
the base of the tower an observer must place himself so that the 
tower and the fiag-stafi* may subtend equal angles, the height of 
the eye being h. 


9. A tower situaced on a horizontal plane leans towards the 
Nwih ; at two points due South and distant a, 6, respectively from 
the base, the angular altitudes of the tower are a and 5* Shew 
that if ^ be the inclination of the tower, and h the ];>erpendicular 
height^ 

. ^ h-a f j h-a 

tan^=, — : r-7^, h = 


b cot a -a cot ^ ’ 


cot 5 - cot o ’ 


10. An object a feet high placed on the top of a tower sub- 
tends an angle y at a place whose horizontal distance from the foot 
of the tower is & feet : determine the height of the tower. 

11. On the bank of a river there is a column 200 feet high 
supporting a statue 30 feet high ; the statue to an observer on the 
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opposite bank subtends an equal angle with a man 6 feet high 
standing at the base of the column : required the breadth of the 
river. 

12. The height of a house subtends a right angle at an oppo- 
site window, the top being 60^ above a horizontal straight line : 
find the height of the house, taking the breadth of the street 
to be 30 feet. 

13. Two chimneys are of equal height. A person standing 
between them in the straight line joining their bases observes the 
elevation of the nearer one to him to be 60*. After walking 
80 feet in a direction at right angles to the straight line joining 
their bases he observes the elevations of the two to be respectively 
45® and 30®. Find their height and the distance between them. 

14. An object is observed at three points A, B, G lying in a 
horizontal straight line which passes directly underneath the object ; 
the angular elevation at is twice that at A, and at (7 is three times 
that at A ; AB = a, BC = h : shew that the height of the object is 

fjN/{(« + 6)(36-a)}. 

If the tangent of the angle of elevation at A be shew that 
5a =136. 

15. A vertical tower whose base is fai the same horizontal 
plane with the observer, is observed from a station A to bear 
directly North and to subtend an angle of 15®; the observer then 
walks 100 yards so that the tower always subtends the same angle, 
and then it bears North-east ; find its height and distance from A. 

16. A person walking along *a straight road observes that the 
gi’eatest angle which two objects subtend is a; from the spot 
where thift is the case he walks a distance c, and the objects now 
appear as one, their direction making an angle jS with the road. 
Shew that the distance between the objects is 

2c sin a sin 
cos a 4- COB ' 


12.^2 
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17. A {oxtresB was observed by a ship at sea to bear East- 
north-east, and afier sailing 4 miles to the East it was observed to 
bear North-north-east: shew that the distance of the ship fn>m 
the fortress at the first and second observation was ^(16 -i- 8 ^2) 
and ^(16-8 ^2) miles respectively. 

18. A ship sailing towards the North observes two light- 
houses in a line due West ; and after an hour’s sailing the bearings 
of the lighthouses are observed to be South-west and South- 
south-west. The distance between the lighthouses being 8 miles, 
find the rate at which the ship is sailing. 

19. From the top of the mast of a ship 64 feet above the level 
of the sea the light of a distant lighthouse is just seen in the 
horizon ; and after the ship has ssdled directly towards the light for 
30 minutes it is seen from the deck of the ship, which is 16 feet 
above the sea. Find the rate at which the ship is sailing, con- 
sidering the earth as a sphere of 4000 miles radius. 

20. A man ascends a mountain by a path which is the shortest 
distance l)etween the base and the vertex. The inclination of the 
path to the horizon at first is a, but afterwards suddenly increases 
to j3, and then continues the same. On reaching the vertex he 
finds by the barometer he has ascended n feet in altitude, and 
observes the angle of depression y of the point from which Jie 
started. Shew that the distance he travelled in the ascent is 



21. If from two jioints ir% a horizontal plane an object be 
seen at angles of elevation a, /3, and if from a third point between 
the two points and in the straight line joining them and at dis- 
tances a, 6 fix>m them respectively the object be seen at an angle 
of elevation y, shew that the height of the object above the hori- 
zontal plane is 

sin a sin^ sin y [ah {a + 5)}^ 

[a sin*a (sin*y - sin'jS) -f- b sm*)8 (sin*y — sin'a)}^ 
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22. A person walking along a straight road observes the 
angles of elevation a, a of the summits of two hilla in front of him^ 
one behind and partially hid by the other. Afber walking c miles 
the farther hill becomes entirely hidden, and on observing the 
elevation of the lower hill after walking another mile he finds it 
to be Find the heights of the two hills. 

23. A tower is surrounded by a circular moat. At noon on 
a certain day the shadow of the top of the tower is observed to 
project 45 feet beyond the edge of the moat. When the sun is 
due West on the same day the shadow projects 120 feet beyond 
the moat. The distance between the extremities of the shadow is 
375 feet. The angle of elevation of the top of the tower from any 
point of the edge of the moat is 60®. Find the height of the tower 
and the altitude of the sun at noon. 

24. A tower stands upon an inclined plane, meeting it at a 
point A ; at a point G in the plane the tower is obseiwed to subtend 
an angle a; on proceeding to a point D in the straight line AO 
such that Cl) = AC, the tower is obseived to subtend an angle ^ ; 
if be the angle between the tower and AC, shew that 

cot <^ = 2 cot a - cot p. 

Also if similar observations be made in another straight bne 
AG*D', it is found that tan a'= 2 tan ; tha angle GAG^- y : pi*ove 
that if ^ be the inclination of the plane to the horizon, 

sin ^ sin y = cos 

25. In a triangle ABC having given A = 30®, h = 3,^3, a = 3, 
solve the triangle ; and supposing that an en*or of 2" is made in 
observing the angle A, find approximately the corresponding error 
in the angle B. 

26. The distance between two objects on the opposite bank of 
a river is known to be c. An equal distance is taken anywhei'e 
along the bank on this side and the angles subtended by o at the 
extremities of this distance are a and p. Find the breadth of the 
river, the sides being parallel 
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27. A person wishing to obtain the breadth of a square fort on 
a distant hill, observes that when he is due South of one comer, 
the face towards him subtends lan angle a. He then walks due 
West^ and at a distance of a feet from his first position, finds that 
the free subtends the same angle as before. On walking h feet 
further, he is due South of the other comer of the face. Shew 
that the breadth of the fort is 

(a + 6) sec ^ feet, where tan • 

28. A and A' axe the peaks of two mountains, and BO is a 
straight horizontal road ; shew that if the nearer of the two peaks 
just conceals the more distant at some point of the road, then 
sin a sin /S' = sin sin where a is the altitude of d as seen from 
any point B of the road, JS is the angle ABC, and a, /S' are similar 
quantities for the peak A' as seen from any point B' of the road. 

29. A and B are two objects m the same horizontal plane. 
Pis A point in the same plane at which the angle a subtended by 
ABia observed ; from P two persons walk in this plane in directions 
at right angles to PA, PB respectively, to points Q, R, at each of 
which the angle subtended by AB is a ; the distances PQ, PR are 
a, 6. Find the length of AB, 

30. A, 0, B are three objects in the same plane as an ob- 
server; AC —OB, and AC, CB are at right angles to each other. 
At the point 0, AC, CB subtend angles a, jS respectively. The 
observer moves from 0 in the direction 0(y at right angles to CO 
through a space 00'= d ; here he finds that AC, CB subtend angles 
a , p! respectively. Find the distance AB, 

31. A tower 150 feet high throws a shadow 75 feet long 
upon the horizontal plane upon which it stands. Find the Sun’s 
altitude, having given 

log 2 - -3010300, L tan 63® 26'= 10*3009994, 

Z tan 63® 27'= 10-3013153. 
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32. A person standing at the edge of a river observes that 
the top of a tower on the edge of the opposite side subtends an 
angle of 55® with a horizontal straight line drawn from his eye ; 
receding backwards 30 feet he then finds it to subtend an angle 
of 48®. Determine the breadth of the river, having given 

L sin 7®= 9*08589, L sin 35®= 9*76869, 

L sin 48®= 9*87107, log 3 = *47712, 
log 1*0493 = *02089. 

33. A rope-<lancer wishes to ascend a tower 100 feet high, by 
means of a rope 196 feet long. If he can do so, find at what incli- 
nation he must be able to walk up the rope, having given 

log 2 = *30103, Z^sin 30® 40' = 9*70761, 

log 7 = *84510, Lain 30® 41' = 9*70782. 

34. Two hills rise at the same point, with inclinations of 60® 
and 40® to the horizon. At a distance of 64 feet from the base of 
the latter hill the angles of elevation of the bottom and top of a 
vertical object on the former hill are 40® and 70®. Find the height 
of the object, having given 

Z; tan 20® = 9*6610659, Zcos 40®= 9*8842540, 

log 2 = *3010300 ; log 26940031 = 7*4303981. 

35. A vessel obsei*ved another a® from the North sailing in a 
direction parallel to its own. After an hour^s sailing its bearing 
was /8®, and after another hour y® from the North, Find in what 
direction the vessels were sailing.^ 

36. In the problem discussed in Art. 242, shew that if 

a + j3 + (7 = TT, then ^ , 
and the solution cannot be obtained from the data. 
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246. The present Chapter will contain some miscellaneous 
propositions relating chiefly to the properties of triangles. 


247. To find expreasiona for the area of a triangle, 

A triangle is half a rectangle on the same base and altitude; 
thus if ABC bo any triangle, and AD the perpendicular from A on 
the opposite side, we have (see the figures in Art. 214) 

area of triangle = ^BO . AD^ 
and AD = AB sin B^ 

ther^ore area of triangle = ^ sin -5 (1) ; 

thus the area of a triangle is half the product of two sides into 
the sine of the included angle. 

By Art. 218, sin .5 = — J{a {a - a) {a -5) (a- c)} ; 


substitute the value of sin .B in (1) and we obtain 

area of triangle = (s - a) (« - d) (a - c)} (2) ; 


this furnishes a convenient expression for the area when all the 
sides are known ; the expression (a - a) (a - h) (a ~ c)} is often 
for abbreviation denoted by S. 


By Art. 2li, 


a = 


b sin A 
sin B * 


^ ^b Bin C 
Bin B ^ 


substitute these values in (1) ; thus we obtain 


area of triangle = 


sin A sin C 
2 sin B 


(3)J 


thus we can find the area when a side and two angles are given, 
for if two anirles are given the third angle is also known. 
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248. To find the radius of tJis cvrcle inscribed in a triangle. 





Let ABG be a triangle, 0 the centre of the circle inscribed in 
the triangle and touching the sides at the points F, Join 

OEf OEf and OF. The angles at 2), E^ and F are right angles 
by Euclid iii. 18. Let r denote the radius of the circle; then 

area of triangle BOG = ^ BG . OD = ^ , 
area of triangle GOA = ^ GA . OE = ~ , 
ai’ea of triangle AOB = | AB . ^ ; 

A 

therefore, by addition, 

(a + 6 + c) ^ = area of triangle ABG = S, (Art. 247), 

S 

that is r8 = JS, therefore r = - . % 

8 

The radius of the inscribed circle is thus equal to the area of 
the triangle divided by half the sum of the sides ; and hence dif- 
fei'ent forms can be obtained for the radius by employing tho 
different expressions already given for the area of the triangle. 

It is easy to shew by Geometry that 

BF^BD^s^h, GD = GE^s-^e. 
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249. We may also obtain the value of r in another form, 
which will be often usefuL 

By Euclid iv. 4, the strldght lines OA, OB, OG bisect the 
angles B, C respectively. Thus 

B C f B G\ 

BD = r cot , GB = r cot , therefore r f cot ^ -i- cot ^ J = a, 

, B . G 

, , . B-^G . B , G ^ asin^sing 

therefore r sm — ^ = o sm — sm ^ , therefore r = «■ . ' i . 

J J J A 


A A 

Or thus : r = AE tan - = (s - a) tan ^ . 


250. To find the radius of the circle which touches one side of 
a triangle and the other sides produced. 



Let ABC be a triangle, and let 0 be the centre of the circle 
which touches the side BG^ and the other sides produced at the 
points 2), E, F. Join OZ), OE, and OF, The angles at D, E, 
and F are right angles by Euclid iii. 18. Let denote the radius, 
of the 
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The quadrilateral OBAG may be divided into the two triangles 

e b 

OABy OAG y therefore the area of this quadrilateral is + 

Again^ the same quadrilateral may be divided into the triangles 
OBQ and ABO \ therefore the area of this quadrilateral is 

+ Thus 



» rr 

r, = ^ r, + aS' ; 


therefore (c + 6 — 


T 

a) * 2 ’ = Sy that is (« — a) = S, therefore r, = 


S_ 

8--a' 


It is easy to shew by Geometry that 

AF = AE=^8y BD = BF=^8--Cy GD^GE^8-h, 

The centre of the inscribed circle is also on AOy and the dis- 
tance between it and 0 subtends a right angle at B and at C. 

Similarly, if be the radius of the circle which touches QA 
and the other sides produced, and the radius of the circle which 
touches AB and the other sides produced, 

B S 


A circle which touches one side of a triangle and the other 
sides produced is called an escribed circle, * 


251. We may also obtain an expression for the radius of an 
escribed circle similar to that in Art. 249 for the radius of the 
inscribed circle. 

For, in the figure of Art. 250, the straight line OB bisects the 
angle which is the supplement of By and the straight line OC 
bisects the angle which is the supplement of C Thus 

52> = r,cot^90‘'-^, CZ) = r, cot ^90“ - ^ ; 
therefore r, ^tan ^ + tan ^ ® 5 
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BO BO 

acos^cos^ acosqoos^ 

th«rafoie r. = i £___£ . 

‘ . ■^ + '7 3 

““"T" 2 

A A 

Or thus: =« tan -g- . 

a 2 

252. To find the radius of the circle described round a tru 

angle. 



Let ABC be a triangle, and 0 the centre of the circle described 
round it. Dmw OB perpendicular to BCy then BC is bisected at 

D by Euclid iii. 3. Let B denote the radius of the circle. 

% 

The angle BOC is double the angle BACy by Euclid in. 20; 
therefore BOD = A; 

and BD = /? sin = ^ : therefore R = ; 

2 2 sm -d 

thus R is expressed in terms of a side and the opposite angle. 
By Art. 218, 8in3l = ^, therefore = 

^ 253. Many theorems have been demonstrated with respect to 
the circles which have been noticed in Arts. 248... 252; as an 
example we will find an expression for the distance between the 
centres of tlie inscribed and circumscribed circles of a triangle. 
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Let ABG be a triangle; let 0 be the centre of the circnm- 
scribed circle. 



12 


From 0 draw a perpendicular OD on BGy and produce it to 
meet the circumference of the circle at E, Then the arc BE is 
equal to the arc GE ; and therefore the straight line AE bisects 
the angle BAG. Thus the centre of the inscribed circle will be 
on AE ; let the point I denote it. Join 01 and IG, 

The angle EIG = ^{A C) hj Euclid i. 32; and the angle 
EGI^ EGB + BGI = ^ (^4 + (7) : therefore the angle EIG = the 
angle EGI \ and therefoi-e El -EG, ^ 

And A’(7 = 2A*Bin^ ; therefore EI=2RAn'^. 

Hence x /A = 2A sin ^ x -1- = 2 Ar. 

M A. 

And {R-OI){R^OI)^ 2Rry by Euclid ni. 35 ; 
therefore R^ - 2Rr, 

If we suppose IE produced through to a point J such that 
EJ ^ Ely the point J will be the centre of the escribed circle 
which is opposite the angle A ; and we shall have 
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254. To find the a/rea of a . qtuidrilaierai which cmi be 
soribed in a circle. 

Let ABCD be the quadii?atei*al ; let 

AB^a, BC=b, I)A=^d. 



The figure can be divided into the triangles ABC, ADC ; its area, 
therefore 

= i (a5 sin 5 + c<i sin J (a6 + cd) sin B, 
for the angles B and D are supplemental by Euclid iii. 22. 


Now 6*om the triangle ABC, 

= a* + 6* - 2a6 cos B, 
and from the triangle CDA, 

AC* = c* + c?* - 2cd cos D»c* 2cd cos B ; 

therefore c* + * + 2cd cos ^ = a* + 5* - 2ah cos B, 

(Wore 008 5 ; 


idn*£=l- 


(a*^rb*-<^-(Py 


tlMrefore 





1:11 


4 {ah + cdy 

{(c + ay - (a ~ by} {{a + by - (c - dy} 

^{ab-^-cdy 

_{c + b '¥ fl - a) {a -i- c d -b) {a ^ b + d - c) (a + b + c - d) 
4 (ab + cdy 

Now let J (a + 6 + c + c?) = fi ; thus 


sm 


16 (s-a) (8-b)(s-c)(s-d) 
4(ab + cdy 


Hence the area of the quadrilateral 

= V{(* - ®) (*-*•)(*- c) (s - <^)}- 

If we subbtitiite the value of cos in the expression for AC*f 

1.. . r- 2cJ(a»+6*-c*-c?*) 

we obtain dC/ =c* + c/” + 7 r / -i 

2 {ah + cd) 

(ac + bd) {ad + be) 
ab + cd 


Siniilai-ly it may be shewn that 

a^ + d^^b^-c^ 
cos A = — ^ , j : -LX — > 

2 {ad + be) 

(ac + 5c/)(a6 + cc?) 

= ~W^c • 

Tlie ludius of the circle described round the quadrilatwal may 
be easily expi'essed ; for this circle passes round the triangle ABC^ 
hence by Art. 252 its radius 

AC 1 /({ab -f od) (oc -f bd) {ad -f 6c) ) 

^ 2 sin ^ ^ 4 V l(» - a) (« - h) (s - c) (« - c^)/ * 
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255. To find iks radii of the mecrihed o/nd cwameorihed 
cirdes of a regvXwr polygon^ that ie of a polygon which has all 
its eides equal and all its angles equal. 



Let AB be the side of a regular polygon of n sides ; let 0 l)e 
the centre of the circles, OD the radius of the inscribed circle, OA 
the radius of the circumscribed circla 

Let AB = a, 0A = i?, OD = r. 

The angle AOB is the part of 4 right angles, that is, 

AOB = —, AOD = -. 

n n 

AD = ^ = /?sin-=r tan - ; 

2 n n 

therefore li - ^ r = ■' ^ . 

2 sin - 2 tan - 

n, n 

256. The area of a regular polygon may be expressed by 
means of the radius of the inscribed circle, or of the radius of the 
drcumscribed circle. For with the figure of Art 255, the area 
of the triangle AOB 

= i 0i> = g I cot - = cot - ; 

2 2 n 4 n 
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therefore the area of the polygon 

-no . air# n 


2ir 


= -j— cot — = wJ?* sin® - cot — — --R^ sin — . 

* w » n 2 n 


Also the area of the polygon = nr* tan* - cot - = nr* tan - 

nun 


267. To find the mea of a circle. 

The area of a regular polygon of n sides described about a 
circle of radius r 


= nr® tan - . 
n 

Now suppose n to increase without limit, then the area of 
the polygon approximates continually to the area of the circle as 
its limit, and therefore the area of the circle will be equal to the 
limit of the above expression. But when n is indeidnitely great, 

ntan^ = ir, (Art. 119); 
therefore the a/rea of a circle of radius r = irr*. 


268. To fmd the ct/rea of a sector of a dHtcls, 


Let B be the circular measure of the angle of the sector; then 


area of sector 
area of circle 


, (Euclid vi. 33) ; 

alt 


therefore the area of the sector = irr* 



ry 

9 ’ 


Since B is the circular measure of the angle of the sector, the 
length of the arc of the sector is rB\ hence the area of a sector is 
equal to half the product of the length of the arc into the radius. 

The area of a segmend of a circle can now be found. For a 
segment of a circle which is less than a semicircle is equal to the 
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difference between a sector and a triangle ; so that if ^ be the oiiv 
culai* measure of the angle of the sector the area of the segTnent is 

r* 

jr- (^ - sin ^). A segment of a circle which is greater than a 

dU 

semicircle is equal to the difference between the circle, and a 
segment less than a semicircle. 

EXAMPLES. 

1. The sides of a plane triangle are 24, 30, 18 : find the area. 

2. Two angles of a triangle are 15° and 45°, and the included 
side is 10 fbet: find the area. 

3. The sides of a triangle are equal to 3 and 12 respectiv^y, 
and the contained angle is 30°: find the hypotenuse of an equal 
right-angled isosceles triangle. 

4. The area of a triangle = ^ (a* sin 2B h* sin 2.4). 

K rra. i. • i ~ 5* sin ^ sin 

5. The area of a tiiangle = — ^ ^ ^ . 

^ 2 sm (il - .5) 

c fpu r 1 2a5c ABC 

6 . The area of a triangle = — cos cos ^ cos 5 - . 

® a+b+c 222 

7. Shew that the triangle whose sides are proportional to 

gh{^ + r), kl{g^-^h% {Jik^gl){hl--gk) 
has its area and the trigonometrical ratios of its angles rational. 

8 . The sides of a triangle are in arithmetical progression, and 
its area is to that of an equilateral triangle of the same perimeter 
as 3 is to 5. Find the ratio 6 f the sides and the value of the 
largest angla 

9 . If the alternate angles of a regular hexagon be joined so as 
to form another regular hexagon, and again the alternate angles of 
the latter hexagon be joined, and so on, shew that the sum of the 

S' 

areas of all the figures so formed = , where S is the area of the 
original figure. 
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10. If we proceed with a regular figure of n sides, and of 
area as with the hexagon of Example 9, and S denote the 

sum of the areas so formed, shew *that S sin — sin - = /S' cos* — . 

n n n 

Explain the cases where n = 3 or 4. 

11. If an equilateral triangle be described with its angular points 
on the sides of a given right-angled isosceles triangle, and one side 
parallel to the hypotenuse, its area will be 2a* sin 60® (sin 15®)*, 
where a is a side of the given triangle. 

12. Shew that, with the notation of Arts. 248 and 250, 

a x.^ 

^ ^ 2 2 ’ 

13. The straight lines which bisect the angles -4, (7 of a 
triangle ABC meet the circumference of the circumscribing circle 
at the points A\ G ' : shew that A'C' is divided by OB, BA into 
three parts, which are in the proportion 

. ,A ^ . A , B , C . ,C 

: 2 sin -jr sin sin — : sin -z . 

^ a 2k 2t 2 

14. If K be the difference between the sides containing the 
right angle of a right-angled triangle, and B its area, the diameter 
of the circumscribing circle is equal to -f- 4*S^). 

15. The sides of a plane triangle are 3, 5, 6 : compare the 
radii of the inscribed and circumscribed circles. 

16. 0 is the centre of the circle circumscribed round an acute- 
angled triangle, and AO is produced to meet BG at D : shew that 

DO cos (-5 - (7) = AO cos A. 

17. A circle is inscribed within a given triangle, and another 
triangle formed by joining the points of contact; within this latter 
triangle a circle is inscribed, and another triangle is formed as 

13—2 
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before^ and bo on oontinuallj: shew that the trianglee thus formed 
nltiinately become equilateral 

18. The sum of the diameters of the inscribed and circum* 
scribed circles of any plane triangle is equal to 

a cot A + h cot B + c oot C, 

19. Perpendiculars are drawn from the angles A, JB, C of 
an acute-angled triangle on the opposite sides, and produced to 
meet the circumscribing circle: if ihose produced parts ho a, y 
req)ectiyely, shew that 

- + ^ = 2 (tan A + tan B + tan C), 

« P y 

20. In any triangle the area of the inscribed circle is to the 

ABC 

area of the triangle as ir is to cot ^ cot ^ ^ * 

21. On each side of an acute-angled triangle as base an isos- 
oeles triangle is constructed externally, the sides of each being equal 
to the radius of the circumscribed circle : if the yertices of these 
be joined a triangle will be formed equal and similar to the original. 

22. If jS be the radius of the circumscribed circle of a triangle, 
acoflAl + 5cQS%S + ccoB(7 = 4J?sinA sin sin (7. 


23. 0 is the centre of the drcle circumscribed about a triangle 

ABO; from 0 the perpendiculars OE^ OF are drawn to the 
sideB{ shew that 

4 ( OD* + 0^ • -I- = a* cofA + 6* cof J5 + c* cot* (7. 


24. If r be the radius of the circle inscribed in a triangle, 
and r« the radius of the drcle inscribed between this drcle and 
the sides containing the angle A^ shew that 
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25. If r be the radius of the drole inscribed in a triangle, 

and r^y the radii of the circles inscribed between this drole 
and the sides containing the angles Ay By G respectivelj: shew 
that * 

JM + = r. 

26. If a triangle A'BfG^ be formed by joining the feet of the 
perpendiculars let fall from Ay By 0 on the opposite sides, shew 
that B'C' is numerically equal to ^ sin 2Ay where E is the radius 
of the circle circumscribed about ABC, 


27. Perpendiculars drawn from the angular points of an 
acute-angled triangle to the opposite sides meet those sides at the 
points By Ey F\ shew that if R and R^ be the radii of the circles 
described about the triangles ABC and BEF respectively, and 
the radius of the circle inscribed in the latter triangle, 
and = 2R cos ^ cos ^ cos (7. 


28. If r, r^, r, denote the radii 
escribed circles of a triangle, shew that 




of the inscribed and 


29. If be the area of the circle inscribed in a triangle, 
A^y Afy A^ the areas of the escribed circles, then 


-L- Jl- JL 



30. If the sides of a triangle be in arithmetical progressioii, 
the perpendicular on the mean side from the opposite angle, and 
the radius of the circle which touehes the mean side and the other 
two sides produced, are each equal to three times the radius of the 
inscribed circle. 


31. The distances of the centre of the circle inscribed in a 

triangle from the centres of the three escribed circles are respeO' 

, w A B C 
tively equal to asec^, osec^, csec-. 
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32. Two similar triangles have a common escribed circle 

toaching sides not homologous Shew that 

0 ^ : ag«sm5 + smC“Sin A • sin -4 + sin (7 - sin 

33. If Oi, O^y 0^ are the centres of the escribed circles of a 
triangle, then the area of the triangle 

= ai'ea of triangle ABC |l + 7 — ^ ^ — 7 + j \ , • 

( o + c-a a + c~6 a+o-cj 


34. The centres of the three escribed circles of a triangle 
are joined: shew that the area of the triangle thus formed is 

where r is the radius of the inscribed circle of the original 

triangle. 


35. A'y By C are the centres of the escribed circles of a tri- 
angle; A' y By C' are joined so as to form a triangle: if r and r' be 
the radii of the circles inscribed in ABC and A! BC respectively, 

r' cot ^ cot 2 cot 2 

r~ 3 3 Ij- 

COS ^ + cos + cos jr 
A Jt Z 

36. If r be the iwdius of the circle inscribed in a triangle 
ABOy 28 the sum of the sides, 2/ similar quantities for ^e 
triangle which is formed by joining the centi*e 8 of the escribed 
circles, shew that 

rs A , B , C 


37. Let a, cq be the distances of the angle .4 of a triangle from 
the centres of the inscribed circle, and the circle touching the side 
a and the other two sides produced ; similar quantities for 

the an^e B; y, similar quantities for the angle G : shew that 

apya^^yi= {abc)‘. 
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38. Shew also that ^ ^ 1. 

< A Vi 

39. She^ also that a* (1 - + ^ -1) +/ g -i) = 0. 

40. Shew also that ^ — j + ^ = 0. 

41. There is only one point within a triangle, such that if 
perpendiculars be drawn from it to the sides, circles can be in- 
scribed in each of the three resulting quadrilaterals: prove this, 
and if pi, p,, p, be the I’adiL of those circles, and p that of the 
inscribed circle of the triangle, then 

42 . A circle is inscribed in a plane triangle ABC. Another 
circle is inscribed so as to touch the two sides AB, AG, and the 
last circle; again, a thii'd circle is inscribed so as to touch the 
same two sides AB^ AC, and the second circle, and so on. Circles 
are also inscribed in the same way so as to touch BG, BA and 
CA, GB. Shew that the ai*ea of the inscribed circle is to the sum 
of the areas of all the other circles as 1 is to 

. ,B^-G A , ^G^A B . ^A+B G 

sm* — — cosec + sin* — v — cosec + sin — . - cosec « . 

4 2 4 2^4 2 

43 . 0 and 0' are respectively the centres of the circles 

described about and inscribed in a plane triangle ABC. Join 
OA, OB, OG, O' A, O'B, O'G, and let R^, R^, r„, r^, r^, be respect- 

ively the radii of the circles circumscribing the triangles BOG, 
GOA, AOB, BO'G, CO' A, AO'B. •If R be the radius of tlie circle 
circumscribing the given triangle ABC, shew that 

R ^ a h c _ abc 

~l^"‘a + h + c' 


44. From any point P within or without a triangle ABC, 
perpendiculars PA', PB, PC' are dropped on the sides BG, CA, 
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AB\ and circles are described about the triangles 
P(TA\ Shew that the area of the triangle formed by joining the 
centres of these circles is one-fourth of the area of the triangle 
ABC, 

45. Three circles touch each other externally : prove that the 
square of the area of the triangle formed by joining their centres 
is equal to the product of the sum and product of their radii 

46. If the sides of a triangle be in geometrical progression, 
and the perpendiculars from the angles on the opposite sides be 
taken as the sides of a new triangle, then the angles of this new 
triangle will be equal to those of the original ti-iangle. 

47. If a, y be the ratios which the sides a, 5, c of a triangle 
bear to the i)erpendiculars on them from the opposite angles 
Ay By Gy then a* -f + y* — 2 (a)3 + /3y + ya) + 4 = 0. 

48. On the sides of any triangle equilateral triangles are 
described externally, and their centres are joined: shew that the 
triangle thus formed is equilateral. 

49. The sides of a triangle are 65 and 25, and the difference 
of the opposite angles is 60°: hnd all the angles, having given 

logs = -4771213, log 2 = -3010300, 

Z tan 52° 24' = 14)* 11 34508, Z tan 52° 25'= 1 01 137 122. 


50. If perpendiculai-s be drawn from the angles of an acute- 
angled triangle to the opposite sides, shew that the sides of the 
triangle formed by joining the feet of those perpendiculars are 
a cos Ay h cos Z, and c cos C ; and thence shew that 

c 


a* cos* .4 - 5* cos*Z - c* cos* 0 
26c cos Z cos (7 


= cos 2A, 


51. Six circles are inscribed between the three escribed circles 
of a triangle and the angular points, each touching a side and 
a side produced: shew that the products of their radii taken 
alternately are equal. 
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52. Straight lines axe drawn from the angles B, C of a 
triangle through any point P meeting the opposite sides of the 
triangle at the points A\ C respectively: shew that 

AB . BO ' . CA'^AC . BA ' . CB. 

63. Shew conversely that if the relation just expressed holds 
then the straight lines AA\ BBy GO' meet at a point. 

64. Shew that the perpendiculars from the angles of a tri- 
angle on the opposite sides meet at a point. 

65. Shew that the straight lines which bisect the internal 
angles of a triangle meet at a point. 

66. Shew that the straight lines which join the angles of a 
triangle with the middle points of the opposite sides meet at a 
point. 

67. Shew that the straight lines which join the angles of a 
triangle with the points where the inscribed circle touches the 
opposite sides respectively, meet at a point. 

68. Let a straight line be drawn from the angle A of s. tri- 
angle to the point where the escribed cii'cle opposite to the angle 
A touches the side opposite to it; let similar straight lines be drawn 
from B and G with respect to the other escribed circles: shew that 
these straight lines meet at a point. 

59. In the figure of Art. 250 shew that the straight lines 
BE^ GFy and AD produced meet at a point. 

60. A quadrilateral figure i^so taken that a circle can be 

described about it and inscribed in it If its sides be produced in 
both directions, and r., r^, r,, be the radii of the circles, in- 
scribed in the triangles formed on two sides, and escribed on the 
other two sides, then = where r is the radius of the 

circle inscribed in the quadrilateral. 
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XVIL USE OF SUBSIDIARY ANGLES IN SOLVINO 
EQUATIONS AND IN ADAPTING FORMULA 
TO LOGARITHMIC COMPUTATION. 

259. We sliall now shew how to obtain the numerical values 
of the roots of a quadratic equation hj the aid of Trigonometrical 
Tables. 


(1) Suppose the equation to be 

a*- 2jwc + g = 0, 

where and q are both positive; from this equation we obtain 

* = ? * n/(P* - ?) =i’ * ^(l - J)} • 

Now if g' is less than jo* assume^ = sin*^; thus 

0 0 

a- = p (1 «fc cos ^) = 2p cos* ^ , or 2p sin* ^ . 

A 2 

l£q is greater than p^ the roots are impossible; we may then 
assume % = sec®^ ; thus 

a3 = p{l*^(-l) tan 0], 

¥ 

(2) Suppose the equation to be 

— 2px~ 0, 

where p and q are both positive; from this equation we obtain 
q) = 1 . (l * J(l 

Now assume tan*^ * ~ ; thus 
P 

cos ^ * 1 . cos ^ 1 

•‘•8ec»)=;? — r— t- 

^ ^ ^ cos ^ ^ ^ sm ^ 

6 0 
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(3) If the equation is of the form fic* + 2paj + = 0, where 
•p and q are positive, we can solve the equation cc* — 2^005 + g = 0, and 
then change the signs of the roots {Algebra, Art. 340). 

(4) If the equation be of the form oj* + 2^ - g' = 0, where 
p and q are positive, we can solve the equation a? — 2px — g' = 0, 
and then change the signs of the roots. 

260. In like manner we may obtain the numerical value of 
the roots of a cubic equation by the aid of Trigonometrical Tables; 
we will exemplify this by considering one case. 

Let the equation be a;® — g^os - r = 0, and suppose 27r* less than 
4g*. Put X = wy; thus 

— qny — r = 0, 

therefore y* — ^ — -^ = 0. 

n n 

Now by Art. 91, cos*a — j cos a — = 0 ; 

3 o . 1 ^ cos 3a 

assume y = cos a, t = ; then ^ — : 

4c n n 4 

thus n = f cos 3tt = 4r ; 

the last equation determines 3a, and thus a is known, then 

cos a. 

The value of cos 3a is less than unity, since we have supposed 
27r* less than 4g*. 

It appears from Art. 105 that we might also suppose 

y=oo8 *o), 


y*cosa and aj = ncosa = ^~^ 
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oonsiateatitly with the value of oos 3a given above; thus finally the 
three roots of the cubic equation are 



261. in mathematical researches equations like those that 
have been given of the second and third degree, presented them- 
selves to be solved, their solution would be conveniently effected 
by the preceding methods, and by the aid of the Trigonometrical 
Tables; but the truth is, in the application of Mathematics to 
Physics the solution of equations is an operation that very rarely 
is requisite, and consequently the preceding application of Trigo- 
nometrical FormulsB is to be considered as a matter rather of 
curiosity than of utility.” — (Woodhouse’s Trigonometry.) 

262. To the examples which have already occurred of the use 
of subsidiary angles we will add two mmre. See Art 231. 

(1) Bequired to adapt a + 5 to logarithmic computation. 
If a and h are necessarily positive we may proceed thus : assume 

- = tan* 0\ then 
a 

a + b = a(l+^ = a(l + tan* ^) = a sec* 

If a and 6 are not necessarily both positive we may proceed 

j * 

iiius : assume ~ = tan 0 ; then 

M * 
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(2) Bequired to adapt acosa^^sina to logarithmio 
computatLon. Let ^ stand; thus , 

acosaik&sma = a ^cos a* ^sin = a (cos a * tan d sin a) 

= — ^cos(a-d) or — ^cos(a + d). 
cos d ' ' cos d ' ’ 


MISOELLANEOUS EXAMPLES. 

1. Solve j»*-6a; + 4 = 0. 

2. Shew that the roots of the equation as” - 3a: -1 = 0 are 
2 cos 20”, -2 sin 10”, -2 cos 40®. 

3. Shew that the roots of the equation a:* -pas* + gas - r = 0 



provided = hq and be not greater than . 

4. Find the roots of the equation 

»* - lOa* + 20x -8 = 0. 


5. A person wishes to ascertain the side BC of a triangular 
field ABC, but is only able to make measurement of Unei within 
the boundary of a circle which paflbes through A and touches BO : 
shew how after measuring four straight lines he may determine BO, 

6. Two men standing at the same point 0 observe the hori- 
zontal angle subtended by two objects A and B; they then both 
move away, one in the direction AO, the other in the direction BO, 
until each observes the horizontal angle to be half what it was 
before. The distance each walked being given and the horizontal 
angle at 0, deteimine the distance AB. 
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7. The altitude of a balloon is observed at three places 
J, B, C simultaneously to be 45®, 45®, and 60® respectively; A and 
B are respectively West an<h North of G: form an equation for 
determining the height of the balloon. 

8. The distances b and c of a station A from two other 
stations B and C are known, and the angle BAG is required. It 
not being practicable to observe the angle BAG, the angle BOG 
(a) and the angle AOG (fi) are observed at a position 0 situated in 
the plane ABG, at a small known distance n from A, such that 
the triangle ABG is entirely within the triangle OBG, Shew that 
if 5 be the circular measure of the angle (BAG -BOG) then 
approximately 

( b c j 

9. At a distance of 50 feet from the foot of a tower the eleva- 
tion of its top is 45®: if the elevation and the distance be correctly 
measured within 1' and 1 inch respectively, find approximately 
the greatest error in the height. 

10. A person standing at a distance a from a tower sur- 
mounted by a spire, observes the tower and the spire to subtend 
the same angle: if 5 be the known height of the tower, express 
the height of the spii^ (c) in terms of b and a. 

If y be the error in the height of the spire corresponding to a 
small error ^ in the height of the tower, shew that 



11. The side a of a triangle and the opposite angle A remain 
constant: shew that the small variations of the other sides y and 
P are connected by the relation 

ysec(7*f ^secjB^O. 

12. The angular altitude and breadth of a cylindrical tower 
en a level .plane are observed to be a and P respectively; and at a 
point a hei nearer the tower they are observed to be and 
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find the height and the radius of the tower. Find also the relation 
existing between a, a\ /S'* 

13. In the preceding Example if the observed angular breadth 
be subject to an error 8, and if p be the greatest consequent error 
in the calculated radius (r), shew that p will be given by the 
equation 

^ = cot i (^ - ^) {cosec |c0Bec - cot I cot 8. 

K /3 = 60®, /S' = 120®, 8 = the circular measure of 6', find approxi- 
mately the ratio of the greatest error in the calculated radius to 
the radius. 

14. P, Qt R are three known positions in a straight line, and 
PQy QR are observed to subtend equal angles at a certain point S: 
find the error in the calculated distance of S from Q in conse^ 
quence of a small error a in the observed angles. 

XYin. INYERSE TRIGONOMETRICAL FUNCTIONS. 

263. The equation sin a; = a asserts that a; is an angle of 
which the sine is a; it is found convenient to have a notation for 
expressing this relation in which x stands alone. The notation 
used is this, aj = sm“‘a. Similarly the equation aj = cos”*a ex- 
presses that a; is an angle of which the cosine is a; and x - tan“'a 
expresses that a; is an angle of which the tangent is a; and so on. 

264. Experience will prove that the notation here given is 
often convenient; and we may shew that it is not altogether an 
a/rb\Jtrr(vry notation, but one that naturally presents itself. For, let 
any function of a? be denoted by /’(a?); then the same function of 
^(as), that is, /{/(a;)}, may be briefly and conveniently denoted by 

Thus, for example, the logarithm of the logarithm of x 
may be denoted by lo^a;. Similarly /[/{/[»)}] he briefly 
and conveniently denoted by/®(a5); and so on. Thus with this 
notation we have, when m and n are positive integeis, 

/7^(aj)-/-+-(a:). 
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Now we maj examine what meaning it will be necessary to 
ascribe to /^(x)^ in order that the relation just given may hold 
when m or n is zero. Suppose n = 0, then the relation becomes 

/"/“(»)=/“(*). 

this leads us to settle that /\x) shall be considered equal to os. 

A£^ti we may examine what meaning it will be necessary to 
ascribe to /“*(*) ^ order that the relation /"*/"(») = /"*'**"(«) may 
hold when 97» or n is - 1. Suppose m = 1 and n = -l; thus the 
relation becomes 

//"'(*)=/•(*)=*, 

so that f~\x) must denote a quantity whose function / is a;. 

Thus shr^x should denote a quantity whose sine is x; and 
this is the meaning which we have already assigned to the symboL 

It will be observed that consistently with the remarks here 
made, sin* x should stand for sin (sin x), and not for sin a; x sin x. 
But as sin(sinx) is a function which rarely occurs, it is custom- 
ary to use sin* x for what should be denoted by (sin x)\ 


265. Any relation which has been established among trigo- 
nometrical functions may be expressed by means of the inverte 
notation. Thus, for example, we know that 


tan2^s 


2tan^ 

1 - tan* 0 ' 


thia may be written 


2^ = tan 



2tan^ \ ^ 
It-- tan* o) ^ 


let 


tsjiO = a, so that 0=taQ''^a; thus 


2 tan^'a = tan“* 


2a 


Snnilarly the relation sin = 3 sin^- 4 sin’tf may be ex- 
prosBod thus. 


8 mn^^a = dn'^(Za - 4c^. 
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EZAHPI.E8. 

1. Shew that tan“^ f = 2 tan”' 

2. Find the value of sin (sm“*^ + co8“^ ^). 

77 3 8 

3. Shew that sin“* ^ = sin“‘ - + sin”* . 

oD 5 17 

4. Find the value of tan (tan“*aj -4- cof^sc). 

5. Shew that tan”' ^ + tan"* ^ 4- tan"* ^ + tan"* ^ : 


6 . Shew that tan"*a = tan"* ^ + tan”* ^ ^ + tan"*c. 

1 + ao 1 + oc 

7. Find the tangent of 3 tan"* - + tan"* \ + tan"* i — v . 

7 o Jo 4 

8 . Shew that 

tau "*{(^2 + 1 ) tan a} - tan'*{(<y 2 - 1 ) tan a} = tan“*(sin 2 a). 

9 . If tan {0 - a) tan (0 - )3) = then 

_,2sinasinj3 

6 = i tan — ; — 7 ^ . 

^ sin (a + P) 

1 0. Shew that cos”* - 7 ^^ cosec”* = t • 

V(82) 4 4 

1 1. Shew that sin"* ^ r sin"* ^ + sin"* ^ J • 

0 13 00 2 

12. Shew that 3 tan"* 7 + taiW* = 7 ” tan"' 

4 20 4 19o5 

,0 «i . 1 . .2a — b ^ . 26 - a ir 

13. Shew that tan -f — + tan”* = « . 

aJ3 3 

1 4. Shew that tan (2 tan”* a) = 2 tan (tan"* a + tan”* a*). 

15. Shew that 

tan"* (i tan 2-4) + tan"* (cot ^) + tan"* (cotM) = 0. 
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16. Shew that 

| = taiig + ico«-‘|) + taiig-icoB- fj. 

17. Shew that 

cosec* tan"* t) a) ” ^ ^ 

Solve the following seven equations in x ; 

18. sm *03 + sm = j. 

19. sin = 5 , + sm * = — ^ = 2 tan 03 . 

1 + a* 1 + 0* 

20. tan-* (a; ~ 1) + tan“*a3 + tan”* (as + 1) = tan** 3a3. 

2 1 . sin”* 2a3 — sin"* x ^3 = sin”* 03 . 

22. tan * -I + 2 tan * i + tan * i + tan ^ ~ y . 

a; 4 

23. sin 2 cos”* cot 2 tan”* a; = 0. 

24. tan”* y = tan”* - +tan”* - 5 — ^ r . 

a-1 05 a* — 03+1 

4 13 

25. If sec ^ — cosec ^ ^ > shew that 0 = -^ sin”* j . 

20. If sin (tt cos ^) = cos (tt sin 0), shew that ^ ^ sin”* |. 

27. Shew that if sin*^ + sifi*<^ -= then {2n + 1) ^ is one of 
the values of %[/ which satisfy the equation 

ij/ = sin”* (sin ^ + sin ^) + sin”* (sin - sin «^). 

28. Find x from the following equation, 

3 tan”* - — ^ — tan”* — = tan”* \ • 

2 + 73 X 3* 
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29. Shew that one of the expressions 
sm“ 
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a + c ^ V \a + c/ 


is an odd multiple of ^ . 

30. Find all the positive integral solutions of 

ton”' X + cot”‘ y = tan“^ 3. 

31. Shew that if c be a positive integer, the equation 

tan“* X + tan”' y = tan”' c 

has no j>ositive integral solutions; while the equation 
cot”' X + cot”' y = cot”' c 

has as many as there are different divisors of 1 + c*. 

32. Shew that tan”' - = tan”' — — + tan^' — — ~ 

y + CjCi+l 

+ tan”' — — + tan”' — — + tan"' >- , 

where Cj, c,, c« are any quantities whatever. 

33. Shew that we can express the •sum of any number of 

2 a' 6 ' . ^ 

I - 75 — TFa the form 

a- + o- a * + 6 '“ 

sin”' — , where m and n are rational functions of a, h. a\ 6 ' .. 


angles of the form sin”' , 

a o 


, where m 


(-ir 

34. Write down the geneAl value of sin ' - J 

A 

is an integer. 

(— 1 ^"* 

36. Write down the general value of cos ' — ^ > where m 
is an integer. 

36. Write down the general value ot tan”' (— 1)"*, where m 
is an integer. 


14—2 
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XIX. DE MOIVRE’S THEOREM. 

266. The student has already learned from Algebra that 
although the square root of a negative quantity is the symbol 
of an impossible operation, yet such roots are of great use in 
mathematical investigations. It is usual to adopt the convention 
that — a*) = a V( — 1), and that such expressions as aj{-l) 
shall be subject to all the laws of algebraical transformations. 
In the remainder of the present work it will be found that — 1) 
occurs very frequently in our investigations; we shall for the 
present assume that this expression may be freely used like any 
real algebraical expression, and hereafter we shall give some re* 
marks on the question of the validity of demonstrations which are 
obtained by the use of the symbol - 1). (See also Algebra, 
Chap. XXV.) 

It is becoming usual in mathematical works to employ a 
simpler symbol instead of ^/(— 1) in order to save room; the 
letter t is very conveilient for this purpose, and we shall ac- 
cordingly employ it in some of the subsequent Chapters. 

267. De Moivre's Theorem. Whatever he the value of n posi- 
tive or negative, integral or fractional, cos + ,/(- 1) sinwtf w 
one of the values of {cos ^ + ^/( — l^sin 

Multiply cosa + ^(-l)sinabycos)8 + ,y(-l)sin^; 
the product is 

oosacos/9-sinosm/S-»-^(-l) {sin a cos -l- cos a sin P], 

that is, cos(a-»-^) + ^(~ l)sm(a + /3); 

multiply the last expression by cosy + ^(— 1) siny; the product 
is oos{a-»-jS+y)+^(~ l)sin(a-l-^ + y). 
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By proceeding in tliis way we obtain the product of any num> 
ber of fkctors of the form cos a + 1) sin a. Suppose there are 

n of these factors, each factor being cos ^ 1) sin ^ ; we then 

have 

{cos 0 + 1 ) sin « cos + J(- 1) sin n$. 

This proves De Moivre’s theorem when n is a positive integer. 
Next, let n be a negative integer ; suppose n==-m^ then 
{cos 6 + ,y(- 1) sin 6Y = {cos 0 + J{- 1) sin 

^ 1 ^ 1 ^ 

~ {cos 6 + 1) sin dy cos mO + 1) sin md * 

multiply both numerator and denominator by 


thus we obtain 


cos mO — J(- 1) sin mO, 

cos mO — 1) sin mB 

cos* mB + sin* mB ^ 


that is cos mB — 1) sin mB ; 

that is cos ( -m^) + 1) sin( — m^), 

or cos nB-¥ 1) sin nB. 

This proves De Moivre’s theorem when w is a negative integer^ 

Thus, since when n is any integer, 

{cos ^ + ,y( — 1) sin BY - cos nB +»/s/( - 1) sin nB, 

it follows that cos ^ — 1) sin ^ is one of the values of 

1 

{cos nB -k- — 1) sin n^}", when n is any integer. 


n 

Lastly, let n be a fraction ; suppose n = ~ , then 

{cos ^ + ^( - 1) sin ^}" = {cos 0 + ,y( - 1) sin BY 

1 

= {cosp^ + ^( - 1) sinp^}*, 

and, by what has just been shewn, one of the values of the last 

• • ti 1 \ • 

expression is cos ^ + #«/(— 1) • 

Thus De Moivre’s theorem is completely established. 
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268. We haye shewn in the preceding Article that when 
n is fractional, cos7^+^( — is one of the values of 

{cos + ^( - 1) sin ; we shall now shew how all the values of 

the last expression may be obtained. Suppose ^ = ^ow both 

cos 0 and sin 0 remain unchanged when $ is increased by any 
multiple of 27r, while by putting ^ + 2r7r instead of and 
ascribing to r in succession different integral values the expression 
cosn^+ ^(— 1) sinn^ assumes q different values and no more. 

For suppose r successively equal to 0, 1, 2, S' - 1 j then we 

obtain the series of angles 

pO p{0+ 2w) p(B+ 4?r) + Sg'TT — 27r) 

7 ’ q ’ q ’ q ’ 

and we know that no two of these angles can have the same sine 
and the same cosine, because no two of these angles are equal or 
differ by a multiple of 27r- (See Art. 93.) Hence we obtain 
q different values of the expression cosw^ + ^( - 1) sin We 
shall not in this way obtain more than q different values, for if 
r = a + mq^ where m is amy integer podti/ve or n&galivey 

cos n{6 + 2r7r) and sin n (^ + 2nr) 

are respectively equal to 

cos w (^ + 2«7r) and sin + 2a7r). 

We can thus find q different values for the expression 

{cos ^ - 1) sin ; 

that is, we can find q different exjfe-essions, which by being raised 
to the q^ power, produce cos + ^( - 1) sin pB, And it is known 
from the theory of equations that there must be q values of a;, and 
no more, which satisfy the equation a:® = c, where c is either real 
or of the form a + 6 - 1) ; thus we infer that we know dll the 

values of the expression 

p 

{cos^-t l)sin^}«. 
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269. De Moivre’s theorem may be usefully employed in ex- 
tracting any assigned root of an expression of the form a + & - 1 ). 

Suppose for example we require the. cube root. Assume 

a = r cos d, 6 = r sin ^ ; so that 

r* = a* + 6 ®, and tan 0 = - , 
a 


Then a + 6 ^(- 1) =r{cosd + ;y( - l)sin 6}\ 

and therefore {a + 5 V( “ 1)}^ = ^ + ;y( - 1) sin dp. 

k 0 0 

One value of {cos d + ^( - 1) sin d}* is cos « + ^( - 1) sin - ; anc 

o 3 

the other two values are respectively 


cos — ^ + n/( “ 1 ) sin — 5 — and cos — 5 — + ^ (- 1 ) sin • 


270. We proceed to deduce some important results from De 
Moivre's theorem. In the equation 

cos nB J{- 1 ) sin nO = {cos d + ^( - 1 ) sin d}", 

suppose n a positive integer. Expand the right-hand member by 
the Binomial Theorem, and equate the possible and impossible 
parts of the two members ; thus 


cos nO - cos" d - 


*dsm»d 


n(n- 1) (?i-2) (71-3) . 

+ — ^cos ^dsm^d- 

If 

gin wg = n cos’~' 6 ain ^ ^ ^^cos*”*tf sin’fl 


+ »(«-l)(«-2)(»-3)(»- 4) _ 

I® 

271. The preceding formulse hold whether n be odd or even, 
but the last terms of the expressions on the rightrhand side are 
different in the two cases, and it will be useful to dis t i n g uish the 


cases. 
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If n be even, the last term of the expansion of {oos $ + iJ(—l)idn 0}" 

M 

is, }K)B8ible, namely, (— l)*sin”dj and the last term but one 

« *L=? 

is impossible, namely, w(-l)* cos ^ sin"”* which may be 
written ^( - 1) w ( - 1) * cos ^ sin"”* 0, Thus when n is even the 

n 

last term of cos is (- l)*sin" 6, and the last term of sin is 
n ( - 1) * oos ^ sin""* 6. 

If n be odd, the last term of the exj)ansion of {cos 0 - 1) sin 

n 

is impossible, namely which may be written 

^( - 1) ( - 1) * sin** 6 ; and the last term but one is possible, 

wl 

namely n(-l)* cos ^ sin**”^ Thus, when n is odd, the last 
term of cosn^ is n(-l)* cos d sin**"* and the last term of 

wl 

sannO is (-1) * Bin**0. 

272. From the foimulas for sin nO and cos nO we can deduce 
an expression for tan nO in terms of the powers of tan 0, 

For tan nO = 

cos 

n cos"”* 0 sin ^ cos’*”* ^ sin* ^ 




cos’* 0 - cos’*"® 0 sin* 0+ ,,, 

Now divide both numerator and denominator of this expres> 
sioD by oos*^ ; thus we find for tan n0 the expression 

_ 13 [3 

I |4 
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If n be even, the last term of the numerator of tann0 

W-i 

is n(~l) * and the last term of the denominator is 

jj 0 

(-l)*tan"^. If n be odd, the last term of the numerator is 

n-l 

(— 1) * tan”^, and the last term of the denominator is 
n(- l)^tan"~*^. 

These results follow from those established in Art. 271. 

273. We may also obtain general fomiulse for the sine, cosine, 
and tangent of the sum of any number of angles which are not 
all equal. We have seen (Art 267) that 

{cosa - 1) sin a} {coa/3 + ^( - 1) ain/Sj {cos y 4* ,/( - 1) sin y} 

= cos (a-h/3 + y+ ) n/( 1) (a + j3-hy+ ). 

Now cos a 4* (^/( - 1) sin a « cos a {1 + - 1) tan a}, 

cos 4- ,y( - 1) sin jS = cos ^ {1 + s/( ~ 1) tan /3}, 


thus we obtain 

cosaoos)3cosy..,{l4-^(~l)tana}{l+,y(-l)tan)8}{l+;y(-l)tany}.,. 
= cos (a 4-/3 4- y 4- )-*- V(’“l)Bm(a-f /84-y+ ). 

Let denote the sum tan a + tan /S 4- tan y 4- ; let s, 

denote the sum of the products of the tangents taken two at 
a time; let a, denote the sum of the products of the tangents 
taken three at a time ; and so on* 

Then by multiplying together the factors 1 + ^( - l)tan<i, 

1 + 1) tan /3, 1 4- ^( - 1) tan y, and equating possible and 

impossible parts we obtain 

008 (a4-/34'y4- ...) = cos a cos P cos y . . . {1 - Sg 4- - Sg + . . . 

sin (a 4/3 4- y 4- ...) = cos aoos/8 cos y ... {a, “ 4- a^- 4 ...}. 
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B7 divimon, 

If 7» be eyen, the last term in the numerator is (— 

M 

and the last term of the denominator is ( - 1)*«^ ; if n be odd, the 

w-l 

last term in the numerator is ( - 1) s,, and the last term in the 

n~l 

denominator is (- 1) * If the angles a, jS,... are all equal 

the formula will coincide with that given in Art. 272. 

274. We shall now prove formulae for the expansion of sin 
and oos a in series of powers of a. 

We have, when w is a positive integer, 
cos = cos*0 - cos"“*^ sin*^ 


w (w - 1) (n — 2) {n — 3) 

g- 


cos""*^ sin*^ — . 


Let nB — a) and suppose n to increase without limit, and let 
6 so change that n may remain a positive integer and nO be always 
equal to a; thus 6 rnhst diminish without limit. The preceding 
equation may be written 

nn a (a - , 

cos a = cos**^ \ — ^ cos’ 

i • ^ 


^ a{a-e){a-^2ff)(a-Se) - 


Now when n increases without limit, and, therefore, $ dimi- 

. . sin $ , . , 

nishes without limit, is equal to unity, and so is every power 
o 

* din $ /sin $\^ , . -1 . « 

_ tip to 1 cos 0 IS unity and so is every power of 
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OOB ^ up to cos**0 (Art. 150). Hence the above formula becomes 


, a* a* 

COSa=l S +p- - — + . 


1.2 "14» [6 


Bm n0 = n cos**"^ ^ sin 0 ^ cos’*^^ sin*^ + 

l£ 

thus sm a = a cos*^ ^ — g ^ ^ ^ cos" +•* 

Hence, by supposing n to increase without limit, we obtain 


a* a‘ 

8 ma = a-nr +r^ . 




The results of this Article are of the greatest importance; we 
bKaII make some remarks upon them in the next three Articles. 

275. It must be observed with respect to the formulse esta- 
blished for the expansion of sin a and cos a, that a is the circular 
measure of the angle considered; for it is only when an angle is 

estimated in circular measure that is unity when $ is indeh- 

u 

nitely diminished. It is easy to obtain the requisite modification 
of the formulae when any other unit of angular measurement is 
adopted. Thus, for example, 




where a is the circular measure of the angle of n® ; thus a = 
and we have 

. - WTT l/nwV I /mry 

^\J\iso) *■ 

1 a 1 1 / WTT \* 1 / HTT y 

Suiukrly ■^gUSoj ■ 
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276. The aeries for sin a and cos a ors cmwergerd, for aU 
values of a. 

The n*** term in the series for sin a is - - -rj — = ; hence the 

[2n-- 1 

numerical value of the ratio of the (n + 1)^ term to the is 
a* 

s— 77; r: 1 whatever be the value of a we can take n so 

2n(2n+ 1)^ 

large that for such value of n and all greater values;; — 7;; 

271 (271 + 1 ) 

shall be less than any assigned quantity ; hence the series is con- 
vergent {Algd)ra, Art 559). 

Similarly it may be shewn that the series for cos a is alwa3n9 
convergent. 


277. The proof given in Ajt 274 involves one point that 
may not at first appear quite satisfactory. The (r + 1)*** term of 
00s a is strictly 

(_ eos— sin-O; 

this we write in the form 


( ^y a(a-ff)j[a~2^...(a-2re + e) 

Now it is proved in Art 150 that the limit of cos‘*"**‘d is 
unity, and also that the limit of is unity; the only ques- 

tion is whether the limit of 

g (g- (g - 20) . , .{a - 2rd + 6) . ^ 

127 * ^ \2r 


for all values of r. 
the limit of ^ 


This is obviously true when r=l; that is, 
is t; ; and we can shew by induction that the 
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required result is al'ways true. For assume that 

a(a-0) (a- 2d) ... (a - 2rd + d) o" , „ 

where JR diminishes without limit when $ does so, so that the limit 

a*r ^ _ 27*^ 

of the right-hand member is ; introduce a new factor 2 ^^' > 


|2r+l 




X 2rd Ja*' 1 

1 2r+ril2r‘^ r 


and when $ diminishes without limit all the terms on the right- 

hand side vanish except ^ ^ , which is therefore the limit of the 

left-hand member. Similarly we can shew that when another 
a-2rd-d. . , , , 

factor — 5; -x — IS mtroduced the limit is ^ ; and so oil 

I O I _i ' 


| 2r-f2 ^ 


278. The following example will shew how the series for 
cos $ may be practically useful Suppose two sides a and 6 of a 
triangle are known, and the included angle C\ if (7 be a very 
obtuse angle we can give a convenient expression for the third side 
of the triangle. 

For suppose tt—B to be the circular measure of the angle C, 
so that B is very small ; thus 

c* = a* -I- 6* - 2a6 cos (7 = a* - 1 - 6* + 2a6 cos B 
= a* -h 6* -f 2a6 ^ approximately, 

Hence, by ex^iucting the square root, 

0 = (<* + 6) |l - 2 6)» } 
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EXAMPLES. 

1. Extract the square ipot of cos 4A + - 1) sin 4-4. 

2. Find the values of ( — 1)^. 

3. Obtain the six values of ( — 1)^ 

4. Find the three values of {1 + ^( - 1)}^. 

^ sin^ 2165 , . /i • i i . ^ 

6. Given — g- = 21 ^ > shew that 0 is nearly the circular 


measure of 3^ 


6. Given sin ^ approximately the value of 

6, neglecting powers of 6 above the second. 


7. If 


shew that 


. ajx^ a.x^ 

tana; = a,a; + -i^ + iV + * 
[3 [5 


(2n + 1) 271 ^ (271 + 1) 2n {^n - 1) (27i ~ 2) _ 

®»«+i J'y'g “ - - - 


8. If 
shew that 


+ ... + (-l)*+i(2n+l)a, + (-l)-. 
^ cot d = a, a, ^ + afi^ + ... 


a -f!!s=i^^+ I I (-!)"■ 

- [3 15 i2w+l ' 

hence find ^ cot ^ to four terms. 

9. If secd^a^ + a^d* + 4- ... 

shew that 

a = - j. j. > /.. ■ 4 

[2 [4 • 

10. If cos 2a 4 - — 1) sin 2a be substituted for a in the ex- 

• be 

preBsion ^ , and similar quantities for b and c, and the 

result reduced to the form A + .5 - 1), find the values of A and 

B in terms of a, y. 
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11. Shew that 

{cos ^ + cos ^ + ^( - 1) (sin ^ + sin 
4 - {cos ^ 4 - cos - 1) (sin ^ + sin ^)}" 

= 2*^' f cos-y^- j cos — ^ . 

12. Shew that if a: = and ^(1 - c*) = tic - 1, 

l+CCO80 = ^(l+«»)(l+^). 

13. Prove the following rule for finding the length of a 
small circular arc : from eight times the chord of half the arc sub- 
tract the chord of the whole arc, and one-third of the remainder 
will give the length of the arc nearly. 


14. Shew that the following rule for finding the length of a 
small circular arc is more accurate than that in the preceding 
example : to 266 times the chord of one-fourth of the arc add 
the chord of the arc; subtract 40 times the chord of half the arc, 
and divide the remainder by 45. 


16. From the identical equation 

(x -b) (x — c) (x - c) (a — a) (x — a) (x — b) - 
b)(a-c)'^ {b-c){b~a) (c-a)(c-6)' “ 

deduce the following by assuming 

aj = co8 26+ - 1) sin 2^, 

and corresponding assumptions fos a, b, and c : 


sin {$ - P) sin {0 - y) 
sin (a - P) sin (a - y) 


sin 2 (^ - a) 


4 - 


sin (^ - y) sin ( ^~a) 
sin (^ - y) sin — a) 


sin2(^-/8) 


sin (^ - a) sin (^ — ^) 
sin (y~a)sm(y-j8) 


sin 2 (^ - y) «= 0. 
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XX. EXPANSIONS OF SOME TRIGONOMETRICAL 
FUNCTIONS. 

279. Let X denote oos ^ — 1) sin 0; then 

i = ^ — - - l)8md; 

X costf+ ' 
thus a; + ^ = 2cosd, and aj-^= 2 ,/(- l)sm^; 

also aJ* = {cos ^ + ^( - 1) sin ^}* = cos n0+ 1) sin nO, 

1 ^ 1 

af* * {cos d + .y( - 1) sin 0}** cos7i0 + J{-1) amnO 

= cos - <y( - 1) sin ; 

thus aj** + -^=2cosw^, and = 2w(- 1) sinn^. 

aj^ X 

We shall find this notation useful in the following invest!' 
gations. 

280. To express cos^O in terms of cosines of inuUiples of 0 
when n is a positive integer, 

2*‘cos**^- (^a; + -) =a,’*‘ + wo""* . - 4- a?"~* . ~4 ... 

\ xj a; 1 . 3 ar 

n{n--l). 1 1 1 

+ •-==-. + wa: . + -z. 

1.2 af • ic** a;" 

Now rearrange the terms on the right-hand side, putting 
together the first term and the last, the second and the last but 
one, and so on ; thus we obtain 

bat iB**+~ = 2ooBntf, af^'-f ^r* = 2 cos(w- 2) tf, and so on; ^ 
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therefore 

2*" * cos" ^ = oos7i^ + ncos(»-2)^ + cos (n - 4) d , 

w(n-l) ... (n~r+ 1) . ... 

+ — cos(w- 2r)^ + ... 

The last term of the series on the right-hand side will take 
different forms according as n is even or odd. In the eipansion 

of 4 - by the Binomial Theorem there are n+\ terms ; thus 

2 ^ y * 

which is 

1 that is 


Hence, when n is even, the last term of 2"'’’ cos* 6 is 

w(n— 1) ... {\n + 1) 

2 \in • 


When n is odd suppose it = 2m + 1 ; there ai^e two middle 
terms in the expansion of + > namely, the (w + 1)^** and 

(m + 2)^** : their sum is 

n(n—l ) .. 


. (n — m + 1) 


I^L 




Hence when n is odd, the last term of 2"”’ cos" 0 is 

l4(w-i) 


281. We shall find that sin"^ can be expressed in terms of 
cosineB of multiples of ^ if n be an even positive integer, and in 
terms of sines of multiples of ^ if n be an odd positive integer; 
thin will appear in the following two Articles. 

T. T. 


15 
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282. To express sm*^ in terms of cosmes of nmltipks of 
whm n is am, even positive integer, 

2*(-l)*sin"d=:^a5-^^ = as* - ^ -f -- y - ■ a;*~* . ^ + ... 

Now rearrange the terms on the right-hand side, putting 
together the fbrst term and the last, the second and the last but 
one, and so on ; thus we obtain 


X + 




+ (-!)■ 


n{n--\ ) ... (^71+1) 

Therefore 

2*“7~l)*sin"6 = co8n^-ncos(n- 2) cos (ri-4)^- ... 

+ (-l) P cos(n-2r)^+ ... 

/ jxJ n(n-l)...(|7i4-l) 

^ ^ 2[i^ 

283. To express sin" $ in terms of sines of mvltiples of $ 
when n is cm odd positive integer. 


1 n(n- 1) . , 1 
wa" — ,-o a? .-5 

X 1.2 a* 


= =!B*- 

n{n - 1 ) , 1 1 1 

-... \—^x\-:^ + nx, — , — 

1.2 a:" * a;" ' a?" 


Now rearrange the terms on the right-hand side, putting 
together the first term and the last, the second and the last but 
one, and so on ; thus wd obtain 
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but 


«!"-i= 2 J(- 1) Bin nfi, 


*--^=2V(- l)8m(«-2)^, 

and BO on ; therefore 

1) * sm"6> = sin7id-wsin(w-2)d+ — sin (n~4) B 

1 . A 


M(n-l)(«-2) . , , ,,^w(«-l)...A(»+3) . . 

^ ^sm{«-6)^+...-+(-l)‘ --— -'suiA 


284. If n be not a positive integer, the expressions for cos* $ 
and sin” 0 in terms of the cosines and sines of multiples of 0 are 
very complicated. For these we may refer to the Theory of 
EquaMonSf Chapter xxxi. 


285. In Art. 270 it is shewn that when w is a positive 
integer, 

cos nO = cos" 6 — ~ fc ~ o ~ cos"”*^ sin * 6 
1 . Iv 


n (w- 1) (n— 2) (n- 3) 

+ — ' cos" sm* ^ : 

[4 

since sin" ^ ~ 1 — cos* 0, ^ sin* ^ = (1 - cos* Oy, 


and so on, it is obvious that cos nO can be expressed in terms of 
powers of cos ^ ; we will now give a direct investigation of this 
expression. 


286. To eospreas cos n$ in a series of descendmg powers of 
COB B when n is a positive integer. 

Let 05 COS ^ - 1) sin 


15—2 
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80 that 


« + - = 2 008 6 , and af -i- ^ = 2 cos wd ; 

X ST 


now 


(1 -«5b) - =r 1 1 - «((?-«), 


where c = 2 cos d. 

Taker the logarithms of both members ; thus 

log (1 - ssb) + log ^1 - = log {1 - *(c - «)}; 

25 25® fi{* 

therefoi^ zx + i«*a5* + ^zV -4-. .. + - + ^3 + ^-8 + ... 

X XT X 

= «(o — «) +^555“(c — «)* + i«^ (<?"-«)■+ ... z*(c-z)*-^ ... 

In this identity we may equate the coefficients of z\ Or 
the left-hand side the coefficient of «" is “ 

2 

-cosn^; the coefficient of z* on the right-hand side must be 

obtained by picking out the coefficient of «" from the expansion o. 

^ 18 " (c — «)" and of the terms which precede it. 
n ' ^ 

1 c** 

The coefficient of «" in -V* (c ~ is — : 

the coefficient of «" in ? — - — is ^ {n - 1) c"“* ; 

n-1 w-1 ' ' 

^ 1 . m' i ej>- «"”*(c -*)'■* . 1 (»-2)(n-3) 

the coefficient of u i ^ — is t—c,- -e' *•, 

fl— ^ H— ^ 1.^ 

and generally the coefficient of *" in ^ «"”'(« - «)""*' is 
{ -iy{n-r){n-r-l) ... (»-2r+ 1) 


n~r 
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The series on the right hand is to continue so long as the 
powers of 2 cos 6 are not negative. 

• 

287. It is obvious either from the above series or from that 
in Art. 270, that when n is an even positive integer costi^ can 
arranged in a series of powers of sin* 0. Thus we may assume 
this case 

cosnd= 1 +il,sm*d + sm^^+ -4^ 8m®d+ ... + -4, sin" ft 

It is clear that the first term must be unity, because when 
$ = 0 we have sin ^ = 0 and cos nO = 1. Now we shall adopt an 
indirect method of determining the values of the coefficients 
A^, A4, Change 0 into ^ + thus cosn^ becomes 

cos nO COB nh—BinnO sin rOh ; 

now put for cos nk and sin vh their values in terms of mh by 
Art. 274 ; thus the above expression becomes 

cos - tiA sin cos + ... 

It 

Again in the term A^^ sin*’’ 0 change 6 into ^ + A ; we thus get 
A^ (sin ^ cos A + cos ^ sin A)*’’, that is, 

il^(8in^ + Acos^-y sin^- ...)*^. 

If this be expanded in powei^ of A the term involving A* is 
giji— . ^ cos* e - r sm*' V. 

Equate the coefficients of A* ; thus 
- y cos nfi = il, {cos*^ - sin*^} + A^{2,Z sin*tf cos*^ ~ 2 sin®tf} 

+ ... + sin*'-* 008 * r sin- + .. . 


.2 .S 
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Now put 1 - sin* 0 for cos* 6 on the right-hand side; then the 
term containing sin*' 0 will be 

f 2r(2r-l ) M (2r+ 2) (2r-H 1) . 

“^•'1 1.2 1.2 ' 


and this coefficient must be equal to that of sin*' $ in the series 

n* n* 

for “ ^ QfmnO, that is, to A^; thus 

J ^^ = 2rM„-J,,.(r+l)(2r+l), 


therefore 


, w*-(2r)* 

(2r+l)(2r + 2)^ 


By means of thia law we may form the coefficients in succes- 
sion ; we may consider A^-l; then 


and so on. 




w* ^ _ w* 

”172 ® TT2’ 

^•-.2* __w“{ri*j-2*) 

3.4 i . 2 . 3 .4 ’ 


Hence, finally, 

/j *1 • tA ^^**(w*-2*) . w*(n*-2*)(w*-4*) . 

cosntf«l -r--«sm*5+ — — '-Bm*0 ^sm*^-H.., 

1 . J 14 |D 


In the above process by equating the coeffidents of h we shall 
obtain 


-nsinnd=.4»2sin^oos^4-il44sm*^co8^+..+i<g^2rsm*'"*^ooBtf + 
Substitute the values of -44-*‘ j thus 

sin#»d=»oos^|sinS--5^-j^^sin*^-h^^ — — ^sm*^- 

When n is odd, we may start by assuming 

mnn0^A,«m$-^A sin*d + il. sm*d+ ... +-<4 sin''^; 
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then, bj^proceeding ae before, we shall find 

• n * /] • 8/1 w(n*- 1) (w*-3*) . 4^ 

gin n Bin 0 sm ^ -b ^ Bin ^ . 

oosn^ = coB^|l - -j — 2 sm*^ + ' ^Bin^^- ... j. 

288. In the four formulsB obtained in the preceding Article 
change $ into ^ ^ j thus we hare, if w be an even integer, 

( - 1)* cos = 1 - cos ® 0 + — i cos^ d - ... 

(- 1)* sin»^=wsin^|cos^ — cos*0+^^ ^cos®^-...|; 

and if n be an odd integer, 

(- 1 )* cosw^ = ncosd ^- 7 ^^ — ^^cos df-^ ^cos®^-... 

[3 [5 

/ n¥. /I . zifi w®-l 4, (n®-l)(ri*- 3 *) 4. \ 

(- 1) * sm = sm ^|1 ^ cos® $ + < cos* ^ 


MISCELLANEOUS EXAMPI^. 

1. Expand (sin 0)*"'*'® in terms of cosines of multiples of 0, 

2. Expand (sin in terms of sines of multiples of 0, 

3. Expand (cos ^)®" in teims of cosines of multiples of d. 

4. Prove that in any triangl? 

a®cosJ(j5-C) . 6®cosi(C7~A) c®cosJ(A-^) 
C08f(i+C') cosi(C' + Z) cob4(^+5) 

= 2 (ab + 6c + ca). 

5. From the angles of a triangle ABC, (lerpendiculars AD, 
BE, OF are let fall on the opposite sides ; prove that 

aem{BAD--CAD)'^hfAiL{CBE-ABE)-\-c^(AGF-‘BCF)^{i, 
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6. From A and jB two acute angles of a triangle draw AD 
and BD at right angles i*e8pectiTely to AO and BO. If p he the 
radius of the circle inscribed i^ ABD, then 

AB = p (sec -d + sec-S + tanil + tani?). 

7. Three equal circles of radius a touch each other; shew 
that the area of the space between them is 

(■/» -!)“•■ 

8. The area of a regular polygon inscribed in a circle is a 
geometric mean between the areas of an inscribed and of a 
circumsciibed regular polygon of half the number of sides. 

9. The area of a regular polygon circumscribed about a circle 
is an harmonic mean between the areas of an inscribed regular 
polygon of the same number of sides, and of a circumscribed 
regular polygon of half that number. 


10. If the side of a pentagon inscribed in a circle be c, the 

, 0 ^( 5 + 75 ) 

HUhuBia 

11. Three circles whose radii are a, 5, c touch each other 
externally : prove that the tangents at the points of contact meet 
at a point whose distance from any one of them is 



12. The sides taken in order of a quadrilateral whose opposite 
angles are supplementary are 3, 3, 4, 4 ; find the area and the 
radii of the inscribed and circumscribed circles. 


13. The area of a regular polygon inscribed in a circle is to 
that of the circumscribed polygon of the same number of sides as 
3 is to 4 : find the number of sides. 


14. If the radii of three circles which touch each other be 
a, b, e, and a, P, y be the chords of the arcs between the points 
of contact in each, shew that 
8 /I 1\ 


1 1 


1 1 
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15. Shew that the limit of when 6 is indefLoitelj 

diminished^ is e, • 

16. The two diagonals of a quadrilateral figure whose oppo- 
site angles are supplementary cannot be equal unless some one of 
the sides be equal to the opposite one. 

• 

17. Two circles whose radii are a and b cut one another at 
an angle y : shew that the length of the common chord is 

2ab sill y 

J{a^ + 2ab cos y + h*)* 

18. The radius of the circle inscribed in a triangle never 
be greater than half the radius qf the circle described about the 
triangle. 


XXI. EXPONENTIAL VALUES OF THE COSINE 
AND SINE. 


289. If we expand e** and a"*" by the exponential theorem 
we obtain , 

1/jto Htax 1 


1 /jb. -tab AV AV 


If it were possible to make ^ = -1, so that ^^ = 1, ^®=x-l, 
and so on, then the right-hand member of the first equation would 
be the expansion of cos sc, and the right-hand member of the 
second equation would be the expansion of sin a; (see Art. 274). 
Hence we are led to these results, 


9 


Bina;=: 


V(-i) ' 


COSiBs 


2 



EXPONENTIAL VALUES OF THE COSINE AND SINE. 


The meaning of these equations is simply this : if we expand 
and by the exponential theorem, in the same way 

as if 1) were a real quantity, we shall by the above formulas 
obtain the known series for cos x and sin x. 

These expressions for cos x and sin x are called the eacponerUicU 
v<due8 of the cosine and sine. 

290. ^ From the exponential values of the cosine and sine we 
may deduce similar values for the other trigonometrical functions. 
Thus, for example, 

J{- 1) + e-'V'-u} • 

We shall now use the exponential values in establishing certain 
results. In the remainder of this Chapter and in the next Chapter 
wo shall employ the letter i instead of tlie symbol 1). 


291. To expamd 0 in powers o/*tan B. 
By Art. 290, = 


therefore 


l + itan$ 6*> „ 

1 - 1 tan $ 


Take the logarithms of both membera ; thus 
2Bi = log (1 + 1 tan 0) - log (1 - 1 tan 6) 

= 2t|tan^-|tan*d + ^tan*^- ... 

therefore =:tan d - ^ tan“tf + ^ tan®tf - ... 

o o 


Hiis is called Gregory^ 8 Series. 

Let tandeas, so that tf^tan'^a;; 


thus 
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292. The preoeding investigation is unsatisfactory, because it 
gives no indication of the extent to which the result may be relied 
upon as arithmetically intelligible and true. The term of the 


last series is 




2»-l ^ 


hence the numerical value of the ratio of 


271 -- 1 

the in + 1)**^ term to the is as* : therefore the series is 

convergent if a; be less than unity (Algebra^ Art. 559). Tlfb series 
is also convergent when x is equal to unity (Algehra, Art. 558). 
For values of x greater than unity the series is not convergent^ 
and is therefore not arithmetically intelligible. 


293. Moreover tan"* a; has an infinite number of values corre- 
sponding to the same value of as, so that one member of what 
appears as an equation admits oi^ more values than the other; 
this point is left unexplained in the investigation which has been 
given. 

The subject of series cannot be adequately treated without 
using the Differential Calculus. The student must therefore be 
referred to treatises on that subject for a satisfactory demonstrar 
tion of Gregory’s Series. It is there shewn that so long as B lies 

between — ? aJ^d ^ » the result $ = tan B — \ tan*^ + ^ tan* ^ 

4 4 3 0 

is absolutely true. (See DiffereirUiobl Calcnjih/S^^ Chapter YU.) 


If, however, ^ = titt + ^, where ^ lies between - ^ and j , then 

<l> = tan tan*<^ + ^ ... ; 

3 0 O 

that is, ^ — Tur = tan 0 — \ tan* ^ + ^ tan* ^ — . . . 

3 5 


In Gregory’s Series put ^ = j; then since tan- = l, 


294. 
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Thia series might be used for calculating the value of ; bat 
it is very slowly convergent, so that a large number of terms 
would have to be taken to calculate w to a close approximation. 

295. EuUt's Series, 

1 1 

. -.1 ^ -.1 * -.2 "^3 ^ , TT 

tan *^ + tan * j = tan ^ = tan 1 = ^; 

^~6 

,, IT 1 1 1 1 

thus ^ -g-g 2.+5 2 ‘ 

11 1 1 
■^3 3 . 3 *‘^ 6 . 3 ‘~ 7 . 3 '‘^ ■■■ 

296. MachirCs Series. Wo shall first shew that 

J=4tan-i-t<ui-2|5- 


2 tan"' j = tan"* ^ ^ = tan"' = tan"' , 

^'25 


. . 1 „ . 5 , 12 ^ 120 

4ten"'g = 2,tan"'j2=tan -^= Hg- 

‘ 144 

Hence 4 tan"* g is a little greater than ^ ; suppose 


4 tan"* ^ =»7 + tan"* x, 

5 4 

JO . /tt . \ 1+a 

-;^ = tan(T + tan *05] == ; 

.9 \4 / 1-a;' 


fi*om this we find x = i 


thmfore 


~ = 4 tan"* i — tan"* = 7 ^ . 
4 5 9.S9 
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Therefore 



297. It may be shewn that tan“* ^ = tan“' ^ - tan”‘ 
thus j = 4tan-'i-tan-‘^+tan-'^. 

The series for tan"”* ^ and tan-' ~ are convenient for pur- 


poses of numerical calculation. 


The value of w has been calculated by two computers inde- 
pendently to 500 places of decim^s, and by one of them to 707 
places of decimals : see Contributions to MalherruUics.^hj William 
Shanks, London, 1853 ; and the Proceedings of the Roy ail Society, 
Vol. XXI. page 319, and Yol. xxii. page 45. 

180 

The value of has been calculated to 52 places of decimals : 


see the Proceedings of the London MatlvenwJtical Society, VoL iv. 
page 308. 


298. 

Given sin a; = w sin (ac + a), required to 

expand 

powers of 

n, • 


Here 



therefore 

e**- 1 = 


therefore 

(1 - 7ie®*) = 1 ~ 


therefore 

1 - we" ' 


therefore 

2a;t = log (1 — we-®‘) — log (1 - we") 



« n (6“ - e—) + y (8^ - O + ^ («*“ - «■“ 

•)+... 

therefore 

. w* . - 

a; s= w sm a + sm 2a -t- sm 3a -f . . 

. ... 
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Ab an example, suppose then n » 1 ; thus 

a5 = sm2a;-^sm 4aj + ism 6a5-7sin 8aj+ ... 

^ o 4 

299. driven tan x = n tan required to find a series for x» 

H®re = n — — nr > 

er^’ + e^ + 


therefore 


therefore = 


therefore 




(1 + n) e**'‘ + 1 - w 
(1 — w) e**^ + 1 + w 


1 + 

1 ’ 


where m = i 


2xi = 2yt + log (1 4- nMT^) — log (1 + me*'*) 

= 2yt - «i (e^-e-^) + y (e^** - «^‘) - - ; 

, ^ . o Wl* . . W® . - 

therefore « = y - m sm 2y + -^ sm 4y - sm by + ... 

300. To find the coefficient of x"" in the expcmsion of cos hx 
m powers of x. 

Here e- cos i (T (e®*^ + e-^) = J 6^*^^ + J 

Expand these two exponential expressions by the exponential 
theorem ; then the coefficient of a;” is 

^{(« + 60" + («-60-} 

Now suppose COB ^=8m^, so that r®«a* + 6*. 
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Thus the ooefSdent of d* becomes 

n 

^ + 1 sin ^)’‘ + (oos ^ — i sin 0^} 

(a* + by / ^ ^ . /IV 

(cosw^ + ism w + cos?w-tsm 

(a^ + hy 

= -i — i ^ cos nd. 

\n 

Similarly the coe£B.cient of o!" in the expansion of e" sin fee in 

. . (a* + 6f . . 

powers of x IS ^ — ■. — ^ sm nd, 

t» 


30L The series in Art 298 may sometimes be of aasistanoe 
in the solution of triangles. 

We have sin j5 = ^ sin A = ^ sin (i? + (7) ; hence, by the formula, 

J5 = - sin (7 +';^ sin 2(7 + ^8 sin 3(7+ ... 
a 2a 3a® 

If 6 be less than a the series is convergent, and if ~ be a small 

fraction a few terms of this series may give ^ to a sufficient degree 
of approximation ; the series gives the circular measwrc of B, and 
the measure in degrees or minutes or seconds may be deduced by 
the aid of Art. 22. 


302. Given two sides of a triangle and the included angle, to 
find a series for the logarithm of t/is lldrd side. 

Suppose a and b the given sides and (7 the circular measure of 
the given angle ; suppose b less tlian a, we have 

c* = a* + 6“ - 2a6 cos (7 a» + 6® - a6 (e^‘ + e^) 



M3 
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thus 21ogc = 21oga+log^l ~|e^^ 4 -log^l - 

= 2 log o -^ («« + «-«) - ~ (e^+ e-*®*) - ... j 

therefore log c = log a -- cos C7 - ^, cos 2C - ^ cos 3(7 -.. . 

A JiCt OOr 

This series is oonyergent since b is supposed less than Oy and 
if - be small a few terms may give logc to a sufficient degree 
of approximation. 


EXAMPLES. 


1. Apply the exponential values of the sine and cosine to 

, , sin 2d . . 

shew that ^ = cot 0. 

1 -cos 2d 


2. If the sides of a right-angled triangle l^e i9 and 51, shew 
that the angles opposite to them are 43® 51' 15" and 46® 8' 46" 
nearly. 


3. If the angle (7 of a triangle be given, and the other two 
adjacent sides a, 5 be nearly equal, shew that the other angles are 
nearly equal to 
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fa-5 l/a-6 C\’^) 

|a + 6®°*2 3(0 + 6®°* 2//‘ 


4. In any triangle, if a — 5 be small compared with c, shew 
that the circular measure of A - ? is equal to 

sin 2 nearly. 


5. If a and b be the sides of a plane triangle, A and B the 
opposite angles, then will log b - log a 

9cob2A -co8 2j5 + ~(oos4A-co8 4.5)+i(cos 6A -cos 65) + .. 
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6 . + 

7. K ii + J?i = log (m + ni)f shew that 

tan B = and 2 A = log (n* + m*). 

8. Eeduce oos (0 + 5^1) to the form a + /St. 

9. Reduce sin (^ + tfn) to the form a + pi. 

10. If tt = (a + express log u in the form a + jSi. 

1 1. Reduce (a + to the form a + /8t. 

12. Prove that 

{sin (a - sin B]* = sin*"* a {sin (a - nO) + a*®* sin nB], 

XXII. SUMMATION OF TRIGONOMETRICAL 
SERIES. 

303. To find the swm of the sines of a series of cmgles uihioh 
re m arithmetical •progression. 

Let the proposed series consist of the following n terms, 
sin a + sin (a + )8) + sin (a 4- 2)3) + ... + sin {a + (w - 1) )3}. 

We have 

cos ~ - cos + I = 2 sin I sin a, 

oos ^ - cos (a + 1 ^) = 2 sin 2 ^ sin (a + ^), 

cos ^a+|j8)-C08^a + |)8) = 28m|j8siii(o + 2 / 3 ), 

OB /S) - COB 1 ^)=2aml^(dn{o + (TO-l)^}. 

16 


T. T. 
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Let S denote the proposed series ; then, bj addition, 


oos - 1 - cos = 2^ sin g ^ ; 

cos (o - 1 - COB 

therefore 5’= ^ v- 

2sm^^ 

“ nr • 

sing/S 


304. To find the mm of the cosines of a series of angles 
which are in arithmetical progression. 


Let the proposed series consist of the following n terms, 
oos o + cos (a + )3) + cos (a + 2)3) + ... + cos {o + (n - 1) )8}. 
We have 


sin f- 1 )3^ - sin i )3^ = 2 sin ~ )3 cos a, 
sin + 1 )3^ - sin + 1 )8^ = 2 sin ~ )8 cos ( a + )3) , 

sin ^ )3^ - sin + |)8j = 2 sin ' )8cos (o + 2)3), 


sin (a + /s) - sin (a + /j) = 2 sin I /? cos jo + (» - 1 ) ^}, 


Let S denote the proposed series ; then, by addition, 
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therefore 


sin + — ^ /s) - am (o - 1 sin I 

sin (o + ^) - sin (o - 1 


S=- 


SsiBg/? 


/ n - 1 „\ . w;8 
coB(^o+-^^jsin-^ 




2ir 


305. Suppose in Arts. 303 and 304 that = ~ > since 
. thS 

sm = sm 3r = 0, the sum of thoisines or the sum of the cosines of 


.1 . - , 2ir 47r 2(n— l)ir . 

the senes of angles a, a + — , a + — , . . .a +— is aero. 

n n n 

Tliis is a very important result, and the student should pay great 
attention to it. Moreover we may give this wide extension to our 
result : let m cmd n he positive mtegers^ m being less than n, cmd 

2ir 

= — , then the following svm is a number indepmdemJt qf angles^ 
n 


sin"* a + sin"* (a + /3) + sin"* (a + 2/S) + ... + sin"* (a + w - 1/S). 

• 

The same theorem is true when sine is changed into cosine. The 
theorem is established by the aid of Arts. 280... 283. Suppose^ 
for example, we take m = 4. We have 

sin* a = J {cos 4a - 4 cos 2a + 3}, 
sin* (a + = 4 (cos (4a - 4 cos (2a + 2j8) + 3}, 

and so on. 


Thus the proposed series can be replaced by other series ; the 
sum to n terms of cos 4a + cos (4a+ ip) + ... is zero by Art. 304 ; 
the sum to n terms of cos 2a ■¥ cos (2a + 2P) + ... is zero by the 

same Article ; thus the proposed series reduces to ~ . 


16—2 
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The condition that m ia less than n ensures that the denomi- 
oatorB in the expressions for the sums of the sines and cosines dc 
not Tanish. 

306. The series in Art. 304 may be deduced from that ir 
Art 303 by writing a ~ for a ; the sums of these series are re- 
quired often in the solution of problems, that the student 
should be able to quote them from memory. As we have just 
intimated, if the first result be known it is sufficient, since the 
second can be obtained from the first by changing sine into cosim 
in the first factor of the numerator. It will be seen that the 
results are obviously correct when n = 1, and when w = 2 ; thus 
there is a test of the accuracy with which the formulae are quoted. 
The cases in which = a may be specially noticed ; we have then 


8ma + sin2a + sin3a+...+i 


. n + 1 , na 

sm--^aBmy 


cos o -I- cos 2a + cos 3a + . .. + cos 7ki = 


w+ 1 , na 

cos — ^ a sin 


307. We may now deduce the sum of the following n terms : 
sina-sin (a + j8) + sin (a + 2^) l)"“^sin{a + (w - 1) )8}. 

This series may be written 

sina + sin (a + iS+ir) + sin (a + 2^ + 2ir) + ... + sin {a + (w- 1) (/3+ir)}. 
We have then only to change into ^ + ir in the result of 


Art. 303. 


Hence the required sum is 
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Similarly 


008 a - cos (a + + cos (a + 2 / 8 ) 1 )"“* cos {a + (n - l)/ 8 } 


008 


TJ+w 

Sin ---- 


308. To find the svm of the followirng n terms : 
cosec X + cosec 2 aj 4 cosec 4 - coseo 805 4 - ... + cosec 2 "‘"*fic. 

We have cosec as = cot ^ - cot 


COSOC 205 = cot 03 - cot 2Xy 


cosec 2"“"^ 03 = cot 2""*o3 - cot 2""* x. 

Let S denote the proposed series ; then, by addition, 

18 = cot ^ - cot 2""* 05. 

309. To find the svm of the following n terms : 

1 03 1 03 1 05 

tan X + 2 tan 2 + tan 2. + • • • + ^ * 8 “ 2=^1 • 

We have tana3 = cot 03 - 2 cot 2o5, 

1 05 1 05 

-taii2 = 2°«*2"°°**’ 

X 1 ^X 1 ^03 

= ST* ~ 2 

1,05 1 X® ^ X® 

gn..] xan 1 "" col • 

Let S denote the proposed series ; then, by addition, 

^= 2^1 oot^-2oot2x. 
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The tern ^ ^ = ^ 

a 

suppose n to increase indefinitely, cos = 1, and = 1. 

Thus the limit of the proposed series, when n is indefinitely 
increased, is >-2oot 2a;. 

X 

c. 

310. To find the sum of the foUowirtg n ternis : 
sino + c 8in(a + )8) + c* sin (a + 2j3) + ... + c""* sin {a + (n - 1)/?}. 

Let S denote the proposed series; substitute for the sines 
their exponential yalues : thus 

2iS = e" + + . . . + c" “ 

- s-«- ... - 


We have now two geometrical progressions ; thus 


2uS'=«" 


l-ces^ 




l^cV"fr 


1 -c(e^‘ + e-'^‘) + c* 


Uierefore 

« 

eintt~csin(a~)g)~c* 8i n(tt+ n/ 5) -h c"'*"* sin {a + (n - 1)^} 
~ 1-2ccos/3T^? 


If c be less than unity, then when n is indefinitely increased 
^ and <f**^ diminish without limit ; hence if c be less th«.n unity, 
the limit of the proposed aeries when n is indefinitely increased is 

sin a - c sin (a - jS) 

I - 2<;cos)5 + c* 

Similarly we can shew that 

cos a + c cos (a + jS) -»■ c* 008 (a + 2iff) + ... + c*-* cos{a + (?4 ^ 1)/1} 

^ cos«"gooe(tt -j3)~o®oo8(a4-ni3) 4-c^'*’*oos{a-f ( n- \)P] 



srauiATiON or tsioonohxtbical sraiEs. 217 


This result may also be obtained from the preceding by chang- 
w 

ing a into a + 2 • If 0 be less than tinitj the limit of the proposed 
series, when n is indefinitely increased, is 

cos a — c cos (a — jS) 

1 - 2c cos /j + c* 

a the mfinite series ^ 

c* c® 

c sm sin (a + 2/3) + ^ sin (a + Sfi) + . . . , 


and 


C (j 

c cos (o + )3) + -^ cos (a + 2jS) + co8(a + 3/3) + ... 


Denote the former series by S and the latter by C ; multiply 
the former by i and add it to the* latter ; thus 

C + iS^ ^ c‘(«+3^) 4 - ^ C‘(*+8^) + . , , 

2 13 

ss — 1 ) = — 1) = eCC08/5gt(a+c8in/5) „ gia 


= cccos^ |cos (a + c sin /8) + I sin (a + c sin /3)} - (cos a + 1 sin o). 
Equate the real and imaginary parts : thus 

C = cos (a + c sin /3) — cos a, 

= e^coBfi sin (a + c sin /3) •- sin o. 

The method of this Article might be used in Art. 310 ; or the 
method of that Article might be used here. 


312, We shall not solve any more examples of the summa- 
tion of Trigonometrical Series;* the student will find more exer- 
cise of this kind in the collection of examples for practice. In 
many cases the summation is effected by the artifice which is 
employed in Arts. 308 and 309, by which each term of the pro- 
posed series is resolved into the difference of two terms. Practioe 
alone will give the student readiness in effecting such transforma- 
tions. If he cannot discover the necessary mode of resolution in 
any example, he will find no difficulty m recognizing it when 
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lie sees the resvU of ihe summation given in the oolleotion of 
answers. Thus, for example, required the sum of the following 
n terms: 

« 

seoasec2a + sec2a8ec3a •i-sec3asec4a + ... + seo9iasec(n+ l)a. 

The result is cosec a{tan (n + l)a ~ tan a}; and hy pMvny n^l 
this suggests ths necesscvry 1/ramf(mfn(Uiony namely, 

^ sec a sec 2a = cosec a {tan 2a- tana}; 
then, sec 2a sec 3a = cosec a{tan 3a -tan 2a}, 

and so on. 

The student who is acquainted with tlie Differential and In- 
tegral Calculus, will be able to deduce numerous series &om known 
series by differentiation or integration ; and when the results are 
obtained they can frequently be established by more elementary 
methods. Thus, for example, differentiate both members of the 
equality established in Art 309 ; then 

sec' * + p sec* 2 + y sec* 2 * + . . , + sec* 

I X 

= - 2S=s ^ 

Again in Art 310 put /9 = a; thus 

i — s— 5 = sin a + c sin 2a + c* sin 3a + c* sin 4a + . . . 

1 - 2c cos a + c 

Integrate with respect to a ; thus 

1 c c* c* 

— log(l - 2c cos a + c^ « cos a + ^ cos 2a + ^ cos 3a + j cos 4a + . . . 

No constant is required; for when a is zero both sides are 
equal. * 


EXAMPLES. 

1. Find the sum of n terms of the series 

sin* a 4* sin* (a + /8) + sin* (a + 2/}) + ... 
8e Find the sum of n terms of the series 

8m*a + sin* (a + )5) + sin* (a 4- 2^ + ... 
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8. Find the sum of n terms of the series 

cos*a + COB^ {a + P) + cos* (a + 2^) + ... 

, ^ sind + sim3d-i-Bin5d+ ... to n terms 

4. Shew that tann^- 

5. Sum to n terms the series 

X)S ^ cos (tf + a) + cos (fl + a) cos (6 + 2a) + cos (6 + 2a) cos {0 + 3a) + ... 

6. Shew that • 

sin sin 2^ + sin 3^— ... to w terms ^ n+1. 

— = tan — — (tt + o). 

cos^-cos 2^ + cos 3^— ... to terms 2 

7. Sum to n terms the series 

sin {p + \)0 cos ^ + sin (p + 2) ^ cos 2^ + ... 

8. Sum to n terms the series 

sin a sin 2a + sin 2a sin 3a + sin 3a sin 4a + . .. 

9. Deduce from the result of Example 8 the sum to n terms 
)f the series 

1.2 + 2. 3 + 3. 4 + ... 


10. Sum to n terms the series 

sin 3^ sin ^ + sin 6^ sin 2^ + sin 1 2^ sin 4^ + ... 

Sum to infinity the following series contained in the Examples 
Tom 11 to 16 inclusive : 

_ . cos^ cos*^ ^os*^ 

11. COSO+ cos 2^ + ^*2 cos 3^ + —^ cos 40 + ... 

. sin 20 sin 30 

12. sin0--q— jT- +* 


1.2 


i3 


- « - COS 20 COS 40 

13. 1 7-^ + -71 ...• 


1.2 


li 


3 4 5 

14. 2 COS 0 + ^ cos* 0 + g COS* 0 + j cos^ 0 + ... 

, ^ ^ . sin 20 cos* 0 sin 30 cos* 0 

15. Bin 0 cos 0+ 7 —;; + Hi + •.. 


1.2 


¥ 


^ Bin0 sm 0 

16. ooB6 + -rj- cos26+ Y-^cosSS + ... 



KXAKPLBS. OHAPTBB XTTT. 


17. Shew that cos tf-icos + ~cos3S-... = log^2coB|^. 

18. Shew that cos 2^ + 1 cos6^ + g cos 100 + ... =^log(cottf). 

19. Shew that 


. . »• sm 20 sm 30 /oosec 0 ^ A 

»sm0 5 — + 5 ... = cot M + cot0). 

* 2 3 \ X J 


20. Shew that 


1 /II ^ 1 Z™ 20\ 

log cos 0 + log cos 2 + log cos + ... = log ( ) • 

Sum the following series to n terms contained in the Examples 
from 21 to 33 inclusiye : 

21. sin0^sin|^ +2sin|^sm|^ +4sin|^8ing^ + ... 

0 0 0 0 0 

22. taii^sec0 + tanjsec^ + tan^Bec7+... 

J 4: J O 4; 

23. cot 0 cosec 0 + 2 cot 20 cosec 20 + 2* cot 2“0 cosec 2*0 + , .. 


sin 0 sin 20 ^ sin 20 sin 30 ^ sin 30 sin 40 ^ ” 

25 t 1 

sin 0 cos 20 cos 20 sin 30 sin 30 cos 40 

26. tan""’ = — ^ + tan”* -= — ^ — jr| + tan”‘ = — — s- + . 

1 + 1 + r 1 + 2 + 2* 1+3 + 3* 

27. tan ”* x + tan”* -z — ^ + tan”* -z — a • + ... 

1 + 1.2.®* 1 + 2.3.®* 

AO . .A . a . 3a . a . 3a 

28. smasm 3a + sm^sm ^ +sm^,8m-^ + ... 

29 1 , 1 ^ 1 ^ 

cos0 + oos3^ OOS0 + CO850 oos0 + cos70 

sin 0 sin 20 sin 30 

cos 20 + OOS0 cos 40 + cos 0 cos 60 f cos 0 


SO 
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qi aintf 3 sin 35 3* sin 3* B 

1 + 20085 ^ 1 + 2008 35^1 + 2 008 3 * 5 ^’" 

32. oot"‘ (2a“* + a) + oof* (2a”* + 3a) + oof* (2a”* + 6a) 

+ oof* (2a”* + 10a) + ... 

33. ~s6o5 + ^sec5seo25 + ^8eo58eo25s6o2*5+ ... 

34. I log tan 25 + ^ log tan 2*5 + ^ log tan 2*5 + ... ^ 


35. 008^ + 2 008^008 ^ + 2*008 ^ 008^,008^+ ... 

36. An equilateral polygon is insoribed in a drole and from 
any point in the oiroumference ohords are dra'wn to the angular 
points : find the sum of the squares of the ohords and the sum of 
the fourth powers of the ohords. 

37. Ciroles are insoribed in triangles, whose bases are the 
sides of a regular polygon of n sides, and whose vertioes lie in 
one of the angular points : shew that the sum of the radii of the 


siroles is 2r 


^1 - n sin* 


where r is the radius of the circle 


nrcumsoribing the polygon. 

38. Circles are insoribed in triangles whose bases are the 
sides of a regular polygon of n sides and whose vertioes lie in one 
3 f the angular points ; r is the radius of the circle circumscribing 
vhe polygon : shew that the sum of the areas of the circles is 


16wr* sin* ^ I? sin* ~ + 


w- 4 


}• 


2ii\4 “* 2n^ 8 

39. Shew that if n be a positive integer 

n sin 5 + (n - 1) sin 25 + (% <- 2) sin 35 + ... + sin i 
n + 1 .5 sm(w+l)5 

‘•“2 


40. Shew that if n be a positive integer 
(i»+l)»sm5+n(n— l)sin25+(n— 1)(»— 2)sin35 + ... + 2. Isinii5 


. ”(”i j)oot^-^coaeo* 


)( Zd 2» + 8-’l 
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XXin. RESOLXJTIOSr OF TRIOONOMETRIOAL 
EXPRESSIONS INTO FACTORS. 


313. It is known from treatises on the Theory of Equations 
that th^ expression os” — 1, where n is a positive integer, can be 
resolved into n factors, each of the form a? — a, where a is either 
a real quantity or an expression of the form a + J3^( - 1), where 
a and /3 are real: and there is only one such set of factors. We 
proceed now to resolve the expression x* - 1, and some similar 
expressions, into component factors. The factors of the expressum 
af - 1 are found by solving the equation a?" - 1 = 0 ; every root of 
the equation determines one factor of the expression : thus if a 
denote a root the corresponding factor is a; — a. 


314. To resolve af - 1 into factors. 


2r7r 


2r7r 


The expression cos - 1) sin , where r is any in- 

teger, is a root of the equation of* 1 ; for the power of this 
expression is by De Moivre's Theorem cos 2r7r * - 1) sin 2nr, 

that is 1. 


First, suppose n even. If we put r = 0 we obtain a real 

root 1, and the corresponding fiu^tor is a:~ 1 ; if we put 

we obtain a real root - 1, and the corresponding factor is a; -i- 1. 

If wo put for r in succession the values 1, 2, 3, ^-1 

we obtain n-2 additional roots, since each value of r gives 
rise to two roots. These roots are all different, for the angles 


are less than w and all different, and thus cos — cannot 

n 

have two coincident values. Therefore - 1 » (a;-> 1) (a: 1) P, 
friiere P is the product of n ~ 2 factors obtained by ascribing 
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tor in BucceBsion the values I, 2, S, 2 ~ ^ ^ expression 

2nr TV . 2r7r 
fiD-OOS — — . • 

The product of the two factors os- cos — ^(~l)sm-^, 

and 05 - cos + ^(~ 1) sin , is the real quadratic^ factor 

/ 2nr\* . , 2rTr ^ o . i 

(a? -cos — ) +sm* — , that is, ar-2a5COs — + 1. 

\ n / n ’ n 

Hence when n is even 

05* - 1 = (05 - 1) (fl5 + 1) ^05* - 205 COS ~ ^05* - 2£C COS ^ + 1^... 




ft w-4 

2 «cos w + 

n 


i}|o5*-2o5cos^-j^ tt + l| ..,.(1). 


Secondly, suppose n odd. The only real root of o^ = 1 
is now 1 ; the other n-\ roots are obtained by giving to r 

Th ““ i 

in succession the values 1, 2, 3, in the expression 

2nr ^ ,, -V . 2r7r 

cos — *w(-l)sm — . 
w ' n 

Hence when n is odd * 

of - 1 = (o5- 1) ^af- 2 o5Cos ^05* - 2o5 cos ~ + 1^... 

... |o5* — 205 cos r + jj* |a5* — 205 cos Tr + lj- ....(2). 

315. To ruolm of + 1 irUo factors, 

_ . 2r + 1 . 2r + 1 , 

The expression cos — - — ir «*,/(- 1) sin — ir, where r is 

any integer, is a root of the equation 05 " = - 1 ; for the n*** power 
of this expression is cos (2r + l)ir*V(~l) 8in(2r4- l)ir, by De 
Moivre's Theorem, that is - 1. 
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Firsts suppose n even; is no real root of the equatioi 
af 1 ; the n roots are all imaginary, and are found by giving tc 


n 


r in suooessioD the values 0, 2^ 3, ^ ~ ^ the expressioi 

2r + 1 TV. 2r + 1 

cos IT 1) sm IT. 

2^ dL 2^ 1 

Th^ product of the two &ctors aj— cos — ^ ir 1) sin — g - ir, 

and as - cos ir +tj(~ 1) sin — ir, is the real quadratic factor 


/ 2r+l V 
(as - cos — — ir J 


2r+l V . ,2r+l ... . so 2r + l 

“ ' + sm* ir, that IS, as - 2a5 cos ir + 1. 

n n 


Hence when n is even 


as"+ 1 = ^a:*- 2ascos^+ l^^as*- 2a5COS~ + l^^as*-2a5C08^+ ly 

... ^a;*-2ficcos^?^^^ir+ 2a;cos^-^v + iy..(l). 

Secondly, suppose n odd. The only real root of as" = - 1 
is — 1 ; the other n — 1 roots are obtained by giving to r ir 


t-3 . 


in the expression 


succession the values 0, 1, 2, 3, 

2r + l ,, TV ; 2r+l 

cos l)sm ir. 

n ' n 

Hence when n is odd 


af 4* 1 = (aj+ l)^a5*- 2ajcos^+ ^a;*- 2a5COS-“ + ly .. 

... ^as*~2ascos^5^^ ir+ ^as* ~ 2as cos ir -f ly 


•( 2 ). 


316. The four formulas established in the two preceding 
Articles are identically true; we may deduce many particular 
results by supposimr particular values assigned to as. Thus in (1) 
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of Art. 314, divide both sides by x- 1 ; the quotient on the left- 
hand side will be of"* + +...+«+!. Now put » = 1 ; thus 

when n is even 

w=r 2*^1 --cob~^^1-cos^^...^1-cos^ 5^-^ ir^^l-cos^^ir^ ; 
and by extracting the square root, 


5:^* . 2ir . 4w . w - 4 . n - 2 

Jn = 2 ^ smjr-sm^... sm- 75 — irsm-^r — ir . 
^ 2n 2n 2n 2n 


The positive sign of the radical must be taken on the left- 
hand side, because the right-hand side is obviously positive. 

Again, in (2) of Art. 314, divide both sides by a;-l, and 
afterwards put a: = 1 ; thus when n is odd 

and by extracting the square root, 

/ . 27r . 47 r . w-3 . n~l 

> = 2 • sm 2 - ...sm rsm-^ , .. ( 2 ). 

Again, in (1) of Art. 315, put as = 1 ; thus when n is even 

2 = 2‘-(l-008^)(l-C08^)...(l-CC«r^.)(l-C08^^ 

and by extracting the square root, 

•I . TT . 37r . w - 3 . w - 1 

l=2-»-8m2-sm^...8m-^.8in3r- (3)- 


Again, in (2) of Art. 315, put as = 1 ; thus when n is odd 
2 = 2-i‘(l -C08^)(l -OOB®0..(l -C08^ ,)(l ^ 

and by extracting the square i*oot, 

, . IT . 3ir . n-4 . n-2 ... 

l = W- 
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7oiir other resalts maj apparentlj be deduced from the four 
formulm of the two preceding Ardclee by putting x = but it 
will be found on trial that these results do not differ really from 
those already deduced. Thus, for example, in (1) of Art 314, 
divide both sides by as+l, afterwards put a; = ~l, and extract 
the square root ; thus when n is even 

27r 4ir W-4 TO- 2 

^TO * 2 • COSrr- cos 7:- ... COB -r; IT COS ^ • 

^ 2 to 2 to 2 to 2 to 


this however is the same result as that in (1) of the present Arti- 
cle, the factors on the right-hand »de being merely differently 
arranged ; for 


2v 

cos 7 ;—= sm 
2 to 


TO— 2 


47r 

cos^ =sm 
2n 


to-4 _ 


317. To resolve fic*" - 2ar cos + 1 into factora. 

If cos d = 1 the expression becomes (a;* - 1)*, and if cos = - 1 
it becomes {x* + 1 )* ; in these cases the resolution into factors is 
effected by what has already been given in Arts. 314 and 315, and 
we will therefore suppose these cases excluded from what follows. 
If we put 

a;*" - 2a:" cos ^ - 1 - 1 = 0, 


we obtain af = cos ^ ifc 1) sin ^ ; hence a: is an to®* root of 
COB® +^(- l)sin^; the roots ai-e found from the expression 

cos * J(— 1) ^ ascribing integral values to r, 

for it is obvious from De Moivre’s Theorem that the to®* power of 
the last expression is cos {2nr -f * ,y(- 1) sin (2rir + ^), and if r 
be an int^r this reduces to ccs ^ ^(— 1) sin 0. If we ascribe 
to r in succession the values 0, 1, 2, ... to - 1 in the expression 

OOB — — ~*^(-l)sin — — — we obtain 2 to different values for 

the expression. For if r = j9 and r = q could give the same value 
to the expression we should have 


cos 


2»ir + f. ... 2p7r 4- $ 2gir 6 ,, ... 2q7r + 6 

l)8m = COB -i— *J(- 1)8111 -J-— ; 
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, .no X i_ 2qir + 6 - 

now by Art. 93 we cannot have cos — = cob-^ and 

n n 

.2^ + ^ . + ^ ^ 2^ + ^ 2gir + ^ j 

s gm _? • nor can cos — = oob ^ and 

f| w ^ fl fl 

gin ^ for that, by Art. 94, would require 

w w 

jl! ? - ^ to be a multiple of 27r, so that 0 wanild be a 

n n 

multiple of ir, and this value of 6 has been expi*esBly excluded 
above. Thus we obtain 2n different values of x. 

The product of the two factors aj— cos ^ - ^(- 1) sin 9 

and X “ cos ~ 1) sin , is the real quadratic factor 

/ 2r7r + d\* . ,2nr + d . , . . * « 2r7r + d - 

( X - cos I + sm , that is, x - 2a; cos + 1. 

\n/n n 

Thus «*" - 2x* cos 0 + 1 

— 2a; cos “ + ■“ ~ cos ^^— +1^ 

r , „ (2w-4)7r + ^ ,1 f . „ (2w-2)ir + ^ 

... ja;*- 2a5Cos ^ + 1 v jo!;^ - 2:jcos ' ^ 

318. We shall now deduce some important results from the 
preceding general theorem. Suppose a; « 1 ; then 

2 (1 - cos ^) = 2- - C08 ^ (l - cos (l - coH ... 

/- 2nir — 27r + 

•••(i-co« ;j — ;• 

Tjet 0 = 2rK^ and ^ = a; extract the square root ; thus 

2ti 

* sin n<^ = 2*“* sin sin (2a + ^) sin (4a + ^) sin (2na « 2a -f ^). 

T. T. 
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We sh a l l now prove that the upper sign must always be taken 
on the left-hand side. First, suppose ^ to lie between 0 and 2a ; 
then every factor on the right-hand side is positive, and so is 
sinn0. Next suppose ^ to lie between 2a and 4a; then every 
factor on the right-hand side is positive except the lasty and 
sin 71^ is negative Next suppose to lie between 4a and 6a, 
then every factor on the right-hand side is positive except the last 
twoy and sinw<^ is positive. By proceeding in this way wo see 
that for every value of ^ between 0 and 2 / 10 , the upper sign must 
be taken, so that we have for all values of ^ between 0 and v 

sin = 2*“* sin ^ sin (2a -I- sin (4a -f- sin (27ia - 2a -i- 

We shall next shew that this formula is true for all values 
of for suppose ^=mir + i^ where m is any integer, positive 
or negative, and is between 0 and tt; then we know that 

sin nip •■= 2*“* sin j/r sin (2a + sin (4a + \p) sin (2na —2a-^\p); 

but sin = sin - nmv) = sin cos nrmr = (— 1)"* sia n<p, 
sin i/r « sin (<^ - wtt) = sin COB mTT = (- 1 )"• sin 
sm(2a+^)=sin(2a+<^-7W7r)= sm(2a-l-<^)cos77i7r = (- 1)"* sin (2a+<^), 
and SO on. 

Substitute these values of Bmmp, sini/r, Bin(2a+i^), in 

the formula which expresses Buinip in factors; then divide both 
sides by (-1)"" and we obtain the required formula for sinn^, 
whatever may be the value of €p. 

In the expression for sinn^ change tp into ^ + a; then n<p is 
changed into hence o 

coBn^- sin (^ + a) sin (^ -f 3a) sin (^ + 5a) ...sin (27ia - a + 

In the last result put ^ = 0; thus 

1 s 2*^ sin a sin Sa sin 6a sin (2na — a), 

IT 


whece 



1^410 FACrUiiH. 




Again we have 

sinTK^ 
sin^ 


:= 2”'^ sin (2a + <^) sin (4a + <^) sin (2na ~ 2a + ^) ; 


H1T1 flfk 

now let di diminisli without limit: then sLuce the limit of 

^ * sm^ 

is 71 we obtain 

n = 2"“' sin 2a sin 4a sin 6a sin (27ia - 2a). • 

These two formulae are sometimes useful; the hrst inoludes 
(3) and (4) of Ajii. 316, and the second includes (1) and (2) of 
Aj:t. 316. 


If we divide the expression for sin n<l> by that for cos we 
obtain an expression for tan 7 i<^; when n is odd this takes a 
simple form which we may obtain more readily thus : in the 

expression for sin change ^ into ^ + 2 > obtain 


. yeTT 

cos 710 sm -y = 2 


cos 0 cos ( 2 a + 0 ) . . .cos (27ia - 2 a + 0 ). 


Divide the expression for sin 7 i 0 by this; hence when n is odd 

tanw0 = (-l) * tan0tan^0 + ~^ tan » 

319. The expression for sm 7 i 0 in Jtjij. 318 may be put into 
a different form; for 

sin (27ia - 2a + 0) = sin (tt - 2a + 0) = sin (2a - 0), 
sin (27ia - 4a + 0) = sin (tt - 4a + 0) = sin (4a - 0), 
and BO on. 


Then by multiplying together the second factor and the last, the 
third and the last but one, and so on, we have 

sin 710 - 2"^ sin 0 (sin* 2a — sin* 0) (sin* 4a — sin* 0)... 

It will be necessary to examine separately the oases when n is 
even and when n is odd. 


17—0 
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B^t aappose n eren; then the factor sm (na + that 
COB will oootir without any factor to multiply it: hence if n 
even, we have ^ 

sin = 2*"’ sin ^ cos ^ (sin* 2a - sin* (sin* 4a - sin * <(>).,. 

... {sin*(7i~4)a-sm*^} {sin*(w- 2) a-sin*^}* 
Next suppose n odd ; then we have 

c 

sin == 2"'"' sin ^ (sin* 2a - sin* (sin* 4a ~ sin* ^).. . 

...{sin* (n - 3) a - sin* <^} {sin* (n - 1 ) a — sin* ^}. 

Similarly fiom the formula 

COB nfff m 2”'* sin (^ + a) sin (<f> + 3a) sin (0 + 5a) ... sin (2na — a + ^) 
we obtain if n be even 

COB — 2"“* (sin* a — sin* <f>) (sin* ^a — sin* ^). .. 

... {sin* (n - 3) a - sin* {sin* (n - 1 ) a - sm* <^} ; 

and if n be odd 

COB = 2**’‘ cos ^ (sin* a - sin* 4>) (sin* 3a ~ sin* ^). . . 

... {sin* (n - 4) o — sin* «^} {sin* (n~~2)a- sin* 


320. We can now resolve sin 9 and cos 9 into their factors. 
Suppose nfl> = 9 and that n is odd; then by the preceding Article 

8in^ = 2*”*sin-fsin*2a-sin*^ fBin*4a-Bin* ^ ... 

n\ n/ \ nj 


Divide both sides by sin - , and then diminish 9 indefinitely; since 

0 

the limit of sin ^-^sin- is n we obcain 
n 


n = 2"”* sin* 2a sin* 4a. . . ; 


therefore by division, 


\ / 


ris' 



jsuLrKAoaiujNb iM'iu jrAC/iUiib. 


Now suppose n to increase without limit ; then since a = ^ 

. e ^ , e 

sm- ^ • sm- ^ 

the limit of a ' is - , the limit of -f— 7 " is tt- , and so on : 

sin 2a w' smia 2ir’ * 

thus finally. 

We shall obtain the same result if we begin by supposing n even. 
Similarly we may shew that 

321. In the same way as a;*” ~ 2a?” cos ^ + 1 was decomposed 
in Art. 317 we may decompose a?*" - 2a5"a" cos 0 + a*", and each 
quadratic factor of the last expression will be of the form 
27*ir ^ . 

as* — 2xa cos — ^ — + a*, where r is an integer ; and all the factors 

are foimd by giving to r in succession the values 0, 1, 2, ... w- 1. 
. , 2(» — 27r — 6 2(w — 2)7r+^ 4ir--^ 

n n n n 

and so on; thus all the factors will be found if we take 
2nr ^0 * 

a?* — 2 a 3 a cos — — + a", and use both signs and give to r in suc- 
cession the values 0, 1, 2 ,... up to if n be odd, and up to 

^ if n be even ; in the latter qjise when r = ^ we must take only 
2 2 

A . • A nTT-f-^ , 

(me factor ar - 2a;a cos + a*. 

n 


Now suppose ® ^ ^ ^ ^ ~ ^ ^ 
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IB the expression to be decomposed into factors ; and the general 
form of the factors is 


that is, 
that is, 


< 

. . ,2r3r*d/- «• .,2nr*^\ 

-2i ' -etJ- 


Suppose n to increase indefinitely ; then 

£)*" = *■' (^ ■ ir= 


also 


«* 2rjr*^ * «• 

“‘(2r7rdfc^)*^ 


and by putting s = 0 we obtain 

. . ,d . . 1 d . . ,2ir*^ . . 
48m‘^=4sm*^48m*--^ 4sm , 


thus finally 

Let i stand for ^(- 1) ; then we may put 

. ^ ^ .«/ /IV 6 -h iz , 0 — tz 

s*-2oosd + «** = 2(cosi«-cos^) = 4Bm— ^ • 

t- 

it will be a useful exercise to resolve sin^^^ and sin^-^*^ 

into factors by Art. 320, and to shew that the result agrees with 
that which has just been obtained. 

For 0 put V + ^ ; thus we can obtain a formula for resolving 
^ 2 cos ^ + 0 ~* into factors. 
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322. It is usual in works on Trigonometry to give a brief 
though unsatisfactory demonstration of the results of Article 320 
in the following manner. 

Since sin^ vanishes when ^ = 0, or or it 27r, ... it follows 
that sin^ nmat he divisible by 6^ ^ + 7 r, d-ir, d-»-27r, 6-2^^ ... ; 
therefore we may assv/me that 

sin ^ - it) tt) - 27r) {0 + 27r) {$ - 37r)(^ +^7r)... 

where A is some quantity independent of 0; thus we may 
suppose 


where a is also some quantity independent of 0, Divide both 
sides by 0 and then suppose ^ = 0 ; thus a =1, and consequently 

TT StT 

Again, since cos^ vanishes when ^ = or •**-^ 5 -, it 

TT IT 3'jr 

follows that cos 0 must be divisible by 0-^9 

2 2 2 

Sir 

^ + -g- , ... therefore we may assume that 


where A is some quantity independent of 0 ; thus we may 


suppose 




6V/’” 


where a is also some quantity independent of 6 ; and by putting 
0 B 0 we find a = 1 ; thus 

= ••• 

The portions of the preceding investigations which are printed 
in italics involve assumptions which cannot be considered legitimata 
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323. D$ Moiore'i property of the Cerrte, Let 0 be the centre 
of a drde, F any point within it or without it ; divide the wh(d< 


oircomference into n equal arcs BC^ CD, DE, beginning a 
any point B, and join 0 and P with the points of diyisioi 
B, (7, Let FOB = $ ; then will 

OF^ - 2 OP" . 0^ cos + OP- =PB^.PCrPD‘.,.ton factors. 
For FB^=.0F^-20F. OPcos^ + OP*, 

PC* = 0P'-‘ %0P. 0Ccm{6 + ^ + 00*, 

PD* = OP*-WP.ODoo&ie + ^ + OD*, 


and the radii OB, OC, OD are all equal 

Thus, by Arts. 317 and 321, the product of all the terms oi 
the rig^t-hand side of these equations is 

OP- - 2 OP- . OP- COB nd + OP- ; 



this fffoves the furoposition. 
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The particular ease wheu P is on tihe oircuinference may be 
noticed; tiien 

fi 

sin = PB . PG . PD ... to n fieu^rs. 


Cotea* 8 propertiea of the Cwele, These are particular cases of 
De Moivre’s property of the circle. 

Let OP produced if necessary meet the circle at and sup 

2ir 

pose AB = BC = — : then nB = 27r. Thus we obtain 
n 

{OP* - OB*y ^PB^.PC'.PB' ...ton factors ; 

therefore OP* ~ OB* = PB . PC . PD ... to n factors. 

Again, let the arcs ABy BG^ ... be bisected at b, then 
by the theorem just proved, 

OP^-'OPr = Pa . PB. Pb . PC ... to 2n factors ; 

therefore by division, 

OP* + OB* = Pa. Pb . Pc ...to n factors. 


324. It has been stated in Art. 169, that the tables of the 
logarithms of Trigonometrical functions ca^ be calculated without 
the use of the tables of the Natural hmctions j we will here briefly 
iudicate how this may be effected. We have 




put ^ g for 6/ and take logarithms ; thus 

s 1 i + '°s ('- £>) 



266 


EXAMPLES. GHAPTBB XXnt 


The terms in the last line may be expanded^ by Art 146 in 
series which will converge with sufficient rapidity ; thus we shall 
have if fi denote the modulus 


m IT 

log sin — 2 = logir+logTO+log (2w+»»)+ log (2»— »»)— 3 (log2+logn) 
/111 \»»* 

^ / 1 1 1 \m* 

/A /_1 1 ^ \ m® 

“ 3 V? 6‘ 8* "7 


Similarly we may find log cos — ^ . (Airy^s Trigonometry,) 

fi A 

EXAMPLES. 

1. Sum the infinite series 

1 1 i i 

1* 2* 3* 4* ••• 

2. Sum the infinite series 

1 i 1 1 

V T Z* A** 

3. Sum the infinite series 

1111 

r* "^3* +5* +7* + - 

4. Sum the infinite series 

1 1 1 

1* 3* 6* 7‘ ••• 

V 

5. If a ~ , shew that 

4n 

sin a sin 5a sin 9a sui (4n — 3) a = 
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6. A polygon of n sides inscribed in a circle, is sucb that its 
sides subtend angles a, 2a, 3a, ... na at the centre : shew that the 
ratio of the area of this polygon to the area of the regtilar 

inscribed polygon of n sides is equal to that of sin ^ to n sin ^ . 


7. The product of aU the straight lines that can be drawn 
from one of the angles of a regular polygon of n sides inscribed in 
a circle whose radius is a to all the other angular points is 

8. If Pgf-Pan-if P§H ^ perpendiculars drawn from 
any point in the circumference of a circle of radius a on the sides 
of a regular circumscribing polygon of 2n sides, shew that 

PiPnP^ • • • P— 1 + • • • PiH. = • 

• 

9. A polygon is described about a circle touching it at the 
angular points of an inscribed polygon ; the product of the perpen- 
diculars drawn to the several sides of the inscribed polygon from 
any point in the circumference of the circle is equal to the pro- 
duct of the perpendiculars drawn from the same point to the 
several sides of the circumscribed polygon. 

10. Shew that 

16 cosil cos (72®-ul) cos (72®+^!) cos (144®-il^cos(144*+il)=oo85A 

11. Prom the expression for sin ^ in factors shew that 

36 144 324 576 
"■■^•36'143'323'676 


12 . 


13. 


Shew that 
s‘ + e- = 2 

Shew that 








iiuk.AMl'iaiie}* 


Lo8 


14. Sind the sum of the serieB formed by multiplying to- 
gether every two of the terms of the series j , ^ ^ ^ 

I 

15. If n be even shew that 

tan^tan^^ + ^^tan^<^-»-^^ ... = !)*• 

16. Shew that sin 5il - cos 5^ 

= 16 oos(.4 - 27®) cos (il + 9®) sin(^ + 27®) sin(J[ - 9®) (cos - sin j1). 

17. Shew that 

ir 2. 2. 4. 4. 6. 6. 8. 8... 

2'" 1. 3. 3. 5. 6. 7.7.9. .. 

18. By aid of the foimula coaO= deduce the expressior 

for cos 0 obtained in Art. 320 from that for sin d. 

19. Shew that 

4.36.100.196.324... 

‘^'^"3.35. 99.195.323...* 

20. Shew that 

^ 8.80.224.440... 

2 “" 9.81.225.441 ...• 


21. Shew that cos a; -f tan ^ sin a; = 


(> * 3 ^,) (‘ - 3 ^) (‘ * 3 ^,) 

22. Shew that cosas-oot^sinas- 

2 







SS. Shew that y = 

1 ~OOS^ 


0“?){^"(2ir-y)*}{^ (2a- + y)*}f^ (4,r-y)*}{^ (^x + y)*}"' 


24. Shew that = 

1 + cosy 


0 (x-y)*}0"(x + y)*}{’ (3x-y)'}{' ■(3x+y)*} " 


26. Shew that 

siny 





~^v.. 

27r-y/ 


26. In Example 21 by expanding both sides in powers of or 
and equating the coefficients of 05, shew that 

, ^ y 2 2 2 2 2 2 

2 TT — y ir + y 3ir — y 3ir + y bir — y Sir + y 


27. Shew in like manner from Example 22 that 

. y 2 2 2 2 2 

cot ^ “ — 4. — 4. ^ ^ 

2 y 27r — y 2ir + y 47r ~ y 42r + y 

28. Shew that 

, 1 1^1 1^1 J_ 

3^3- 2 "^4 5'^1 8"^ 10 "■ 

29. Shew that , 

JT 1 1_2. i._l i 

2^3” 6'^r 11 ■^13 17"^ 19 ••• 

30. Shew that -4— = 

smy 

1 _i_ _i L. + _2_ + _i \ L_ 

y ^ w-y "" 2ir-y ir + y 2ir4-y 3ir-y 4ir-y 3«-4-y^ 
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XXIV. MISCELLANEOUS PROPOSITIONa 

325. Many demonstratioiis have been given of the very 
important formnln of Arts. 76 and 77 ; see^ for example, the 
Mesnenger of VoL iii. pages 100 and 123, The 

demonstrations which we have adopted have the great advantage 
of being readily applicable whatever may be the size of the angles. 
The following process is very simple for the case of angles which 
are not too large. 


I) 



Let the angle COD be denoted by A, and the angle CDO 
hj B'f draw CN peipendicular to OD^ and DM perpendicular 
to OG produced. 

Then the angle DCM ^ A •¥ B, 


Now by similar tidangles, or by two expressions for the area 
of the triangle OGD, we have 

OG.DM^OD.GN (1). 


Therefore 


DM OD.GN {ON ■^•ND)Cir 
CD~0G.GD^ OG.GD 


^ CN ND ON GN 
~OC‘ CD* OGGD' 


that is, 8m(A+j9) = smAcoB.^ + oosABm.^. 

Again, by similar triangles, or by Euclid, iiL 36, Cor., 
OC.OM^ON. OD\ 
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therefore 

00. OM+ 00* = ON. ND + ON*, 


therefore 

00 . 0M= ON.ND-CN* 

(2)i 

therefore 

CM ON ND * ON ON 

CD 00 ' GD 00 ■ 'CD ’ 


that is, 

COB (A + J?) = cos A cos A— sin A sin 



Again, from (1) and (2), . 

DM 00. DM OD.CN {OM+N'D)Cy 
CM 00 .CM ~ ON. ND - CN‘ ~ 0N7N~D-0N* 

ON ON 
ON'^ ND 
~ ^N ON' 

^ ON' ND 


that is^ 


tan (A + B) 


tSinA +tan j? 
1 — tan A tan 


326. Having given 

Bin(^ +-5) = 8inul cosJ5 + coBilBin^, 
and cos (A + B)- cos -d cos - sin -4 sin 

we can deduce the formulae for sin (41 - ^) and cos (-4 - B). 

For put A + B = S ’y therefore A^S — B^ Thus 
sin aS" = sin --5) COB jB + cos (>S^ •• B) sin B, 
cos aS = cos (S — B) cos ^ — sin (aS' — if) sin ^ ; 

multiply the fii*st by cos B, and the second by sin B, and subtract, 
and we obtain the fonnula for sin(B-^): multiply the first by 
sin B and the second by cos jB, ai^ add, and we obtain the foimula 
for cos (B - jB). 

Similaiiy from the foimula for tan (A 4* B) we can deduce the 
formula for tan {A - B), 

We might even deduce all the other formulae firom that for 
sin (il + if). For since 

(siu cos ^ + cos 4. sin + (cos 4 cos ^ -sin 4 sin i^)* as 1, 
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it follows that if sin (ii + B) = niiAooBB + ooBABmB, then 
ooB* (A (cos ii 006 - sin ii sin By, 

and therefore 

cos (-d + 5) = * (oos ifcosj5-sin-4sin-5); 
and a little consideration shews that we must take the upper 
sign. 

327, In Chapter viii. we have given exact expressions for the 
sines and the cosines of certain angles ; we may add that the sines 
and the cosines of some other angles can be readily obtained by 
calculating the roots of certain equations. 

For example, we know that 

sin 30® = 3 sin 10® - 4 sin* 10® ; 
put X for sin 10®: thus 

Now by Homer’s method which is explained in the Theory of 
EgwUionB we can easily calculate the numerical values of the 
three roots of this equation; the least positive root wiU be equal 
to mn 10®, and the greatest positive root be equal to sin 50®, and 
the negative root to - sin 70®: see Arts. 105 and 106. 

It is obvious that 

sin 10® + sin 50® - sm 70® = 0, 

so that the accunu^ ot the calculation can be easily tested. 

Since sin 10® can thus be found, and sin 9® is also known, we 
can by ordinary arithmetical calculation find the sine and the cosine 
of 1®; and then the sine and the cosine of any multiple of I®. 

328. The propositions which are given in Chapter ix. admit 
of some extensions beyond the enunciations to which, for the sake 
of simplicity, we have there confined ourselves. It will be suffi- 
cient if we consider only poeUwe angles. 

We have shewn in Art 116 that sin d is less than 6 so long 

M d is less than ~ ; it is obvious then that sin d is less than d for 

fMTV’ V of d 
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Now consider Art 120. The demonstration there given de- 
B 9 

pends on the fact that tan * is greater than , Thus it is really 

• 09 

shewn that sin 6 is cdgehrcdccdly greater than ^ ~ as long as 9 

is less than tt : on examination we shall find that this holds for 
every value of 9 ; that is, sin 9 — ^ — is always positive. For 

we find, by calculation, that "j ~ ^ is greater than unity when 
9 = IT y and it increases as 9 increases beyond this value ; thus 

-j — 0 + sin 9 is always positive. And sin 9 is arithmetically greater 
9^ 

tlian ^ ~ j- certainly as long as both are positive, that is certainly 


up to ^ = 2, which is beyond 9 = 


2 * 


Next consider Art, 121. From that Article combined with 
the extension just given to Art. 116, it follows that cos 0 is always 

9^ 

algebraically greater than 1 - o* . And from Art. 121 combined 

vrith the extension just given to Art. 120, it follows that cos 9 is 

9 

1 - — j , certainly as long as ^ is l^ss 
than 2 : hence it follows that cos 9 is always algebraically less 
than ^1 - ^ , for this expression is greater than unity if 
9 

2 is not less . than 2. But cos ^ is not always cmlJimetically 

09 ^ 

greater than 1 - ■« , even if 9 is Hess than ^ . On the other hand 

it 2i 

1 - -j J , while 9 lies between 

0 and some value which is greater than ^ and less than ir. 

Now consider Art. 130. In the same manner as we extended 
Art. 120 we can shew that sin ^ is algehraicaUy greater than 
T. T. 18 
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e* 


4 - for every value of 0, and that sin d ia arUhmetieally greater 


d* 


than 4 — , certainly up to 4 = ^6. And cos $ is algtbraieaUy 


0‘ $• 


lees than ^ ~ 2 ^ ’ certainly as long as ^ is leas than ^6 : 
hence it will follow that cos 6 is always algebraically less 


than ^ “ 2 24 ' cos d is 


thanl-^+p, 

TT 0 ^ 6 * 

oertainlj while $ lies between 0 and for 1 - ^ ^ is positive 

throughout this range, and until 0=J{6 - \/l2). 

329. We may add the following proposition to those of 
Chapter ix. : 

If 0 he the drcida/r meagre of a positive angle less than a 

0^ 

right <mgle tan 0 is greater than ^ • 

o 

0^ 

Foi' sin 0 is greater tlian ^ ^ , and cos 0 is less than 

0^ 0* 

1 ~ + jrj ; therefore 


0 - 


ef 


tan 6 is greater than — g| — ^ ; 

'-5*H 


hence, hy division, we find that 


4* 8 V 9/ 


tan 0 is greater than ^ ^ "y 


^ ~ 2 24 


Now if ^ is less than ^ both the numerator and the denomi- 
2 

nator of the last fraction are certainly poaitive ; and so tan 0 is 
d* 
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Also, since 

2^ - 2 sin d is less than y., 

and 

tan d - d is ^*eater than -5 , 

0 

we have 

2d “ 2 sin d less than tan d — d ; 

therefore 

1 2 

d is less than ^ tan d + -5 sin d. 

0 0 
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(Serret^s Trigonometry.) 


330. The following is an extension of Art. 149: tlie qu(m- 
tity e camwt he the root of a quadratic equation vnth rahUmad 
coefficients. 

For supjK)se, if possible, that 

ac* + & 4 - c = 0, 

where a, 5, c are integers: we may take a positive. Divide 
by e j thus 

ae + + 6 = 0. 


Replace e by the series 1 +1 + ^+ ^+ ^+ ...; and by 

^ Li. 

the series 1-1 which we obtain by putting 

- 1 for a; in the expansion of c*: then multiply by \n Hence 
we obtain * 

•••) ^ ■*" •••1 ®= integer. 

w+l 1 w+2 j w+1 \ n+2 j ® 

We can always make * ^ ^ positive by taking n odd when 

c is positive, and n even when c is negative. Then by supposing 
n largo enough we have a fraction on the left-hand side of the 
equation, which of course cannot be equal to an integer. 

(Iiiouville*s Jov/mal de MathihnatiqueSf 1840.) 

We may add that it has also been demonstrated that no 
commensurable i>ower of e can be a rational quantity t see Algebra^ 
Art 803. 


18—2 
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331. The following theorem is given for the sake of an 


important application : 

EDH is a triangle having 
the sides ED and equal. 
Produce DH to any point 
iT; and EH to a point 7, 
such that El* = ^DH , DN» 
Draw DM at right angles 
to DE^ and IM parallel to 
DE. Then the circle which 
the centre I and the 
radius IM will touch the cir- 
cle which has the centre N 
and the radius ND, 

Let DH — hy El = iy 

DN^n\ DEH^e. 



Then EH = 2A cos d ; and from the ti-iangle IHN 

IN* = (i — 2A cos $)* -f (n - 4)* - 2 (n - h) (i — 2h cos 6) cos $ 
= t* + (w — h)* — 2i (n + h) cos $ + 4nA cos* 0 
= (w + h)* - 2i {n + h) cos 0 + 1 * cos* 6 
= (n + A-tcosd)*. 

Thus IN = DN - IM', therefore DN ^ IN -f- IM, which de- 
monstrates the theorem. ( 


332. The application of the preceding theorem which we 
propose to make is this : the nine points circle of omy 1/rumgls 
Umches the inscribed circle and the escribed circles of th^ tricmgU, 

For an account of the nine points circle the student is referred 
to the* Appendix to EucUd, pages 1 j 15, 316, where the following 
theorems are demonstrated : ABC is a triangle, and P is the 
intersection of the perpendiculars from Ay By C on the opposite 
sides; the circle which passes through the middle points of 
PAy PB, PC passes through the feet of the perpendiculars and 
through the middle points of the sides of the triangle ; the 
of the nine points circle is equal to the radius of the 
oircamscribed circle of the triangle. 



jiuBCJbaiJL>A£<±iuu» 


U4 

Let ABO be a triangle, 0 the centre of the circnmsoribed 
drcle, D the middle point of BO ; l&t AQ be perpendicular to BG^ 
let P be the mtersection of the perpendiculars, F the middle 



point of PA, Let OB be produced to meet the circumference of 
the circumscribed circle at E] join OA, AE, and FD, 

Since the nine points circle passes through />, G it follows 
that DF is a diameter; and therefore DF= OA, Also OD = AF^ 

for it may be shewn that each = ^ g • Hence, since the opposite 

sides of OAFD are equal, DF is parallel to OA, Thus if be 
the point of intersection of EA and FD we have ED = DH, 

Suppose that in Art. 331 the letters D, E, I indicate the 
same points as in Art. 253. Let 

AssJ^sin®^; thenw=~: 

thus N is the centre of the nine points circle of the triangle; and 
therefore the nine points circle touches the inscribed circle. 

A gain j suppose that in Art. 331 the letters 2), E indicate the 
same points as in Art. 253; and let I now denote what was de- 
noted by / in Art. 253; then we see that the nine points cude 
touches the escribed circle which is opposite the angle A, 
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Since the nine points circle of the triangle ABG passes through 
the middle points of ABy BPy and PA, it is also the nine points 
circle of the triangle APB\ and so it touches the inscribed and 
escribed circles of that triangla* A similar remark holds with 
regard to the triangles BPG and GPA. 


333. For the following investigation of the theorem of 
Art. 286, t-and of a corresponding theorem, I am indebted to 
the late Profbssor De Morgan. 

It is easy to see that cos can be developed into a series of 
powers of cos B \ we require the law of the coefficients. 

We know from Art. 310 that if as be less than unity 

1 -rc* 

1 - 2a; cos d + a;* ' 


but without using imaginary quantities this equality may be 
demonstrated by clearing of fractions. The left-hand member 
may be expanded by the Binomial Theorem into the series 


1 - a;* (1 - a;*) X 


2 cosd + 


(1 


(2cosdr+ 


> 


and by comparing this with the right-hand member we obtain the 
following result : th^ coefficierU of (2 cob d)“ in the development of 
2oo8nd ie equal to the coefficient of in the expaTieion of 


(1 + x*)“+' ’ 


that is io the coefUdent of x“^ 


m the expamion of 


I 




Hence n - wi must be even, say equal to 2r, so that m = w - 2r. 
The coefficient required is therefore tliat of f in the expansion of 


i-y 

(r;-y5=^’ 


and, by the Binomial Theorem, thin ia 
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that is (- . 

[r 

In the same maimer, starting from 

z — — :3 = ajsintf + aj*sm2^ + a3*sm 3d + ... , 
l-2aJoostf + a* * 

we see that ths coefficierd of (2 cos ^)“ in the devd^^pment of 

M eqwl to the coefficient of in the expa/nsUm of 


sm( 


Hence we shall find that the coefficient of 


(i+xT"*' 

(2cosfl)**"**”"* in the development of 


(- 1 )' 


, (n - 2r) (n - 2rn- 1) . . . (rt - r - 1) 


334. The following is a very general theorem in the summar 
tion of Trigonometrical Series. 

Having given the value of 

c^ ^ CjX + c^ac* + ... + 

where c^, c , are independent of x ; required the value of 
c,, cos a 4- cos (a + j3) + ... + c„ cos (a + nj3), 
and Cj,sina + c, sin(a + )5)+ ... + sin (a + njS). 

Tjet f(x) denote the known value of 
c, + c^x + c*a?* + ... + 

For X put in succession and e^^ ; multiply the former 
result by e^, and the latter by a”‘», and add : thus 

CoCOSa + c,cos(a-l‘j8)+ . . + cos (a f wj8) 



MOV 
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Similarly 

sm a + Cj sin (a + j3) + ... + sin (a + 

= - «"“/( 6 -^)} • 

The expressions thus obtained on the right-hand side must be 
reduced and simplified ; we have 

f (e^) = (cos a + 1 sin a)/(co8 + isin j5), 

f (6“*^) = (cos a - 1 sin a) / (cos - t siu /?) ; 

and when a definite meaning is assigned to / (a;) we can obtain a 
definite result. 


336. The investigations of Arts. 310 and 311 will furnish 
examples of Art 334; for another example take the following: 
let 

_ , n(w-l)-, »(w- l)(w- 2 )-j 

c, = l, c,= ^ ; 

thus / {x) = (1 + hxy. 

Then / (e^) = (1 -f A cos + tA sin /S)* 

= r” (cos ^ -I- 1 sin <^)** 

= r" (cos n<^ + I sin n(f>\ 

where r cos <^ = 1 -*• A cos and r sin ^ = A sin /S, 

so that r* 5= 1 -I- 2A cos -f- A*, and tan 6 z= . ■ ^ ^ , 

1 + A- cos p 

Similarly f (er*^) = r" (cos - 1 sin n<^). 

Hence finally « 

71 — 1) 

cos o + nA cos (a + )8) + — ^ A*cos(o+ 2^)+ ... + A*oos(a + n/3) 
= 7^ (cos a COS 7i^ - sin a sin n<f>) = 7^ cos (w^ + a), 

and 

sina + TiAsin (a + )8) ^-gin (a -h 2)8) + ... -h A" sin (a -f 71)8) 

= f^8in(n^+a). 
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Various particular cases are included in these general results ; 
for instance we may put A = 1 or — 1 ; we may put a = 0 or /S; 
or we may put a = my and = - y or - 2y ; and so on, 

336. Algebraical identities of more or less interest can be 
obtained by ascribing special values to the angles which occur in 

Trigonometrical formulsB. For instance put ^ j in the two 

formnhe of Art. 270 ; put d = 0 m the four formulae of Art. 288, 

observing that the limit of is n when ^=0; put ^ = 0 in 

the two results of Aj-t. 333. 

337. We will now make a few remarks on the symbol ^(- 1), 
which has been used very often Itooughout the latter portion of 
this book. We may consider that the symbol has been used in an 
e^erimmial manner, and many results have been obtained by 
means of it : the point now to be considered is how far these 
results can be received as true. 

In the first place^ some of the results obtained by using the 
symbol ^( - 1) may be shewn to be true by other methods. Thus 
for example in Art. 333 we demonstrated without the use of the 
symbol ^/( - 1) a result obtained in Art 286 with the aid of the 
symbol. So also the values of sin nB a^d cos nB obtained in 
Art. 270 may be verified by induction. Moreover the resolution 
of an expression into factors in Art 317 may be effected without 

the use of ^/(-l) : see Theory of EqucUions^ Chapter xxxi. 

• 

A g ain , the following example will shew how in some cases 
a strict demonstration may be obtained even with the use of 
the symbol Let w be a positive integer, and suppose it 

required to expand cos**^ in terms of cosines of multiples of B^ 
we may proceed as we did in Art. 280, supposing x to stand 
for Now we know that 

(«* + 6“*)" = + 6""» + » {e<*^ + «-<*-*»’} + 
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thus 




S' I 

|2 ^[4 




. »y . «y ..ny 
“ “IF T IF " 


(”- 2 ) V , 1 

1.6 


+ 


Now this is true for all values of y, that is, if all the opera- 
tions indicated be performed, the two members of the equation 
are identically equal. We may therefore put - 6* instead of y*, 
and the i^ult will still be true. Thus 


( |2 li ' 


= 1- 

+ 


^2 ^ L4 ■ 


( («-2)V («-2)‘tf‘ 1 

IF " n ? — 


Thus 2*“' cos" d = cos wd + w cos (w - 2) + 

See the Article Equations in the Encyclopasdia Britarmiea by 
Ivory, and Airy’s Trigonometry, 

Finally, the student may be informed that a theory has been 
constructed which offers a complete explanation of the symbol 
J(- 1), and thus enabfes us to obtain rigid demonstrations by the 
use of this symbol. It is not consistent with the plan of the 
present work to give any account of this theory; the student^ 
however, is recommended hereafter to read the Trigonometry and 
DouhU Algebra of Professor De Morgan. 

338. The ratio of the circumference of a circle to the diameter 
is denoted by w\ thin quantity v cannot be commensurable, nor 
can 11 ^: we will give a demonstration of the latter statement, 
which of course includes the former. The demonstration depends 
on the theory of Continued Fractions which is explained in the 
Algebra^ Chapter lyii, and will be readily intelligible to a student 
who has mastered that Chapter. 
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Let /(y) stand for 

. as* «* a? 

^ “iTy 1.2.y(y+T)“ 1.2,3.y(y + l)(y + 2) 


+ ... ; 


/hen 

therefore 


/(y) 1 /(y^-2) 

/(y+i) y(y + i) /(y^-i)‘ 


Put z for , then. * = 7 — where p, = , , and 

/(y) y(y+i) 

ie what 2 ; becomes when y is changed into y + 1 . 

Thus can be transformed into an infinite continued 

Ay) 

Taction of the second class ; see Algebra^ Art. 778. Put ^ for y, 

HIT! Q 

and ^ for x ; then / (y) = cos and /(y + 1 ) = — 5 — ; then multiply 

A U 

the result previously obtained by d, and simplify the fractions. 
Thus we find that tan B is transformed into an infinite continued 
fraction of the second class, in which the first component is 0^ 

the second component is ^ , and generally the r*** component is 

B* 

2 r-r 

Divide this result by B^ then invert and transpose; thus we 

find that 1 - 0 cot ^ is transformed into an infinite continued 

• . . d* 

fraction of the second class in which the first component is — , 

o 

and the component is ^ . 

[n the last result put ^ for B\ and if is commensuiuble 

denote it by — where m and n are int-egers. Thus we have unity 
n 

equal to an infinite continued fraction of the second class, in which 
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by Bunplifying the fractions we find the first component is ^ , the 
second component is , that is ~ , and the component is 


«Mi . »» 

(2r-»- l)n ^ 2r+ 1 


So that 


tn- ... 

But this result is impossible, for we know that such an infinite 
continued fraction must be incommensurable, and so cannot be 
equal to unity: see Algebra^ Art. 792. 

Hence ir* cannot be commensurable. 


339. There is m the investigation of Art. 320 a point which 
may require examination. 

B TT 

Let 6 stand for - , and 8 for - : then we have to find the limit 

n 71 

when 71 is indefinitely great of , where r is an integer which 

^ 2 

lies between 1 and ^ inclusive. We suppose that w is odd ; 
the process is similar if n is supposed ev&n. 

Now if r denote any fixed finite number, ti^en when n is in> 
definitely great the required liooet is ; but we are not justi- 
fied in making this statement when r itself increases indefi- 
nitely with n, as for instance when r = ” « - or . The fact 

however is that in such a case both and are indefinitely 

sm* rp riT 

small, and we are not led into error by our use of the latter in- 
i' nf tb fnmn-r Thi“ ■> » nil 
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Let be an integer which may be as large as we please pro- 
Hided it remain hxed, so as not to change when n increases ; then 
by the method of Art. 320 we shew ^trictly that 





where Q is the limit when n is indefinitely great of a set of factors 
of the type 1 — integer r taking all values l^tween 


i + 1 and 


-1 . 


inclusive. Now we have to shew that instead of 


0 * 

Q we may take the product of a set of factors of the type 1 - , 

rTr 

the integer r taking the same values as before. Let H denote the 
product which we propose to substitute for Q ; then we must shew 
tfai^ R-Q, and this we do by shewing that each of them is equal 
to unity. 


Now we may suppose m large enough to ensure that sin is 
less than sin rfi ; hence every factor in § is positive, and less than 
unity; so that the limit of Q cannot be greater than unity. 

Let s = then Q is greater than (l — 

for every factor of ^ is greater than the first factor. But the limit 
of the last expression when n is indefinitely great is unity, as we 
see in the manner of Art. 150. 


Hence the limit of Q is unity. 

In a similar manner we may shew that the limit of R is unity. 


340. There is a point in Art? 321 of the same nature as that 
just noticed with respect to Art. 320, and which we may treat in 
the same manner. It is the statement that when n is indefinitely 
great we have 

, 2r7r A $ 

2n (2nr 
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e 


1. Prove that sintfcos~ = 8sin^ sin* ? sin* . 

2 4 4 

2. Prove that 


(oo8ec*|-sec*|)tan|=(i 


tan* - cosec* -x - sec* « ) cot ^ , 
2 6 2/3 


3. Prove that 

tan 3^ - tan 26 - tan 6 = tan 3^ tan 20 tan 0, 

4. Find x from the equation 

tan* X + cot* 35 = w* - 3m. 


5. The circumference of a circle is divided into 2n equal 
parts at the points Ay P, Q,.... Tangents are drawn at the j)oints 
Ay Py Qy ... sud perpendiculcjTs OA, OBy OCy ... are let fall or 
them from 0 the extremity of the diameter OA, Shew that , ^ 

OA* ^ OB* ^ 0(P =3/1 (radius)*. 

6. ABC is a quadrant; APy AQy AR are three arcs in 
ascending order of magnitude, each being less than ABy and 
their sum equal to twice AB\ radii CPy CQy CR are produced 
to meet the tangent at A at py qy r, and a triangle is formed 
with Apy Aqy Ar, Find the condition that this may be ][>OBsible, 
and the inferior limit of Aq and the superior limit of Ap. Prove 
also that in all suet triangles the radii of the inscribed and 
circumscribed circles are inversely proportional. 

7. ABC is a right-angled triangle, C being the right angle, 
E is the point at which the inscribed circle toud^ BCy and F the 
point at which the circle drawn to touch AB and the sides CAy CB 
produced meets CA ; shew that if EF be joined the triangle FEC 
is half the triangle ABO, 

8. Through the angular points of a triangle straight lines are 
drawn bisectiDg the exterior angles. If be the area of the 
original triangle and S' that of the new triangle, shew that 

o/ 1 o ^ B C 
o •= 2 ^ -g cosec -g cosec . 
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9. ABGD is a horizontal straight line. From a point imme- 
diately aboye D the known distances AB and BC are obserred to 
subtend the same angle a. If AB^ a and BC * 5, shew that the 
height of the observer’s position above D is 

2a& (a + h) tan a 
^ 1 ^ 4 ; (a +6)* tan* a ’ 

10. If in any arc not greater than a quadrant a j^int be 
taken, and from this point two straight lines be drawn, one to the 
extremity of the arc, the other perpendicular to its chord and 
terminated by it, prove that the sum of these two straight lines is 
less than the chord of the arc. 

11. Suppose a the angle of elevation of a cloud, ^ the angle 
of dej^ression of the image of the cloud seen by reflection from 
a lake, h the height of the observer’s eye above the lake, then 
t]{e height of the cloud is 

h sin {P + a) 
sin(/8 — a) 

12. At noon a person standing on a cliflT h feet above the 
level of the sea, observes the altitude of a cloud in the plane 
of the meridian to be a and the angle of depression of its shadow 
on the surface of the water to be jS; the sun being behind the 
observer when he is looking at the cloud : shew that, if y be 
the sun’s altitude at the time of observation, the height of the 
doud above the surface of the water will be 

A sin y sin (a + p) 
sin sin (y -I- a) 

13. Shew that the formula of Art. 280 may be verified by 

induction. • 

14. Shew that the formulae of Arts. 282 and 283 may be 

obtained from that of Art. 280 by changing 6 into ^ ~ 

15. Express cos 6 (tan”' «) in terms of 

16. If a quadrilateral can be inscribed in a circle and can 
also have a circle described about it, the area of the quadrilateral 
is equal to the square root of the product of the four sides. 
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17. The sides of a quadrilateral jQgure are a, 5, c, c?; and 
the sum of two opposite angles is If S denote the area of the 
figure, and 8 half the sum of the sides, shew that 

Q 

iS* =a (« - a) (« - 5) (s - c) (s - (/) — ahcd cos* ^ • 


18. Shew tliat 

OOH dcoanO = 1 — ^tan*^ + ' ^tan*^-... 

19. Shew that 

n /) • /» X /» n (n + 1) (n + 2) ^ „ 

cos 6 sm nO = n tan 6 ^ ' tan 6+ 

1 ? 

TT 0 

20. If ^ LB a positive angle less than ^ shew that 
oontinuallj increases with 0, 

TT fi 

21. If ^ is a positive angle less than ^ shew that 
continually decreases as 0 increasea 

22. In the diagi-am of Art. 332 if PO be joined, shew that 
it bisects DF, and is bisected by DF. 

23. Shew also that FO divides DA into parts which are 
in the ratio of 1 to 2. 


24. Shew that the following four points connected with any 
triangle are in a straight line : the centre of the circumscribing 
circle, the centre of the nine points circle, the point of intersection 
of the perpendiculars from the angles on the opposite sides, and 
the point of intersection of the straight lines ^rawn frrom the 
angles to the middle points of the opposite sides. 

25. Shew that the length of the perpendicular {him the 

centre of the nine points circle on BC is ^ cos (0-~B), 

26. Shew that the length of the perpendicular from the 
centre of the nine points circle on AQ in the diagram of Art. 332 
. 1 
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27. In the diagram of Art. 332 shew that 

(l-8cosil cosi?cosC7). 

28. Shew that the distance of the centre of the nine points 

R 

circle fix)m the angular point ^ is ^ s/(l + 8 cos sin ^ sin C). 

29. The centre of the nine points circle cannot coifLcide with 
the centre of the circumscribed circle unless the triangle is 
equilateral. 

30. The centre of the nine points circle cannot coincide with 
the centre of the inscribed circle unless the triangle is equilateral 


10 
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MISCELLANEOUS EXAMPLES. 

1. If an angle of 3® be represented by *15 find bow many de- 
grees are contained in the unit of that measure. Find also what 
number will represent a right angle in the same measure. 

2. Hie difference of two angles is P; the circular measure of 
their sum is 1 : find the circular measure of each angle. 

3. Find tan x from the equation tan a; + a5 cot a; = a + 5. 

4. If sin 3(9 = sin d cos 20 then d = ^ where n is zero or an 
integer. 

5. If an angle be divided into two equal and also into two 
unequal parts, the product of the sines of the unequal parts 
together with the square of the sine of the angle between the 
dividing straight lines is equal to the square of the sine of half the 
angle. 

6. Shew that 

(sec d sec ^ 4 tan d tan <f>y — (tan d sec ^ -h sec d tan 
2 (1 4- tan* 6 tan* — sec* 0 sec* 

_ sec 2d sec 2^ 

^ sec* d sec* 

7. If A + B + C=: 360®, shew that 

1 - cos* A — cos* B - cos* O’* 2 oob A cob B co& G 0, 

3 12 7 

8 . Ifsmi4 = g,sinJ9 = Y3> ^ ~ 25 ’ 

0 are positive angles lees than 90®, find sin (A 4- .S 4 C). 

9. If a; - r sin ^ (d— a) and y ~ 

a;*- 20 ^ 006 a 4v* = t^sin'o. 
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10. Eliminate $ from the equations 

(a-b) aa.(6 + {a* b)aji(6 -4), atan^-6tanfB«. 

• 

11. The number of degrees in one of the acute angles of a 
right-angled triangle is three-tenths of the number of grades in the 
oiher: determine the angles in degrees. 

12. Shew that if the circular measure of an angle is ^ , 

20 

where n is any integer, the angle can be expressed by an integer 
both in degrees and in grades. 

13. K sin (a -f /3) cos y = sin (a + y) cos P, shew that — y is a 
multiple of tt, or a an odd multiple of ^ . 

14. Shew that • 

sin 4il tan^ii + 4 tan*il + 2 sin 4il tan‘ii - 4 tan + sin 4.4 = 0. 
Ifi, Shew that sm* 24" - sin* 6 " = . 

O 

16. J£ A-¥ C - 360®, shew that 
2 (oosil Bin^sin(7-fcosi^sin(7sm.4 + cos(7Bmilsini?) 

+ sinM -i-sin*^-f- sin*(7 = 0. 


17. If a and p are the two values of 0 in the equation 

cos^cosy sin^siny 1 
a ^ b 'c’ 

shew that 

(6* + c* - of) cos a COB + (a* c* - 6*) sin a sin jS = a* + 6* - c*. 


18. K sinil = ^ , and sin ^ , where A and B are positive 

o J 

angles less than 90®, find sin 2(il + B), 

19. Solve the equation cos 4a: + cos 2a; -i- cos a; » 0. 


20. If il + J + C + i> = 360®, shew that 


cosil + cos.S + cos(7+cos2> = 4cos 


A^B B’^G C^A 


cos 


9 , 


cos 
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43. Shew that 

ooeecAooseoSA + cosec 2 A cosec 3A = coseo A (ootA ~oat3A;. 

44. Shew that 

H cot*^^ - cot* 5-4 

sec'^AsecA £ 

l+cot»|-4 


45. Shew that 

{sec A + cosec A(l + secA)}|l -tan'^A ||l - tan*jA| 


= ^sec^-4 +coseci-4^sec*j-4. 

(a - 6)sectf = (“ + 6) sec ^ . 


46. If 


then 


1 




47. Eliminate ff and from the equatioxis 

a sin(^-^) e ,, y,x 5 sin^ 

5’’8m(^ + ^)' ^-cos(^ ), 


48. Find cos > fh>m the equation 

z 

IF 

4 

49. If 

008 -I- 3^) = sin (2^ + 2<^), and sin (<^ + 3^) = cop (2^ + 2<^), 

shew that ^«(3m-5n)g anU ^ = (3w- 5m) ^ +^> 


cos 


05 cos ^ 



or else ^ ~ ^ 2mtr ~ ~ ; where m and n are integers. 


50. Shew that 

(1 -f sec 2tf) (1 + sec iB) (1 + sec BB) :(1 + sec TB) 

_ tan 2 "^ 

“ tan^ 
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51. Hie (drcalar measure of a certain angle is equal to the 
ratio of the number of degrees in it to the number of grades : 
find the magnitude of the angle in^degrees. 

52. Shew that 

{sin (-4 ~ 5) + sin (A + 3^) } sec 2 j 8 = (cos 25 - cos 2-4) cosec (A - 5). 

53. If ^ '^^,^ ,ahewthatsin(3tf + a) = 7 3in(d-a). 

tana l+sm*o ' ' ' ' 

54. Solve the equation 

cos 3d + cos + ^2 (cos d + sin d) cos d = 0. 

55. Eliminate <f> from the equations 
7isind-mcosd = 2m n sin 2d ~ m cos 2^ = n. 


56. Solve the equation 

- 0 sin® d - 6 sin 

57. Among all values of d between 0 and tt find that which 
makes sin d cos (/8 - d) greatest ; being a given angle between 

0 and 2 . 




8 sin 


<» (<’-!) 


cos® d + 8 cos ( 


58. Shew that cos 55® + oos 65® + cos 17 5® = 0, 
cos 55® cos 65® + cos 65® cos 175® + cos *55® cos 175® = - j , 


cos 55® cos 65® oos 175® = - 


1+^3 


then 


8J2 • 

59. If aJCOs(a + ^) + cos(a-/3) 

= 05 cos ()8 + y) + dos (jS - y) = aj cos (y + a) + cos (y - a) 

tan a tan P tan ' 

""1 1 “ 1 

taa^(/3 + y) t)aii^(y + o) taii^(a + ^ 


60. If-4+5 + C7 + -D = 360®, shew that 

A T) n rk A • A+5 . 5 + 0 C •¥ A 

oos.4-cos5 + cosC/-cos5 = 4 sin — ^ — sm — ^ oos — . 


2 


2 
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61. The number of degrees in an angle of one regular polygon 
is to the number of grades in an angle of another as 3 is to 5 : 
find the number of ndes in e^ polygon, shewing that there 
are only three solutions. 

62. Solye the equation sec* ~ + cosec* ^ = 1 6 cot n 

63. Eliminate d from the equations 

m sin 2d = 91 sin p cos 2d = g cos d. 

64. Find d from the equation 

cos d - smd = coBa~sina. 


65. Shew that if sin (d + 5 + C' + i>) = 0, then 

sin (d + C) sin (d + i>) = sin (-5 + C) sin + D), 

66. Shew that all the values bf d which satisfy the equations 

sin d + sin ^ cos d + cos ^ = g, 
are contained in the expression wtt — a+ (- 1)" where a and ^ 
are angles determined by the equations 

tana=|, + 

67. Shew that 

IT 

cos cos 

10 

c 

68. Shew that whatever d may be, 

a sin* d + 5smdcosd + c cos* d 
lies in value between 


27r 3ir 47r 5ir 67r lit /IV 

jgCOS^COSj^COSygOOBy^COSj^-^^j. 


69. Shew that 

cos a + COS + cos = 0, 

/2ir \ f2it \ f2it \ f%it \ 3 

0OBaoO6( y +a 1 + C06acos( y - aj + cos ( y +ojoosf 3 “ * ) * - 


/2w \ /2ir \ 

cos a cos f y a I cos ( y - aj 


cos 3a 


4 
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70 . Ilnd an expresaioQ for the product 

(cob 2 + 008 1 ) (cob J + cos I) (cob J + cos 1) . 

71. An angle is the excess of a® 6' ahoyejfq^ : find the ratio 
of this angle to a right angle. 

72. Solve the equation 2 sin* x + sin* 2a5 = 2, 

73. Shew that 

tan A + 2 tan 2A + 4 tan 4A + 8 cot 8A * cot A. 

74. Solve the equation cos 2a; - cos 4as = sin os. 

75. If the sum of the angles A, C, D he four right angles, 
and their tangents in geometrical progression, shew that the 

- 1 j or else that tan A tan D = tan B tan C = h 


76. The angles A, B^ 0 of & triangle are in Arithmetical 
Progression.; and cosec 2A, cosec 2-B, cosec 2(7 are in Arithmetical 
Progression: shew that the cosine of the common difference of 

the angles is • 


77. Shew that cos A + cos 2A + cos 3A = 


o. . 3A 
cos2A smr^ 


78. Shew that 


^ 05-2 cos - 2 cos y ^ 2 cos y ^ =cc* + ai:* ~ 2a:- 1. 

79. If A + + (7 = 180®, shew that 

. . . . o ^ ^ 0 3A SB SO 

Bin*A + sin® j5 + sin (7 = 3cOS2COS^OOSy + COSy-C 08 -yOOBy~. 


80. Investigate the conditions which must hold in <»der 
that the equation sin* a: + 26 sin a; + c » 0 may give two admissible 
values for sin x, when 6 is positiva 
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81. The ntunber of the sides of one r^gfular polygon is to 
the number of the sides of another as m is to n ; and the number 
of degrees in an angle of the first is to the number of grades in 
an angle of the second as p is to g : determine the number of 
sides in each polygon. 

82. Solye the equation cos a; + cos 7a; = cos 4x, 

83. Eliminate a from the equations 

a; tan (a - j8) = y tan (a -f jff), (a; - y) cos 2o + (a; + y) cos 2^ = 

84. If X and y vary so that their sum is constant, find be- 
tween what limits sin a: sin y ranges, and its greatest value. 

85. If A +B+0 = 180®, shew that 

+ D + 8m(if + ^+sm((7 + ^) + l 

, A^B B^C G’-A 

= 4 cos 3 — cos 3 cos 3 . 

4 4 4 

86. If COB* A + cos* B + cos* (7=1, cos* a + cos* P + cos* y = 1, 

and cos -4 cos a + cos J? cos -f cos (7 cos y = 0 ; 

shew that 

sin a sin 2a ^ sin sin 2)8 ^ sinyBin2y ^2coBacos)8coBy_Q 
cos A cos cos (7 cos -4 cos -5 cos (7 ~ * 

t 

87. Shew that (1 + ^2-^3)72^172. 

88. If tan^ = -Y--^tan^, 

and tang+|) = ^tang+D, 

2 

then either sin 0 = - or else cos 0 = 0. 
c 

89. Eind cos x from the equation cos2a;-f5eosa;-f-c = 0. 
Investigate the conditions which must hold in order that there 
may be at least one admissible value of cos a;, supposmg b positdva 




. Llt^Uxa^LiATiJiiUUD u. jUAil^ 
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90. If y is not greater than ^ shew that sin ^ {1 + sin (y - tf)} 
oontinaally increases as 6 increases from 0 to y. 

91. Shew that there are eleven, and only eleven, pairs of 

regular polygons which are such that the number of degrees in 
an angle of one of them is equal to the number of grades in an 
angle of the other ; and that there are only four pairs when these 
angles are expressed as inters. * 

92. If sec a sec + tan a tan = tan y, shew that cos 2y cannot 
be positive. 

93. Find the general value of an angle sucli that its cosine 
is to its tangent as 3 is to 2. 

94. If X and y vary so thsHi their sum is constant, find 
bM^een what limits sin os + sin ^ ranges, and its greatest valna 


96. 

Solve the equation cos B - sin B = 

~-J2. 

96. 

Express in four factors 



sin* A + sin* B + sin* (7 - 2 sin if sin .5 sin (7 - 1. 

97. 

Shew that cos ^ j (-1 + ,^2 + + J2, 

98. 

Eliminate $ between 

• 


a sin ^ j + 6 sin 

II 


and a cos + 6 cos ^ j 

) = c sin (^0 + 


99. If A, B, C he any quantities, and a, /?, y angles such 
that 

cot a + cot + C cot y = (.4 + + C) cot a cot cot y, 

and 

(JB + 0) cot P cot y + (0 + il) cot y cot o + (.4 + .B) cot a cot - 0 ; 
shew that sin 2a + ^sLn 2^+ C7sin2y=0. 
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100. If ooB0 = oosaco6^~sina8in/9^(l 
and 008 ^ = cos a oos /8+ sin a sin ^(1 - c* sin* ; 

shew that 


- , 2cosacosfl . 

oo8d+ oos^ = = — T-T-i — and 1 + cosd< 
^ l-<rgm*asm*^’ 

Hence find sin d sin ^ and tan ^ tan ^ . 


coa*a4-co8*j8 
1 - 0 * sin*a sin*j8 


101. Shew that oos 11^ + 3 cos 9^1 + Sods 7^ + cos 5^ 

= 16 cos* .4 cos ^4-4 + cos ^4il - . 

102. Find approximately the distance at which a coin an inch 
in diameter must be held from the eye looking towards the moon 
so as just to conceal it^ the apparent angular diameter of the moon 
being half a degree. 

3 

103. Solve the equation cos* d sin 3d sin* d cos 3d = ^ . 

104. Eliminate d and ^ from 

e sin d = a sin (d + a sin & sin d, 

oosd— cos^ = 2m. 

105. In any triangle 

asin(5-C7+5sin((7-il) + cBin(il -^) = 0. 

106. Shew that 

008 * 18* sm* 36* - cos 36® am 18® = ^ . 


107. The perpendiculars frofh the angles of a triangle on the 
opposite sides meet at 0; and OA =x, OB-y^ OG-z\ shew that 


a h c 
- + - + - = 
X y z 


abc 

ooyz* 


108. The top of a pole placed against a wall at an angle A 
with the horizontal plane just touches the coping; and when its 
foot is moved a yards 'further from the wall and its angle of indi- 
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nation ig it rests on the sill of a window : shew that the per- 
pendicular distance between the coping and the sill is 



109. AB is the diameter of a oircley G its centre ; a straight 
line AF is drawn dividing the semicircle into two equal parts ; 
d is the ciroular measure of the complement of the anglq FCB\ 
shew that cos d ^ d. 


1 10. The sides of a regular pentagon and of a regular decagon 
inscribed in a circle of radius B, are a and a', and the radii of the 
circles inscribed in them are r and / respectively: shew that 

t /t zM , a 2 jS 

T T T 

^111. li A-^B + C = (2n + 1) IT, shew that 

% 

cos^ ~ + cos^ ~ +COS^ ~ -r 2 ^COS* ^COS* ^+cos*^cos* ~-f cos*^cos* 

+ 4 cos* ^cos“ ^ cos* ^ = 0. 


112. If tan* d is less than unity, shew that 

tan* d - ^ tan^ d + g tan* d = sin* d + ^ sin* d + g sin® d + 

113. Solve the equation cos d — cos 2d = sin 3d. 

114. In any triangle 

a* sin (-B«- (7) 6* sin ((7 - d) ^ c* sin (d - ^ 

sind sin^ sm(7 ~ 

115. Solve the equation cos 3d + sin 3d = cos d + sin d. 

116. If tan* a = tan (a + aj) tan (a- a:) then sin 2a: = ^2 , sin a 

117. If 

tan* d tan d' = tan* tan ^ as tan* C7 tan = tan d tan jS tan f7, 

and cosec 2d + cosec 2J? + cosec 2(7 = 0, 

shew that tan (d - d') = tan = tan ((7 - C7'), 
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118. If cos 60** sin. 36** cos A, cos 30** = sin 60** cos B, and 
iXMG^^ooBAocmBf then one value oi A-^B + O ia 90^ 

119. Two rows of houses of equal height stand at an angle 
to each other. On a sunshiny day the distance of the comer of 
the shadow from the comer where the rows meet is observed twice 
and found to be a and b respectively. Shew that if A be the 
height of the houses and a the difference between the altitudes of 
the sun on the two occasions 

A* + A (6 — a) cot a + aft = 0. 

120. F is any point in the arc of a semicircle AFB; two 
circles are described touching the semidrole and also touching AF^- 
BF at their middle points: shew that the rectangle contained 
by the radii of these droles is one eighth of the square described 
on the radius of the circle which is inscribed in the triangle AFB., 

121. Shew that 

sin a sin cos (jS + y — a) + sin sin (y - a) cos (y + a — /8) 

+ sin y sin (a - /3) cos (a + jS “ y)= 0. 

122. Shew that 

logcot ^ = cos 2^ + g (cos 20y + ^ (cos 2$y + 


123. If A-\-B + C={2n + 1) ir, shew that 

cot + cot i? + cot C- 2 (cot 2A + cot 2j? + cot 2C) 

= ^cot^ + cot^+cot~^ (sec - 1) (sec .5-1) (sec (7- 1). 


124. Shew that <r 

sinil sin.5sm(il— .5) + sm.5sin(7sin(.5— (7) + sin C7sm.4sin((7— 
= j {sin {2A - 2B) + sin (2j? - 2(7) + sin {20 - 2.4)}. 


125. In any triangle 

1 1 1 ,(7 

- 008* 5- -f T cos'-s^ + - cos* ^ 

M A V /* •/ 


(g + 6 4- c)* 

A-fthr. 
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126. Find x from the equation 

127. Shew that 

Bm(^-a) Bin(g~)g) 

sm(a-^) sin (a — y) 8m()8-a)sm()3-')5 

I . .0 ’ 

sin (y - a) sin (y - )8) 

128. From each of two stations on a horizontal plane, at a 
distance c from each other, a pillar on a distant hill, in the vertical 
plane passing through the stations, is seen under the same visual 
angle, and the angles of elevation of the top of the pillar at the 
stations are a and Shew that tlse length of the pillar is equal to 

^ % c cos + a) 

sin (^ - a) ’ 

129. If in a right-angled triangle twice the distance between 
the centres of the inscribed and circumscribed circles is a mean 
proportional between the hypotenuse and the excess of the sum of 
the sides over the hypotenuse, shew that the radius of the in- 
scribed circle is equal to one sixth of the hypotenuse. 

130. In any triangle shew that • 

coa’^A +COS* ^ j5+ cos*^ (7= 2+ 

131. If then tan*» = tanil tan.5. 

sm(aj + j?) V 

132. If A -h 0 = (2n + 1) tt, shew that 

sin* 2A + sin” 2JS + sin* 2(7 + 2 cos 2A cos 2£cob2G= 2. 

133. Sum the infinite series 

(1 + 2) log 2 + (log 2)' + (log 2)* + .... 
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134. Shew that 

sin {A ^B)ooa(0 -B) cob (-4 -C) +sm (-5 - C) cos (-4 -C) cos(J5--4) 

c +Bm((7-.4)ooB(-8-.4)oos(C7~ J) 
= j {sin {2B - 2-4) + sin (2(7 - 2B) + sin (2-4 - 2(7)}. 


135. In any triangle 


sin (ii - J?) _ a* - 6* 


sin (A 4 - -5) 

< 

136. The diagonals of a quadrilateral figure are in length 
h and h respectively, and inclined at an angle A : shew that 
the area of the greatest rectangle which can be drawn with its 
four sides passing through the four comers of this quadrilateral is 

i AA (1 + sin A). 


137. A person standing* at the door of a house observes 
that he can just see the top of a church spire over the intervening 
wall at an angle a; he then ascends to the roof, whence he is 
just able to get a view of the entire building, and he observes 
that the elevation of the spire top is /3. Having given the height 
of the house, that of the observer being neglected, determine 
the heights of the spire and the wall. 


138. In any triangle shew that 

acos*“j4#f 6cos*~^ + ccos®|(7* 


S 


139. A, By C are three points on a plane inclined to the 
horizon, C being the lowest; it is found that CA is inclined to 
the horizon at an angle a, and CB at an anglef ; and the angle 
AGB is y: if 0 be the inclination of the plane to the horizon 
shew that 

sin* 0 sin'y = sin* a + sin* )8-2sinoBmj8cosy. 

140. If a\ Vf c' are the sides of the triangle formed by 
joining the points of contact of the inscribed circle with the sides 
of a triangle, shew that 

abe " 2 ^»* 
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141. Find tan $ from the equation tan 30 + tan 2^ + tan 0 = 0. 

142. Shew that 

/ irX* / SttV / 5V\* / ZttX* 17 

« j + (c“ -8 j ^ (c“ -8 J (cos g j = jg . 

143. If acos <^ = 6 cos 0 then oot - (</> + 0) cot i(<^~0)=~i^ . 

144. li A, C he the angles of a triangle, shew that 
cos -jr cos 75 cos -jj cannot be greater than — ^ . 

JL A 2t o 

145. In any triangle 

,A ,B ,G a +6 + c ,A 

cot 77 + cot — + cot 75 «= 7 COt ^ . 

^ 222 5+c-a 2 

% 

146. The diagonals of a four-sided figure are h and and 
the area is 0 : shew that the area of the circumscribing square is 

A* + A;*-.4C* 


147. Shew that sc, y, z can be so taJien that for all values 
of 0 the following expression shall have a given constant value, 

a; sin (0 -)8) sin(0 - y) + y sin (0 - y) sin (0-ii)+ « sin(0-a)sin(0-j8). 


148. If fix>m the extremities of a side of a regular pentagon 
‘nscribed in a circle straight lines be drawn to the middle of 
'jhe arc subtended by the adjacent side, their difference is equal 
jo the radius of the circle, theis product is equal to the square on 
;he radius, and the sum of their squares is equal to three times the 
square on the radius. 

149. If a fiag-staff at the top of a tower of height a subtend 
STna.U angle 0 at the eye of an observer when at the distance b 

^m the tower, shew that the length of the flag-staff is — ^ 
learly. 
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160. In onj triangle 
(»-o)*on^ +(«-6)*Bin5+(«-c)*Bin(7 

' A /t>j> \ ^ -8 0 

= 4r (2i? - r) 008 ^ cos -5 COB -5 . 

J J J 

151. Shew that 

2 sin 7^ 008 ii + 16 sin ii oos* .i = sin 6^4 + 4 sin 2^1 (1 <f 2 oos* 2A), 

152. Find tlie logaiithm of 32 to the base and the 
logarithm of 81 ^3 to the base ^9. 

153. If tan {A + B) = 3 tan il, shew that 

sin (2A + 2B) + sin 2il = 2 sin 2Ba 


154. In any triangle 


l.,l. 2a5 + 25c -f 2ca - a*- h* - c* 


- Bin 

a 


iabc 


155. The sides of a quadrilateral figure are divided in oi*der 
in the ratio of m to n, and a new quadrilateral is formed by joining 
the points of division : shew that the area of this quadiilateral is 
to the area of the original quadrilateral as n* is to (m + w)*. 


156. Shew that cos^ = — j is a solution of the equation 


cos ^ + cos 3^ = 


1 

2 ^ 


and find the other values of cos 0. 


157. Shew that 

cos /8 cos y sin (y - ^) + cos y cos a Sin (o - y) + cos a cos ^ sin (P - a) 
= sin (a - P) bin (/S -y) sin (y - a). 


158. If A ^B^C^ 180% shew that 
bin A bin (.! — 2?) sin (A ^C) + sin B sin {B’-O) sin {B — A) 

+ sin C’ sin ((7 - ul) sin ((7 - .5) 
s: sin J bin .8 sin 6' {1 - 8 cos A oos B cos C}. 
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159. A person with his eye on the level of the ground dose 
to a pole, observed that he saw the top of a distant window 
over an intervening wall at an«elevatlon a. He then clunbed 
up the pole c feet, when he saw the whole window, and the 
elevations of the tops of the window and wall were then ^ and y. 
Shew that the height of the lowest part of the window above 
c (tan a - tan ^ + tan y) ^ 

tan a — tan ^ 


the ground was ^ 


160. ABC is a triangle; straight lines bisecting the angles 
A and B meet the opposite sides at I) and B respectively ; shew 
that the area of the triangle GBI) is 

- d'-h- 

COS cos jr — 

% J 

161. If jp = 2 cos 4 - 5 cos* A + 4 cos® A, 

and = 2 sin A - 5 sin® A + 4 sin® A ; 

shew that p cos 34 + ^ sin 3A = cos 2A, 

p sin 3 A -q cos 3A = i sin 2A. 

4 


and 


162. 

163. 


ax'®**? 


^en n is infinite. 


Find the limit of ( cos - i 
\ nj 

Sum the infinite series 
- 1 + 2 1+2 + 2* l+2 + 2*+2* 

12 ^ L3 / 5 ^ 

164. Find cos (oj - y) and cos (a; + y) from the equations 

sec a cos (aj + p) = 1 + tan x tan p, sec p cos (as - p) = 1 - tan x tan p. 

165. In any triangle 

acosl(2?-C') 6<m^(0-A) ccosl(J-£) 

""""I 1 1 “ aha 

be COB -^(B+O) ca cos ((7+ A) a6cos^(A+.B) 
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166. 0 is any point in the interior of a quadrilateral ABCD\ 
OP, OQ, OR, 08 are perpendiculars on the sidee AB, BO, GD, DA 
respeotiyely : shew that the area of PQR8 is 

I ABOB-^(OA‘ ein2A + OB‘Bin2B + 0C‘ sin 2(7 + 6 Z)* sin 2D). 

167. , In any triangle 

. B-^C A , . C-^A B . A-B C ^ 
asm— 2 — coseC“ + 6 sm— ^ — cosec -+C8m —g — cosec =0. 


168. Shew by the aid of Trigonometry that if as + y + « = xyz, 

, 3aj-aJ* 3y-y* 3«-«* (3£B-a®)(3y-y*)(3«-«*) 

\Z 3i* 1 _ 33 ^ 1 - 3** ” (1 - Sas^ (1 - 3^) (1 - 3^ ’ 

169. If w, n be the perpendiculars from the centre of the 
sircumscribed circle on the sides of a triangle, shew that 


/a h c\ 


ahc 
Vnm ’ 


170. If A, B, and C are the angles of a triangle, shew that 

in* + gin* ^ + sin*^ cannot be less than 7 . 

2 2 2 4 

171. Find the limit when 0 is indefinitely diminished of 

sin ad - - vers ad 

yti aJid of . 

sm off vers off 

172. Shew that 

logN /2 = 

173. If A + B + 0= 180*, shew that 

A A B 0 B B C A 

tan^ + ooBgSeCgSeo^ =tan 2 + cos ^ sec ^ sec ^ 

, 0 CAB 
= tang-(-cos^sec ^sec^. 
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174. If sin (iroottf) = cos (tt tan shew that either coseo 2d or 
cot 2d is of the form m ^ , where m is an integer positive or nega> 
tive, • 


175. Ih any triangle 

( sin + sin jg + sin^T X* _ a 
oThTe / ” 


cos ^ + 6 cos jg + ccos (7 
2a^c • 


176. A circle of radius r is inscribed in a sector of a circle of 
radius a, and 2c is the chord of the sector : shew that 
1 


^1^1 
r a c 


177. If tan x + tan 2fl: + tan Zx + tan 4a) = 0, shew that either 
bx = nw, or 22 c = (2m + 1) tt, or ^cos 2a; = 1 JVI* 

% 178. Shew that 

sin (d - /3) sin (d ~ y) sin (d ~ y) sin (d ~ a) 
sin (a - /8) sin (a - y) sin (^ - y) sin ^ - a) 

sin (d~a)Bm(d~j3) _ ^ 
sin (y - a) sin (y - )S) 


179. ABC is a triangle; straight lines are drawn bisecting 
the angles A, B, G and meeting the opposite sides at E, F 
respectively ; shew that the area of the tfiangle DEF 

, A . B . C 

2oBm^8m 2 2 

A^B' 

• cos-^cos-^cos-^ 

180. From the top of a mountain the angles of depression of 
two stations in the plane at its foot are observed to be a and ft 
and the difference of their bearings is observed to be y : shew that 
if c be the distance between the two stations the height of the 
mountain will be 


csinasin)2 
8in(a + ft C0B<^ 


where 8m*<^ 


sin 2a sin 2/2 
sill* (a + 
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181. Find approximately the angle subtended by a target 
two feet wide at the distance of 450 yards. 

182. Sum the following infinite series : 

1 4 *9 16 

^■^(3 ■^(4 + 15 ■"•••• 

183. If 2 = sec (d + 2a) + sec (^- 2a), shew that 

cos* 0 = 2 cos* a. 

184. Solve the equations 

2 (sin 20 + sin 2</>) = 1 = 2 sin (^ + ^). 

185. In any triangle 

(sm-4 + sin j5 + sm(7)^tan ^ +tan^+tan^^ 

A .'B . 0 
= 4 + 4 sm ^ sin — sin ^ . 

186. A, jB, Cf D, E,,,. are the angular points of a polygon 
inscribed in a circle ; from the centre of the circle perpendicular’s 
are drawn to the sides, and a second polygon is formed by joining 
the feet of the perpendiculars : shew that if the ai’ea of the first 
polygon is double that of the second, 

sin 2il + sin 2 j? <1- sin 2(7 -I- sin 2i> + sin 2 j^ + ... =0. 

187. In any trianglef 

. B-C A , . C^A B . A-^B 0 ^ 

a sm — 2 — sec 2 + 6 sm — ^ — sec + c«m — g— sec g == 0. 

188. In any triangle 

a* sin (B-Cf) ^ 6 * sin (g - A^ ^ c* sin (A - B ) _ ^ 
sinjB + sing sing+sinil smil+sin.5~ 

189. If a be the side of a regular polygon inscribed in a 
circle of radius r, and b the side of another regular polygon of twice 
the number of sides iuscribed in the same circle, shew that 

yK'-i)- 
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190. If 5 + (7 ss 180®, ahew that 



191. A person walks in a straight line towards a very distant 
object, and observes that at three points A, B, C, the elevations 
of the object are a, 2a, 3a respectively: shew that AB=:^,BC 
nearly. 

192. If 05 is less than unity so also is 

1 1 

X log (1 - aj) * 

193. Having given 

6 sin ^ 3 sin 2J5 _ 2 sin 3^ 

coa (A + B) ~ cos (j 4 + 2B) ~ cos (A + SB) ^ 

shew that it is impossible that any value can be assigned to B 
other than n?r. 


194. 


T- sintf cos^ , sin' 
If = , and 


cos'd 


6 


X y ’ y* + 

general expression for the value of d. 


find a 


195. If A^ B^ C are the angles of a triangle, and sin A^ sin B^ 
sin G are in Harmonica! Progression, then 1 - oos A, I ~~ oos B^ 
1 — cos (7 are in Harmonica! Progression. 

196. If 72 be the radius of^ circle described about a regular 

JR 17 

pentagon whose side is a, shew that - = ^ nearly. 

(X iSU 


197. 


In a triangle 


sinA 

sini? ~ w ' 


and =? : shew that 
oos n q 


COB (7 = 


mp-~nq 
np — mq* 
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198. If 0 be the centre of the circle inscribed in a triangle 
ABOt and Z>, E, F the points of omitact with BC, CA, AB 
respeoti'vely, shew that 

OA.OB. 00 (AF + Bd\ CE) = ^R. AF. BD . CE. 

C 

199. In the semicircle ABC, whose centre is 0, and radius p, 
the straight ^e OB is drawn at an angle 2a to 0C» Circles 
are inscribed in the triangles OAB, OCB. Shew that the distance 
between their centres is 

p - sin 2a) 

N/(i + sin a) (1 +008 a) 

200. A man walking along a straight road observes the 
directions with respect to the road of two objects when the angle 
which they subtend is greatest, and then measures the distance 
from the point of observation to the point whence they appear 
in the same straight line : dnd the distance between them. 

201. Shew that + r, + r, - r = 4J?. 

202. Shew that sin”* ^ + cot"* 3 = 7 . 

Jo 4 

203. ABO is a ; a second triangle is formed by the 

external bisectors of the angles of ABC ; then a third triangle is 
in like manner formed from the second, and so on : determine 
the angles of the triangle. 

204. Knd in terms of a the vf lue of cos 4 (tan”* a). 

205. Find the general term in the expansion of e®* cos {bx + c) 
in powers of x, 

206. A cizcle touches the sides AB and AC of a triangle 
produced, and touches the side BC at D : shew that 

a(a‘-Ai;‘) = 4s(s~5)(s-c). 
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207. If oos”* {a + p 1) * ^ ^ - 1, where the letters 

denote real quantities, shew that 




. = 1, and 


jg* _ 1 


cos* 6 sio* ^ (e^ + e-^)* (e^ - s-*)* 4 ' 

208. Shew that log sec $ 

= 2|Bin*tf-iBm*2^ 4 | sin* 36 - j sin* 40 +•. . . 


209. Shew that the sum of n terms of the series 

sec a sec (a + ^) + sec (a + p) sec (a 4- 2P) + sec (a 4- 2p) sec (a + SP) 
4- 

= cosec p {tan (a + np) - tan a}. 

210. In a regular hexagon, one of whose sides is equal to a, 
^ a circle is inscribed ; and in tins circle another regxilar hexagon, 

and so on until there are in all n hexagons : shew that the sum 
of the areas of the hexagons is 

211. Adapt the expression a cos -4 + 6 cos + c cos C to 
logarithmic computation, the letters denoting the sides and the 
angles of a triangle. 


212. -4, B, G are telegraph posts ait equal intervals by the 

side of a rail-road ; t and f are the tangents of the angles which 
AB and BO subtend at any point P; T is the tangent of the 
angle which the road makes with PB : shew that 
2 1 __ 1 
t • 


213. Shew that 


TT 

4 




214. If P denote the point of intersection of the perpen- 
diculars from the angles of a triangle on the opposite sides, 

thfl,t = — n*. 
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215. If a = 15°, find the value of 

(cos a + J - 1 sin a) (cos 2a sin 2a) ^ 
cos 3a — 1 sin 3o 

216. ABO is a triangle; a new triangle is foryied by the 
eKtemal bisectors of the angles: shew that the sides of the 

new triangle fxe 4i? cos ^ il, 4i2 cos | -5, and iE cos ^ (7 re- 
spectively.* 

217. Shew that the sum of the squares on the sides of the 
triangle formed as in the preceding Example = SE (42? + r). 

218. Iteduce to its simplest form 

cos 6^ + 6 cos 4^ + 15 cos 26 + 10 
cos 5d + 5 cos 3^ + 10 cos ^ 

219. If ^ be a positive angle less than ^ shew that Jco^ O is 
less than cos ^ . 

220. If any point be taken within a regular polygon of 
an even number of sides from which perpendiculars are drawn 
to the sides taken in order, then the sum of one set of alternate 
perpendiculars is equal to the sum of the other set. 

221. Shew that = S. 

222. Shew that ^ = 5 tan“‘ ^ + 2 tan~* ^ . 


223. Assuming the expression for tan nB in Verms of tan 
shew that if n be an odd integer ^e following two series are 
numerically equal, 



if n be an evm integer one of the two series is zero. 
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224. Shew that B oos* B 

113 
* 25^^®^ 9^ + cos 7d) - (cos 5^ + cos 3^) + ygg cos B, 

225. Sha^ that sin” as 

3f3*-l a 3^-1^ , ,v-i3*"-l_^^, 1 

i’-j- 

226. If ^ ^ shew that 

cos <^ + cos 3<l> + cos 9^ =“ > 

1 - JT3 

and cos 5<^ + cos 7^ + cos 11 ^ = — ^ — . 


^ ^27, A point is taken inside a regular polygon and per- 

pendiculars are drawn from it to the sides of the polygon; a 
new polygon is formed by joining the successive feet of the per 
pendiculars : find the sum of the squares on the sides of the new 
polygon. 

228. Shew that if ^ then cos 50 + sin 50 

« - 2* sin (^ - 3p) sin (0 + p) cos {0 + 3p) co^lO-P) (cos ^ + sin ^). 

229. Given sin d {1 + tan* a tan* + cos ^ {1 - tan* a tan* 

= tan a + tan fS, 

shew how to determine 0 by formulae suitable to logarithmic 
computation. 

230. If Ay By G are angles of a triangle, shew that 

sin A + sin ^ + sin G is never less than sin 2A -h sin 2^ -»• sin 2(7. 

231. A regular polygon of n sides is inscribed in a circle, 

and firom any point in the circumference chords are drawn to the 
angnlftr points; if these chords be denoted by c^, beginning 
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with the chord drawn to the nearest angolar point, and taking the 
rest in order, shew that the quantity 

is independent of the position of the point from which the chords 
are drawn. 


232. Two circular sectors have a common chord and equal 
areas, and t^eir angles are as 2 is to 1 : shew that one of the 
sectors must be a semicircle and the other a quadrant 

233. If 0 = tan"* ~ , and B = tan"* ^ , shew that one 

2«-aj kJZ 

value of ^ ^ is “ . 

Q 863 

234. If — g— = , shew that 0 contains very nearly 5®. 

4 

235. ABG is a triangle, and DEF is another triangle fontied 
by joining the centres of the escribed cii*cles of ABC : shew that 
the circle described round ABG is the nine points circle of DEF, 


236. From the expansion of sm*""^* & in terms of the sines 
of the multiples of 6, shew that zero is the sum of n + 1 terms of 
the following series : 

2«(2n-3) 2n(2«-l)(2n-6) 

l-(2n-l)+— +.... 

237. Ifco8(fl + .^./^) = COS a + sin a, where the letters 
denote real quantities, shew that sin’ B — ^ sin a. 


238. Shew that 


sin X — sin Zx + sin 5x - 
oos a; - cos 3* + cos 5a; - 


...ton terms ^ / n-1 

— 7 7 = tan(na;+ — 

...to n terms \ 2 



239. ABGP and DEFQ are two concentric circles, ABG 
and DEF being any two equilateral triangles inscribed in them. 
If P and Q are any two points on the circumferences of the 
circles, shew that 

QA' + Q^^QCP^PD^^ PFP^PF^, 
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240. If tan 0 = = ^ ^ - and r* = 1 — 2a cos can + a*, shew that 

1 -acos cas ' 

1 - Y a cos a* cos 2ca5 - ... + (~ 1)* a" cos ncx = r* cos 

241. Eliminate % between 

sin* B sin ^ + 1 = 0 and cos* ^- 5 'cos^+f = 0^ 

242. Shew that the area of a triangle 

(a + 6 + c)* 

,g\ - 


( 00*2 + cot ^ + cot J) 


+ cot 2 + cot ■ 

1 IT 

243. If tan"’ + g 5aj »= j , then one solution is 

\ 

2a5-a** 


244. If 0 is the centre of the circle described round a 
triangle, and P the point of intersection of the perpendiculars 
fix)m the angles on the opposite sides, shew that 

OP* = 27?* + cos 2A + cos 2J5 + cos 2C^ . 

245. If a, Pf y are the lengths of tie straight lines joining 
the centres of the escribed circles of a triangle with the centre 
of the inscribed circle, and sc, z the lengths of the straight 
lines Joining thewenti’es of the escribed circles, shew that 

pz+ yy ^yB+az ^ay + px 
sc ~ y "* z ' 


246. If IT — ^ denote the angle opposite to the side 6 of a 
triangle, and 0 be very small, shew that approximately 



fa ^ 

■^612 \b V 6*/l4j’ 


247. Express sin* 6 cos* 6 in terms of sines of multiples of B, 
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248. If tan (^ + ^iy-l) = oosa+^-lsma, where the letters 

denote real quantitieB, shew that d = mr at j where n is an integer. 

• * 

249. Shew that 


1 

f IT 


1. TT 1 IT TT 


250. Shew that the coefficient of x* in the product 

(1 + *) + J) (l + J.) ... ad infinitum is . 

251 . Shew how to eliminate 0 between 
Bin*d-j»sm^ + m = 0, and cos* g coB^ + n = 0. 

252. The internal bisectors of the angles of a triangle mre * 
produced to meet the circumference of the circumscribing circle: 
shew that the area of the triangle formed bv joining the three 

jRs 

points thus obtained = . 


253. If sin“'*~ + sin“*f = sin'* then 

a 0 ah 

6 V +,2a!y (a*6* - e*)^ + a'y* = c\ 

254. Fi'om a point P each of two straight lines CA and CB^ 

which are at right angles^ subtends an angle y. If GA = a, and 
CB ^ b, shew that • 

a6c*B2y 

sin y ^(a* + 6*- 2a5 sin 2y) * 

265. Shew that the roots of the equation a 5 *-sB® + «*-a 5 + l=0 
are oob 36® * ^ - 1 sin 36® and cos 108® * 1 sin 108®. 

256. If an angle of a triangle be 30®, one of the adjacent 
ri des 1 foot, and the opposite side 250 feet, find approximately 
the number of minutes in the other acute angle. ^ 
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257. Shew that the area of the triangle formed by joiniiig 
the points of contact of the inscribed circle, or an escribed circle, 

of a triangle is ^ , where p is the radius of the drcla 


258. If tan (d + ^ sT^) = oosa + ^-l8ina, where the 

letters denote real quantities, shew that = * tan • 

259. If « = 1 +«oosd+^cos2d + ^cos3d+ ... , 

If 1^ 


and 


then 


Z* jjj* 

(r = «sm d + rjr sin 2^ + ,-= sin 3d + ... , 
If Lf 


s; sin d = tan"* and « cos d = ^ log (a* + o-*). 


1 


• Find the values of a and o* when d = ^ . 


260. Through a given point straight lines are drawn parallel 
to the sides of a regular polgyon ; and from another given point 
perpendiculars are drawn to the straight lines : find the sum of the 
squares on the perpendiculars. 

261. Shew how to eliminate d between 

a tan d + 6 sec d = A, and a cc^) d + 6 cos d = A. 

262. Perpendiculars ai*e drawn from the angles of an acute- 
angled triangle on the opposite sides, and the feet of the perpendi- 
culars joined shew that the perimeter of the triangle thus 

formed =-p . • 


263. The internal bisectors of the angles of a triangle are pro- 
duced to meet the circumscribing circle : shew that the area of the 
triangle formed by joining the points of intei’section is never less 
than the area of the original triangla 
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265. The idiadowB of two vertical walls which are inclined to 
each other at an angle y, and are a and a' feet in height, are ob- 
served when the Sun is due South to be 6 and V feet in breadth. 
Shew that if a be the Sun’s altitude above the horizon, and the 
inclination of the first wall to the meridian, 

a = I ^ ] cose<r y + cot y cosec y, 

cot ^ cosec y + cot y. 


266. Shew that (a-f- 5/^/- will be wholly real if 

8 h IT 

~ log (a* -f 6*) + o tan"^ - is zero or an even multiple of ^ . 

267. Apply the exponential values of the sine and cosine to 
shew that 

log -i — yv- ,, . sin'^-ic*Bin*2^+ 5C*sm*3^- ...| 

® a*cos*5+ o*sm*5 (23 j 


when 0 ! 


a-^b 


268. A triangle is formed by joining the centre of the in- 
scribed circle of a triangle with the centres of the escribed circles 
which are opposite to tK^ angles A and B : shew that the area of 

this triangle is ^ cot - . 

269. If 0 be the centre of the circle inscribed in a triangle 
ABCf and r., r*, r, the radii of the circles inscribed in the tri- 
angles OBO, OGAy OAB, shew that 

a b c f./ .A B C\ 

-- -f-4--=2(00t-r4-C0t-7--l-C0t-7]. 
r, \ 4 4 4/ 

270. Sum the series 

^ -1 1 ^ -1 1 . -1 1 
tan *^4-tan 5 -f...-i-tan 

2 8 2nr 
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271. If a Beries of triangles be described of the same area^ 
shew that the sum of the cotangents of the angles yaries as the 
sum of the squares on the sides. • 

272. Lfb I denote the centre of the circle inscribed in a 
triangle, 0 the centre of the circumscribed circle, 2), F the 
centres of the escribed circles : then shew that • 

or + OD* + OjST* + 0F‘ = 12E\ 

27 3. Shew that 2 tan"* (./ ^^—4 tan ^ = cos”* — ^ ^ , 

\V a + 6 2/ a + 6cosaj 

274. A chord is drawn cutting two concentric circles whose 
radii are as 1 to n, so that the intercepted portions subtend angles 
2a and 2)3 at the centre : shew that the chord is divided at either 
point of Intersection with the inner circle in the ratio of 

* w* - 2w cos (a - /3) + 1 to n* — 1. 

275. Shew that (a + 6^ - ^ wholly imaginary 

if “ log (a* + 6*) + a tan”* - is an odd multiple of ~ . 

Z a L 


276. Shew that the area of the triangle formed by joining the 
centres of the escribed ciix;les of a triangle is 


ahc 

T 

277. 



, G 

t.m2 + 



A » 

tail 2 + 



Sum the following series to n terms : 


log (1 4* 2 cds 6) + log (1 + 2 cos 3^) + log (1 + 2 cos 3* tf) + ... 

278. A regular polygon of n sides is placed with one of its 
sides in contact with a fixed stmight line, and is turned about one 
extremity of this side until the next side is in contact with the 
straight line, and so on for a complete revolution : shew that the 
length of the path described by any one of the angular points of 

the polygon is cot where E is the radius of the circle ch> 

cumscribing the polygon. 
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279. Shew ihat the sum of the areas of the sectors of the 
droles which correspond to the path in the preceding Example 

sss 27r22*. 

280. Sum the following series to 2n terms : 

sin 2d sin 4d sin 6d 

Bind sin 3d sin 3d sin 5d sinhdsinTd 

a 

281. In an acute-angled triangle let F denote the point of in- 
tersection of the perpendiculars from the angles on the opposite 
sides; and let = BP = pj (7P = y : then 

/S' = j (aa + + cy), 

2abG = a*a cosec A + cosec J5 + c*y cosec (7. 


282. Let R denote the radius of the circle circumscribing a 
triangle ; and let r , r", r"' denote the radii of the greatest circles 
which touch the former circle and the sides of the triangle, being 
outside the triangle : then shew that 


64i?/rV" 



283. Shew that one value of 




sin 


sin 


. x^(a*-c*) 


a^-ac 

a ^—7 

X (a ^c) 


284. If the lengths of the three straight lines di-awn fi*om the 
angles of a triangle to bisect the opposite sides be denoted by 
h, k, I, shew that 

4 (A* + ^* + ^*) = 3(aV6* + c*), 

16 + W) = 9 (aV + W + cV), 

16(A^+A;V/^) = 9(a^+6Vc^). 

285. The area of any triangle is to the area of the triangle 
whose sides are respectively equal to the straight lines joining its 
angular points with the middle points of the opposiio sides, as 4 is 
to 3. 
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286 . Shew that one value of 

i 

{a(coB^ + ^ - 1 sin d)-6(cosd-a + V - rsind- o)}" 

• 2 , 5 / B ^ I — ^ . B 

IS « <008 ^ + v-lsm -} 

In n J 

when /fc* = a* + 6* — 2db cos a, and tan B = — ^ ■ . 

a-6%08a 

# 

287. Any point is taken within a triangle ABC ; its distances 
from A, B, 0 are h, k, I respectively, and its perpendicular dis- 
tances from BGy CAy AB are a, py y respectively : shew that 

A*a sin A + k^P sin ^ + Z*y sin (7 = aPy + 6ya + cap, 

288. J£ JDy By F he the feet of the perpendiculars drawn from 
the point in the preceding Example on the sides of the triangle, 
shew that aPy <- bya -f cap = 4-ff x area of DBF, 

289. Sum the following series to n terms : 

sin ^ sin 3^ sin bB 

cos* B ^ cos* 2B cos* B ^ cos* 3^ cos* 2^ ^ 


290. Find the genei’al value of B which satishes the equation 
(cos ^+\^1 sin^)(oos 2^ + V — 1 sin 2^)...(cosw^+\/^ siuTi^) = 1. 


291. Dy By F are the centi-es of the escribed circles of a 
triangle opposite to A, (7 i-espectively : if /, r denote the 
radii of the circles described round DB^y EC Ay FABy shew that 
rVV" = 2i2*r. 

292. If two sides a, 6, and the included angle C7 of a triangle 
are given, and*a small error y exist in C7, the corresponding eiTor 


in the radius of the circumscribed circle is cot A cot B, 

2c 


293. A quadrilateral is formed by connecting two points in 
the produced sides of a right-angled isosceles triangle, equidistant 
from the vertex, by a straight line whose length is n times that of 
the base : shew that the angle between the diagonals of the quadri- 
lateral is 2 tan"‘ \ . 

w -f 1 
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294. In tihe equation B^oo&O^ shew that there must be a 

solution, and onl^ one ; and that the value of ^ is less than 7 . 

4 

t 

295. If is an approximate value of ^ in thq. equation 

R cos Q 

co&$ = df and too large, shew that ^““YTcoT^^ ^ closer value, 
and also too larg(k 

296. If tan - 1) = tan a + /,/ - 1 sec a, where the let- 
ters denote real quantities, shew that cot ^ . 


297. A regular pentagon'and a regular hexagon are inscribed 
in a circle of radius r, so as to have an angular point in common ; 
and the other adjacent angular points are joined : shew that the 


perimeter of the figure so formed is 


4r sin 18® sin 15® 
sin 3® 


29S. Sum the following series to n terms : 


. . 1 . . 3 ^ _ ,30 ,y0 

cos 6 cos cosec* cos 36 cos* -jr- cosec 

2 ^ ^2 


.3*6 ,3*6 

+ cos 3*6 cos* cosec* - 


299. A series of radii divide the circumference of a circle 
into 2n equal parts : shew (that the product of the perpendiculars 
let fall from any point of the circuiiifereiice on n successive radii 

~ sm n<f>f where r is the radius, and the angle between the 
radius to the given point and one of the extreme radii. 

300. There are n stones arrang^ at equal intervals round 
the circumference of a circle : compare the labour of carrying them 
all to the centre with that of heaping them all round one of the 
stones ; and shew that when the number of stones is indefinitely 
increased the ratio is that of ir to 4. 
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ANSWmtB. 


h IL* III. IV. 


L p4;e 6. 

4. -00945. 


1 . 


6 . 


18®, 27*. 2 . 

50n" 27n* 

77 , • 


15®, 45®. 3. 30®, 16®. 


6 . 2J^. 7. 3®. 


8 . One polygon lias 8 sides, and the other 12 side?; so that an 
angle of the first is f of a right angle, and an angle of the second 
S of a right angle. 10. The ratio is that of 5 to 162. 

11. Express the given angle in degrees and decimals of a degree, 
and then transform it to graddli: thus we get 39* 7' 50'^. 


12 . 62® 18' 9". 


n. pages 13, 14, 2. 3.^. 4. wx -00605. 

5. 27”, 9 *, 18". 6 . 28"-125, 31‘-25. 7. 40", 60", 80". 

8 , 30", 60", 90". 9. lo. 82J", 91|», 


111. pages 22, 23. 5. Bring the left-hand side to a common 

denominator : it will thus be found to be ^ . 

7. Observe that by the definitions of the sine and cosine 

they cannot be greater than unity. 8 . cos ^ = 1 - sin ^ ; square, 
thus cos* d = (1 - sin ^)*, that is, 1 - sin* ^ = (1 - sin 0 )* ; henoe 

find sin 0. We get = 0 or ^ ; see Art. 66 . 9. ^ ? or ~ ; 

0 2 

see Art. 67, 10. 6 = 5 . 11. «=%r 7 . 12. 

O 0 4; 4 

13. i = 46®; J5 = 15®. 14. A=62i®, ^ = 7i®. 

lY. page 41. 1 . The same as for an angle of 226®. 

2. The same as for an angle of 330®. 3. The same as for an 

angle of 210®. 4. The same as for an angle of 300®, 

5 , 45®, 226®, 405®, 685®, 7^5®, 



ANSWERS. IV, V. VI. VII. 


6. 45®, 135®, 225®, 315®, 405®, 495®, 585®, 675®, 765®, 855®. 

7 0 1 ^ 1 1^ ^ 2 8 ^ ^ ^ 

' 72 ' ' 72 ' 2' 2''“2'“'2"* 

9. Weliave sin5ss-cos5; therefore 135®, <fcc. 

10. oos ^ J ; therefore B = 120®, <fec. 14. cNo. 

V. page 49. 1. n^r + - . 2. (2n + i) tt. 3. 2n7r. 

4. 2nw * ^ • 5. WTT * a. 6. mr * ^ . 7. twt * a. 

TT TT 7ir 

8. nir^-j. 9. W7r*a. 10. TiTr*-^. 12. 2w7r + -^ . 

4 DO 

c 

VI. page 62. 34. The right-hand side 

= oob*. 4 + Bin®3il - 2 cos ii sin 3^1 sin 2il 

sscobA (cos ^ - sin 3 sin 2 A) + sik 3.4 (sin 3ii - cos .4 sin 2.4) 

= C 08 A coa 3A COB 2 A -h Bin 3A Bin A COB 2A = COB 2A cos 2.4. < 


36. 

sin 5^ = 5 sin 

-20sm®tf-i-16sin* 

ft 


37. 

/» ^ 
Bssn^ * ^ . 
0 



38. 

60 36 , ,, 

j = n7r or _=(» 4 .^)», 

39. 

SB^nw or 

iff 

= 2wjr * ^ . 


40. 

ICO 

HI 

1 

il 

1 

41. 

B = n7r or nir^ 

r ^2. 

26 = 

+ 

An 

or B = 2mr * -g- 

43. 

2B = nfr or 

e= 

0 


44. 26 

= 7i7r+(-l)-J 

46. 

•h 

li 

or 

4:B = mr+ (— 


46. 

d + %n^-i-^ 

( * o 


VII. pages 70, 71. 2. 2 cos~=^(l + sinii)--^(l -sinil). 

3. 2sin ~ = -,y(l •fsin*.4)~^(l -sinii). 

4. 2»ir + ^ and 2nir + ^. 5. 2w7r -i- ~ and 2nir + ^ . 

4 4 4 4 

6. 2»»ir-Jaiid2»Mr + ^. 10. 11. 
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4 3 3 4 

12. = ooaA ; or Bin^=*-r, oosil»i|i~. 

0 0 0 0 

13. JS-2. 26. *1. ^ 27. 4. 28. -J. 

VIIL^pages 78. ..80. Example 20 may be deduced from 
Example 16 by changing A into ^(180® — ^) and mn-Ving flinfii1«.r 
changes for B and G ; Example 21 may be deduced &om Example 
17 in the same way, * ^ 

cos a; - cos a _ sin* acosp 
cos a: - cos “ sm®^§^ 08 a ^ 

. , « sin* B cos* a — sin* a cos* B cos a + cos jS 

therefore oosx = —^ r-» ^ ^ ; 

sm* p cos a ~ sin* a cos j8 1 + cos a cos p 

tan* 6 tan* a 


then find 


1 - cos a 


39. 


= 35; that is, 


1 + cos aj ' tan* ^ tan* a 

m 

COS 5 -COS a cos iS- cos a tan* a 
5 7 s= 7 — a— ^ : therefore 


• COS a cos a 

cos 5 - cos a sin* a cos a 


COS - cos a sin* a cos a' 


O BXXJ. 1* 1 

; cos^=^.-^ 


tan* a 

sin* a' cos* a — sin* a cos* a' 


sin* a cos a - sin* a cos a' 
cos a + cos a' 


then find 


cos a - cos a' - cos a cos* a' + cos a cos* o 1 + cos o cos a' ^ 
1 - cos /? 


41. We have to shew that 


1 + cos ^ ’ 

cot J3 - cot (a + ^) = cot cot (a - J8), 

, - , . sin (a + ^ - 5) sin (a - + ^) 

sm p sin (o + sm ^ sm (a - p) 

43. Find cos0 from the first equation and substitute in the 

second ; thus we shall get qis*6 = — ; <kc. 

° ^ cos*a 

48. Put ^ ^ ^ quadratic ; thus 


we 


1 - n ^ j X t j ■” ^ + sin * (1 + sin COS 

shall find tan I 6 = — ^ 1 • 

’ ^ sm ^ cos ^ 


the upper sign gives the required result. The lower sign giv^ 
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52. By Example 23, page 78, we get cos il oos i? cos (7 = 0, so 
that one of ike three angles is a right angle. 


59. cos 5tf = 16 cos* ^ - 20 cos* d + 5 cos A 

o 

rSL pages 91. ..93. 

6 

' 1 + w tan* ^ { J(n tan - ,ycot <^}* + 2 ^ 

the greatest vfiiue of this is when the first term of the denomi- 
nator vanishes. ^ o . ^ ^ 

6. 2 sm ^ sm* - ■ ^ , 


ITGOtt 

8, The height in yards = 1760 x tan 1' = nearly. 

€ 

3 1® 3 TT 

9. Let X inches be the distance, - = tan -j- : thus - = — r 

* X 4 ^ a? 180 X 4 


nearly. 


10. We get ski .4 = * J J{3 - w). 12. 6. 


13. 2 cos*4[ =1 + cos 2-4 ; therefore 4 cos^4 =1 + 2 cos 2A + cos*2-4 ; 
but 2 cos* 2-4 » 1 + cos 4-4 ; therefore, by substitution, we have 
8 cos^ -4 = 3 + 4 cos 2 A + cos 4-4 ; square again and reduce. Simi- 
larly proceed with 2 sin* .4 = 1 — cos 2-4. 16. 8. 

17. 18. e + ^=2»7r*^. 1-26 ^2nir*.6. 

4 o 4 2 

«« 3e X 6 ^ . Stt 

20. -^=n7r or j ~2~ g • 21. 6 = mr+ or 

2e=»»+(-l)"5. 22V tf = »Mr + ^ or 8m2^ = 2(^2-l). 

23. B = (2n + 1) ^ or WTT * 1 . 24. ^ = (2n + 1) j . 

25. = WIT or TMr * . C6. 2 ~ ^ ' 

27. = 28. fl = 7wr*7 or 29. 6=n7r*Y* 

o 4 o 4 

30. ^ = w«-ornir + ^. 31. sm^=0, or oos^=0, or cos~«:0. 

32. 9OB0 + 8in30 = O, th^t is, cos 0 = cos ^3^ + 
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33. 


= wtt* 


12 • 


34. sin 0 


1 • ^ 
-1, or sm^ 


0 , 


or 



35. 2d=(2?i+l)^, or 7d- W7r-4,(- l)*^. 

It shoulS be remarked that answers may be given tinder 
apparently different forms ; thus, for example, suppose we have to 
solve the equation sin 26 = cos or 2 sin 6 cos 6 » coii 6, this gives 

'ff* 

$ e= 2nw * ^ and 6 - nir + (- 1)* ^ ; but we may write the equation 
cos 0 - 26^ = cos 6 j therefore ^ - 26 = 2nv 6. 


91 “ 

X pages 104.. .107. 1.^. 2. 243 ^9 = (^3f . 3. 7;-4;-J. 
. 4. 1«. 6. 3;-l. ■ m 


12. 203 — a = 2w7r Jig. 13. 05 « a cos (a — )3) or — a cos (a + j8)i 
14. aj = 2w7rifcg or 27MrJi^. 15. cos(o 3 + l)a=cos^g — 0. 
16. «J=Bec^a-g^ or - 2 cos g sec a. 17. We can get 

Bin2*a = sm3a. 18. ~ ) sin g ; this gives tan g . 

19. 6 = m7r + gor (n- 1) 6 = 2m7r*g. 


A kA 

20. cos6 = 0, or sing = 0, or cos- 7 r- = 0. 22,^, 23..n=::2. 

• jS Ji lb 

24. sin* sin ? = 0. ^ 31. Write for 05 successively 

2 2 

--ajand 7 + 05. 34. By Art. 114, tan* .4 + tan* jB + tan* (7 

4 4 

= 1 + J(tan A -tan5)* + J (tani? - tan ^7)* + i(tan C7-tan A)*. 

36. cot -B + cot (7 - cosec A 

Bin(B+(7) 1 _ sin'A -Edn^Bsin C 

~s;ni sin(7 ”5nA ~ sinA sin^ si^^ * 
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37. Ifii45 + (7=180®, weliave 

oob*.4 + cob*^ + cos*( 7= 1-2 cos ^ cos jB cos (7. (1). 

Thus, if A, B, C, are all ddute, the sum of the squares of the 
cosines is leas than unity. Hence if we require the sum of the 
squares of the cosines to be equal to unity, one or more of the 
acute angles must be diminished, so that their sum will then be 
less thap. 1^0®. 

38. From the value of sin (-4 + + (7), given in Art. 113, 

it will follow that sin A + sin 5 + sin C7 — sin (A + 5 + C) 
= sin A (1- cos J? cos 0} + sin J? (1- cos A cos C7) +sm (7 (1-cos A cos J?) 
+ sin A sin JB sin C' ; and 4very term of this expression is positive 

39. 6 *, 40. Zero. 41. It depends on (l-cosB)*(l+ 2 cosB) 

being greater than zero. 42. Take the logarithm of the given 
expression. t 

XI. page 122. 14. Denote it by w; then logt4 = ^5 log 5 

= 2 ^6 log ; therefore log (log u) = log 2 + log + log (log ^5) 
= -301030 + -349485 + 1-543428 = -193943 ; therefore log u 

= 1-562944; <kc. 

XII. pages 143... 147. 3. tajig = ~””°*^^ . 4.1:4. 

^ 1 COS a COS 

5. cot ” cot B = -7^-^ . 6. 1 or * / - — \ . 7. a* = b\ 

a*+V+~=\. 11. a*+6*-2c = 2. 12. i*+y*=a*('l + ^r\. 

sm*B c \ 5*/ 

13. oote = --y. 14. T+^=l. 15. 6*=a*-2accos2(i+e*. 

a 0 or 0 ^ 

17. Find x and y from the given equations ; hence we shall see 
that « + y = a (sin ^ + cos <^)*, x-y^a (sin ^ - cos ^)®, <fec. 

18. From the last equation we get 

"in* B “in* — /“in R sin v — ' B poq thY. k 
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filiminate B and ^ hj the first two equations, and we get 
sin* a - sin* - sin* y * (sin* a - 2) sin* jS sin* y ; 
therefore sin* a (1 — sin* P sin* y) = sin* /8 cos* y + cos* p sin* y. 
Hence find cos* a, and then by division tan* a. 


19. (»»»)*{»»* +»*} = !. 20, ^+^ = 1. 

22. We have as* + y* + (y* — a:*) cos 2d = 25* sin* a ; therelbre 
a* + 5* + cos 2d {(a* + 5“)* — 4a*5* sin* a}^ = 25* sin* a ; &c. 

29. Bind sin <5 =* sina sinj3, therefore 4 sin* ^ - 4 sm^~ = — 

J J sin <p 

- i • 4 ^ i • . 1 1 sm*asin*j3 

therefore 4 sm* 7 :- 4 sm* ^+1 = 1 ■ : 

V V oin* ■' 


sin* = ■ 


cot* ^ + cos* P 

a 


• ; therefore 


2 sin' I - 1 = * y/ 1 1 - 4 sin* | ^oot' g + cos’ ^ sin* /3 j j 

B f \ 

this reduces to 2 sin* - -l=jrM-.2 sin* ^ sin* . 

30. w must lie between - 2 and ~ 1 or between 1 and 2. 


31. By Art. 114 we may suppose x = y = tan ByZ = tan (7, 
where A +54-0= 180*. Therefore 2^1 + 2.5 + 2(7 = 360® ; and 

tan 2 A + tan 2B + tan 2(7 = tan 2 A tan 2B tan 2(7. 

This gives the required result. 

32. f;sm<j = sm« = -sinaj cos^ — cosajsiny 

sin a cosy — v sin 5 cos a;, or sinacosy = -sinc~sin5oos»j 

and 8inasiny = Bin5sina;; square and add, thus 

sin * a = sin* 5 + sin* c+2sin5sinccosa;; therefore 

sin*a - sin* 5 - sin* e 

cosaj = o~“r 

2 sin 5 Bin 0 

Similarly cos y and cos z may be found- 
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33. , 37. We have universally 

+.5)«sm*jl + sin*^ + 2smui Bmi?cos(il + -B) (1); 

also in the presentp<jase sin* A + sin* B = cos* C (2). 

If il + is greater than 90®, then a fortiori il + .B -aC is so also. 

If J is less than 90*, then sin* (^1 + i?) is greater than 
sin* A + sin* B by (1), that is, greater than cos* G by (2); 
therefo?*e 1 +B is greater than 90® - G. 


XIII. pages 164... 157. 

5. Let ^ = a so that the angles of the triangle are 2a, 4a and 8a. 

Then the ratio of the gr€fe,test side to the perimeter 
_ sin 8a _ sin 8a 

” sin 2a + sin 4a + sin 8a ^ sin 2a + sin 4a + sin 6a 
2 sin 4a cos* 4a sin 4a 

2 sin 3a cos a + 2 sin 3a cos 3a cos a + cos 3a , 

2 sin 2a cos 2a 


8 . 


^ = 2 sin a. 

2 cos 2a cos a 

sin 2^ 4-Bin 4^ a+c ^ ^ a + c 

; — ^ therefore 2 cos . 

Bin 3^ 0 0 


0 j 0 ^ ^ 

21. sin 6 4- sin ^ = 2 sin (fl 4- </>) ; therefore cos ■ = 2 cos — ~ : 


therefore 


0 <f> „ . ^ ^ 

cos^ cos^= Ssm^Bin gj 


,0 . 

*— HTn*Z • 
2' 


therefore - sin'l) ® ““'2 

therefore 8sin'^sm’^=l-Bin’^ — ein*^; 

0 <h ^ 0 d> 

therefore 16 sin* g sin* g = 2 - 2 sin* g - 2 sin* g =cos^+ cos^. 


Or thus, 
therefore 
similarly 


a* + 6*-c* - , a4-c 

a^c b 5a -3c 

cos^=, 4- ^ = — i ; 

a 2a 4a 


COS^s 


6c -3a 
4c • 
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37. This will follow fix>m Examples 20 and 21 of Chapter viiL 

40. We have to shew that (6 + c- a) (c + a - ft) (a + 6 - c) is less 
than oftc except when a = ft = o. By squaring, this amounts to 
shewing that - (c ~ ft)"} {ft* - (a - c)*} {c* - (a - ft)*} is less than 
a*ft*c*; and each factor on the left-hand side is less than the cor- 
responding factor on the right-hand side except when a = ft = 

o 

XIV. pages 168.. .171. 1. A = 30® or 150®. 2. 30®, 90®. 

3. 45®, 60®, 75®. 4. The triangle is impossible. 

6. ^=90®, 0 = 72®, c= 4^(5 2^5).^ 6. 5 = 45® or 135®. 

7. From Art. 235 we have c cf = 2b oos A and cc'=b‘- a*. 

8. ft* sin .4 cos .4. 11. No ; the triangle is right-angled. 

12. We get sin 6 = sin ; and see Art. 230. 

. * 

13. c* = a* + 6* — 2a6 cos C = (a — b)‘ + iah sin* ^ 0; &c. 

14. 9-6733937. 16. 132* 34' 32". 16. 65* 46' 16". 

17. 78* 27' 47". 18. 119* 26' 61"; 6* 33' 9". 

19. 69* 10' 10"; 46* 37' 50". 20. 116* 33' 64"; 26* 33' 64". 

21. 82* 10' 60"; 60* 24' 10". 22. 124* 48' 69"; 33* 11' 1". 

24. 48* 1 1' 23" ; 58* 24' 43" ; 73* 23' 64". 

Q A 

^ 2 = 6963 ' 

26. 70® 53' 36"; 49® 6' 24". 27. 38® 12' 48"; 21® 47' 12" 

28. 26® 33' 54". 29. 69® 49' 50® 10' 25". 30. 30® or 150®. 

XY. pages 177... 183. In order to solve some of these ex- 
amples the student must be acquainted with the Mariner's Com- 
pass. In the Mariner’s Compass the circumference of a circle is 
divided into thirty-two equal parts, so t];iat each part subtends 

360 

at the centre of the circle an angle of degrees, that is, an 
angle of 11^^®. The foUowing names are assigned to the points 
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xm pages 205...207. 1. 2 , ^ - 1 , - ^3 - 1. 

4. -2, 2^20089®, 2^2cos63®, 2^2cos81®, 2^2 oob153*. 

7. L^t X be the height of the balloon, and a, 6, the sides of 
the triangle ABO ; then 4oV - Z6a*b^x* + 9a*6 V = 0. 

K- 

9. Abo'.'.t inches. 12. Suppose h the height of the 
tower, r the radius, x the distance of the first place of obser- 
vation from the centre: then -= cosec = cosec C, 

r 2 ' r 2 * 

h = x tan a, h = (x-^ a) tanca'. From these four equations we 
may eliminate x^ and find h and r, and also the required 
relation between a, a', 13. From the preceding 

question - = cosec ^ - cosec^ . If we suppose that an error 

8 of the 8om6 sign is made in ^ and P these errors tend to 
compensate each other ; the greatest possible error in r will be 
determined by supposing that errors of opposite signs are made 
in 3 and 3'. Suppose then that instead of 3 ought to have 
)3-8, and instead of 3^ we ought to have ^ + 8. Then by 
Art. 194 we shall find 

^ /coef 

Bin’W ^ sin' f sin’ § 


Divide by the value of - and tie required result is obtained. 


14. If PQ = a and QR = 8, it may be shewn that 


1 («-6)‘ (a + 6)* 

TS - + i-nth* ““ P> 


4&*6* 4a*6‘ 


then the change in SQ arising from a small change in 3 ^ 

oalculated. . 
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XVin.pa«es209...211. 2. 1. 7. 18. (6 - 2^2). 

19. 20. «! = 0pr ■fci 21. * = 0 or *i. 

1 — ao 

22. * = -^. 23. » = *! or *(1 * V2)- 

24. 05 = a or a* — tf+1. 28. 05 = 2. 30. a5=l,y=4l^ flj=2, 7. 

34 . »Mr + (-l)'''^"^, or (m+n)ir+(-l)*g. 35. {2n + m)ir^^. 

36. »7r + (-l)”|. 

XIX. page 222. 6. The expression on the left-hand side is 

V 6* 

sin ~ cos d + cos r sin ^ j then put 0 for sin 0 and 1 - for cos 0, 

ifl cos(^ + y-2a) J Bm(^ + y-2a) 

4 cos (a — 0) cos (a — y) ’ 4 cos (o — 0) cos (a — y) ’ 


XXII. pages 248... 251. 

1. Use sin* a = ^(1 - cos 2a). 2. Usesin®a = ^ (3 sina- sin 3a). 

^ n cos (2^ + na) sin na . . , . _ . ^ 

5. 2 ® — — 9 • 1 0. i (cos 20 - cos 2"^* (f). 


1 1. cos {6 + cos 0 sin 0). 13. ^ (e^“ ® ^) cos (cos ^). 


t i COS 0 1/1 /1\ 

16. coB(^ + sin*^). 

21. 2*-* sin 2 .^, - j sin 2ft 


20. See Art 129. 

Q 

22. tan 0 - tan , 


1 2 "“* 

OQ *■ I 

2 sin* sin* 2-'* 0 ' 


-y-^ . 24. cosec 0 {cot ^ - cot (n + 1 ) ^}. 


25. cosec |tan {n + l)(e+j)-tan(0 + |)}. 

1 ^ T / Cl \ 

26. j- tan“^ ^TT * ^ ^ ^8. ^ fcos^^, - cos 4a j , 


29. 4 cosec 0 {tan (n + 1) ^ - tan 0), 
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1 B ( 

30. 

^oosec 2 )®®® 

32. 

oot“* “ - cot”* 
2 

34. 

log2sin2fl-^ 


2w + 1 


^ — sec 




9 . 4 .®’^ 

cot ^-3 cot 


]• 


log 2 sin 2"+*^ 
2 " 


35. 


33. cos^-sin^cot 2*^. 
sin^ 


2 


f B 


}• 


XXIII. pages 266...269. 1. g-. 2. 3. 5 . 4. 

The four preceding results are obtained by expanding the values 
of log^^ and log cos d, which are given in Arts. 274 and 320, 
in powers of By and equating the coefBcients of like powers. 


14. 


15. 


120 * 

XXIV. pages 286... 289. 4. We have 

(tan X 4- cot xf - 3 (tan aj + cot a?) * m* - 3w ; &c. 

Misckllaxeous Examples. Pages 290... 324. 1. 20®; 4^. 


2 . 

2 0'^18o) 

’ 3- 8. |g. 

JO. 

0 * tan ^ ( 

’6 + ctan|)(c + 6taii|). 11. 22^", 67^'. 

18. 

4^2 + 7 J3 
18 

. 19. !B=^'X2»+ 1)^ or |(2»Mr*^^. 

21 . 

20®, 30®. 

a/5 1 ?r 

22. sin a; = — ^ — • 23. a; = wtt ~ . 

2 4 

26. 

1 . 27. 

tf=(2OT+l)ir or tf=^|mir+ (-l)“g|. 

29. 

V 

X ^ WIT ^ , 
D 

31. 60«,46',136M20*. 33. tf = n7rorn»*s 

4 0 
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36. The other values are to be fo\tiid from oos* a:+ cos a; sm a =008*0. 

, .•^+JJ + C' . B + G-A . G-^A-B . A^B-G 
39. -4Bin 2 sm ^ am ^ sm ^ . 

K • 

41, 160 degrees, 166| grades, ~ . 47. af(b-a) = lf(2o~a-h). 

AO A A 1 162 

48. cos(j-^jor-__. 

2cos(j-^j. 

64. 6= (2n + 1)| or . 


61. 


.4*- 


^6. (w sin + m cos ^)*= 2m (m + w). 56. 26> + ^ = htt + (- 1)" . 

57. ^ = 2 **" i polygon 3, 4, or 5 ; and in 

the second 4, 8, or 20 respectively. 62. 2x = n7r + (- 1)* ^ . 


63. p (»* — 2m*) = qmn. 


64. ^ + T == * 

4 


H)- 


70. 


1 oosa-ooB^ 

2* a 8 

cos^^-coB^ 


71. 


60a lOOp + 5 ' 
6^0" 100x100* 


72. a?= (2m -P l)j or (2m + 1)^. 74. a; = 7i7ror ||/Mr+(-l)“gj' . 

j ^-11 2(9gn—10pm) 

81. mx and nx respectively where x = — • 

^ rm (Og' - lOp) 

82. aj= (2n+ 1) gor g|2w7r 83. 2;* + 4a3y = 2»(aj + y)co82)8. 

• A , A 

84. The value of sin a; sin y ranges between - cos* ^ 2 * 

IT 

whei^ A is the constant sum. 93. rwr + (- 1)" g . 
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94. The value of sin os + sin y ranges between - 2 sin and 

A IT 

2 sin TT , where A is the oonsiknt sum. 95. ^ + -j = Stitt. 

96. -4cos^S- j)cos(S-^+ jjcos^S-5 + j)cos(s-(7+|) , 
^ ( 

whereS = g(il+-ff + (7). 98. c* = a“ + 6*. 

- . cos* « ” cos* J3 0 , d> cos a-cosfi 

100. sm^sinAs:*:; 5-7-5 — tt-s, tan^tan^ = * 

^ l-c*sm*asm*j3' 2 2 cosa+cos^ 

• 

102. 114-6 inches, 103. 6 = (4n + l)g. 

104. (a‘-6*)(o+6) = (a-6)c*-‘4ffl6cm. 

, , „ 36 V 


¥. ¥■ 


156. 


2 

115. 

1 

•II 

1 

<M 

11 

1 

CO 

eo 

CO 

141. 

0 or * ^3 


. l*^/5 

>• 4 • 

162. 

a* 

6”aps. 

163. e*-e. 


, V 2coBaJooBB , , 2cos/8\/cosa 

164. cos{x + y) = - =- cos(a;-y)= T -.j . 

^cosa^^cosp ,ycosa+(s " 


171, 


a a 


181. 6 minutes. 


182. 6-1. 


6' 5*' 

184. + <^ = WTr + (-l)"^, and = 2mTr*^. 

194. or»..|. m 

II 

1^" cos (nd -f c) where d is such that tan ^ ^ • 


205. 
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211. The given expression = 2a sin 5 sin C. 215. 

218. 2cosd. 227. Let n be the number of sides in 

the polygon^ r the radius of the fhscribed circle, e the distance 

2ir 

of the assulhed point from the centre of this circle, — ; 

th 

then the required sum is 47w* sin* ^ + WJ* sin* /3. 

241. 3V(p* + ^-6)=;>^(^*-3) + yV(/>*-3). 

247. ^ {sin lid + sin 9d - 6 (sin 7d + sin 5d) + 10 (sin 3d + sin d)}. 

256. Neaxly 7. 259. If d = ^ we have a= cos« and o-^sin/s. 


260. If w be the number of aides of the polygon, and e the 

. wc* 

distance between the two points, the required sum is — , 

, . 3-d . . d 

logsm— -logsm^. 


270. 

tan r . 

w+ 1 

277. 

280. 

1 r 1 

1 1 

2 cos d \sin d sin 

(4n+l) ej 

290. 


298. 


• H— 

4ll-c 


cos d 1 - cos 3" d 
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